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Magic Pony Technology

Learned compression specializes easily 
to different types of content 

• Video games 
• Video calls 
• Medical images 

... 

and new forms of media 

• AR/VR 
• 360 video 
• Light fields 

...

Motivation

Google Meet Lytro light field camera



Learned compression with realism constraints  
enable extremely low bit-rates... 

... but  many open questions remain.

Motivation

HFD: 0.0562 bpp VVC: 0.0687 bpp JPEG: 0.1251 bpp
Hoogeboom et al. (2023)



LEARNED COMPRESSION I: 

Variational auto-encoders (VAEs)



JPEG
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Learned compression
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Backpropagation
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Variational autoencoders (VAEs)

<latexit sha1_base64="I+pNo0lpFKYD8h4Toa5D2Yjx4bU="></latexit>

p(x) =

Z
p(x, z) dz

Rezende et al. (2014); Kingma et al. (2014)
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Z ⇠ PZ
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Variational autoencoders (VAEs)

<latexit sha1_base64="I+pNo0lpFKYD8h4Toa5D2Yjx4bU="></latexit>

p(x) =

Z
p(x, z) dz

Rezende et al. (2014); Kingma et al. (2014)

<latexit sha1_base64="k1PNb+gWpVTBF5YgruoT/HIgeE8="></latexit>

Z ⇠ N (0, In)
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�1Im)



Maximum likelihood
<latexit sha1_base64="QUJPyWmgqlKtEjuR1XTdemfA3g0="></latexit>

x ⇠ p(x | z)
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z ⇠ p(z)
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log p✓(x) = log

Z
p✓(x, z) dz



Evidence lower bound (ELBO)

<latexit sha1_base64="Qx1U0j50IzdTP/csAYRP7MdfSDg="></latexit>

log p✓(x) �
Z

q(z | x) log p✓(x, z)

q(z | x) dz
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x ⇠ p(x | z)
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Evidence lower bound (ELBO)
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Evidence lower bound (ELBO)
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Evidence lower bound (ELBO)
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Evidence lower bound (ELBO)
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Evidence lower bound (ELBO)
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(Gibbs’ inequality)



Evidence lower bound (ELBO)

<latexit sha1_base64="D0aBn2F1j9sp0eLPKu4eVgaEw8s="></latexit>

z ⇠ p(z)
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Evidence lower bound (ELBO)

<latexit sha1_base64="D0aBn2F1j9sp0eLPKu4eVgaEw8s="></latexit>

z ⇠ p(z)
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Evidence lower bound (ELBO)

<latexit sha1_base64="MWwcV/KzLNGYABzXQKRNsVpqhiY="></latexit>

z ⇠ P (z)

<latexit sha1_base64="LiKIwOZbPkszSXWg3DAlGNjpyZA="></latexit>

`(�, ✓) = �EQ�


log

p✓(x | Z)P (Z)

Q�(Z | x)

�

= EQ� [� log p✓(x | Z)] + EQ� [� logP (Z)]� EQ� [� logQ�(Z | x)]
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�

2
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Discrete

Distortion Coding cost

<latexit sha1_base64="j430HPWEJvZlK9SYPTkCCdFovMc="></latexit>

p✓(x | z) = N (x; g✓(z),�
�1I)

!
<latexit sha1_base64="RO9GCLfYiVM/6GWaiK6O/IeVzN4="></latexit>

z = bf�(x)e



Evidence lower bound (ELBO)

<latexit sha1_base64="D0aBn2F1j9sp0eLPKu4eVgaEw8s="></latexit>

z ⇠ p(z)
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`(�, ✓) = �Eq
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= �Eq [� log p✓(x | Z)]� Eq [log p(Z)]� Eq[� log q�(Z | x)]

=
�

2
E[kx� g✓(y +U)k2] + E[� log p(y +U)] + const

Distortion Coding cost

<latexit sha1_base64="j430HPWEJvZlK9SYPTkCCdFovMc="></latexit>

p✓(x | z) = N (x; g✓(z),�
�1I)

Differentiable

<latexit sha1_base64="cJX/pFFYPbeag49xDmUYJ7pWQcI="></latexit>

Z = f�(x) +U

= y +U

!

Ballé et al. (2017)



JPEG Dithered JPEGInput

Photo: GoToVan, 2014
<latexit sha1_base64="Z7QFDoQIZ+3SDacjEabXO1ka38c="></latexit>

z = bAxe
<latexit sha1_base64="34T76ILH7wHuB6ffziLGNeEvo9k="></latexit>

z = Ax+ u

Theis et al. (2017)



Example: Linear VAE

Learned analysis transform



JPEG: 0.1861 bpp Agustsson et al. (2023): 0.1674 bpp



Example: ELIC (He et al., 2022)

<latexit sha1_base64="qmGgf0H9vrTTZ4HT05dnCVHb8LM="></latexit>

f�
<latexit sha1_base64="ytMaMdGk9Hk2GaVHApP6iNzs9L4="></latexit>
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Minnen et al. (2020)JPEG/JFIF



REALISM I: 

Realism-distortion trade-off



Realism-distortion trade-off

1110010



1110010

Realism-distortion trade-off



How to measure realism?

111001001
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D(x̂)

<latexit sha1_base64="mdwaIMtAh1DGwPnwwNDAl031Vu4="></latexit>

d(x, x̂) = E[kx� x̂k2]Example:



How to measure realism?

<latexit sha1_base64="UpULN8vwFrJJws6PF79lYtZZEuA="></latexit>

D[PX, PX̂] � 0

D[PX, PX̂] = 0 , PX = PX̂

!



How to measure realism?

Divergence:

<latexit sha1_base64="UpULN8vwFrJJws6PF79lYtZZEuA="></latexit>

D[PX, PX̂] � 0

D[PX, PX̂] = 0 , PX = PX̂

!

<latexit sha1_base64="UpULN8vwFrJJws6PF79lYtZZEuA="></latexit>

D[PX, PX̂] � 0

D[PX, PX̂] = 0 , PX = PX̂



<latexit sha1_base64="Y6zkc1+JVmCZEKPjb9hZ2A631WE="></latexit>

B ⇠ Bernoulli(1/2)

X̃ = BX+ (1�B)X̂

p⇤ = sup
c:Rm!{0,1}

E[1(B = c(X̃))]

Example: Total variation distance

<latexit sha1_base64="GZ/Z9U03JCXcjerd+QD+3YUJu6Q="></latexit>

DTV[PX, PX̂] = sup
A2A

|PX(A)� PX̂(A)| = 2p⇤ � 1

Classifier

Real? Fake?

e.g., Sriperumbudur et al. (2009)



Divergences vs no-reference metrics

<latexit sha1_base64="xCuC2FRn17/xvHQm7a+fMTFo+5w="></latexit>

⌫(X̃)



Divergences vs no-reference metrics



Divergences vs no-reference metrics



Divergences vs no-reference metrics



Divergences vs no-reference metrics

<latexit sha1_base64="qt8iqY++TvHEai+bbOdWaqBbVlU="></latexit>

X
<latexit sha1_base64="wIpj7sRRGt70SOIsFoIWMbgFLv0="></latexit>

X̂
<latexit sha1_base64="wIpj7sRRGt70SOIsFoIWMbgFLv0="></latexit>

X̂
<latexit sha1_base64="wIpj7sRRGt70SOIsFoIWMbgFLv0="></latexit>

X̂
<latexit sha1_base64="qt8iqY++TvHEai+bbOdWaqBbVlU="></latexit>

X
<latexit sha1_base64="qt8iqY++TvHEai+bbOdWaqBbVlU="></latexit>

X
<latexit sha1_base64="wIpj7sRRGt70SOIsFoIWMbgFLv0="></latexit>

X̂



1110010
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x̂

Distortion

Rate

Realism-distortion trade-off
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Realism

Rate

<latexit sha1_base64="UpULN8vwFrJJws6PF79lYtZZEuA="></latexit>

D[PX, PX̂] � 0

D[PX, PX̂] = 0 , PX = PX̂

Realism-distortion trade-off



Realism-distortion trade-off

1110010
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Realism-distortion trade-off

Rate

<latexit sha1_base64="NFKfyzXQpqj90WIiRpHNRl01zlk="></latexit>

E[d(X, X̂)] + �D[PX, PX̂]



Realism-distortion trade-off

Blau & Michaeli (2018)
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!



Realism-distortion trade-off

Blau & Michaeli (2018)
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Realism-distortion trade-off

Blau & Michaeli (2018)
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Realism-distortion trade-off

Blau & Michaeli (2018)

<latexit sha1_base64="NY0Hxu78+s3b+c8ORzXdtpm81vY="></latexit>

D(✓d) = inf
PX̂|Z

D[PX, PX̂] s.t. E[d(X, X̂)]  ✓d

<latexit sha1_base64="pcPOC9SMbmgujgaRee15FOTa6V4="></latexit>

Theorem. If D[PX, PX̂] is a divergence which is convex in its second argu-
ment, then the perception-distortion function D(✓d) is (1) monotonically non-
increasing and (2) convex.

<latexit sha1_base64="eQmHu47baPiqiu9PiUxhVoQy77s="></latexit>

PX̂|Z

<latexit sha1_base64="3I7T4CtXh3Y7E8zKdAgl12bageA="></latexit>

E[d(X, X̂)]  ✓2

<latexit sha1_base64="pgE1OAgR6sB6ART9N+x5tTA4h9o="></latexit>

E[d(X, X̂)]  ✓1 < ✓2



Realism-distortion trade-off

Blau & Michaeli (2018)



(Information) rate-distortion function

<latexit sha1_base64="PxFwukDz9txTxeQxJlIY9k7QdFo="></latexit>

R(✓d) = inf
PX̂|X

I[X; X̂]

s.t. E[d(X, X̂)]  ✓d



(Information) rate-distortion-perception function (RDPF)

<latexit sha1_base64="QZEQq+7VfrWiidR4Ym5mtVBFI7o="></latexit>

R(✓d, ✓D) = inf
PX̂|X

I[X; X̂]

s.t. E[d(X, X̂)]  ✓d and D[PX, PX̂]  ✓D

Blau & Michaeli (2019)

!



General rate functions

<latexit sha1_base64="IeNUcx6FY5mRdAfekcscAQpqdDU="></latexit>

R(✓) = inf
PX̂|X

I[X; X̂]

s.t. 8i : Di[PX,X̂]  ✓i

<latexit sha1_base64="JdkK4xBUke3rAAJ3K6xi5WJQF34="></latexit>

D1[PX,X̂] = E[d(X, X̂)]E.g.,

Vector



Shannon (1948)



Blau & Michaeli (2019)

<latexit sha1_base64="YO2Ate6kf5rRemTQoiKcOCU0Opo="></latexit>

X⇤ ⇠ PX|X̂

PX⇤(x⇤) =
X

x̂

PX̂(x̂)PX|X̂(x⇤ | x̂)

=
X

x̂

PX̂,X(x̂,x⇤) = PX(x⇤)

D[PX, PX⇤ ] = 0

E[kX�X⇤k2]  2E[kX� X̂k2]

!

Arbitrary reconstruction

Perfect realism



Corrupted data, e.g., 
                            reconstruction with minimal distortion

Blau & Michaeli (2019)
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X⇤ ⇠ PX|X̂

PX⇤(x⇤) =
X

x̂

PX̂(x̂)PX|X̂(x⇤ | x̂)

=
X

x̂

PX̂,X(x̂,x⇤) = PX(x⇤)

D[PX, PX⇤ ] = 0

E[kX�X⇤k2]  2E[kX� X̂k2]

!

Perfect realism



Blau & Michaeli (2019)
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X⇤ ⇠ PX|X̂

PX⇤(x⇤) =
X

x̂

PX̂(x̂)PX|X̂(x⇤ | x̂)

=
X

x̂

PX̂,X(x̂,x⇤) = PX(x⇤)

D[PX, PX⇤ ] = 0

E[kX�X⇤k2]  2E[kX� X̂k2]

At most 2x increase

!

Corrupted data, e.g., 
                            reconstruction with minimal distortion

Perfect realism



Blau & Michaeli (2019)

Proof:
<latexit sha1_base64="2tVmxJUAUTOqL/rr87FXrYWXbyA="></latexit>

E[kX⇤ �Xk2] = E[kX⇤ � E[X | X̂] + E[X | X̂]�Xk2]

= E[kX⇤ � E[X | X̂]k2 + kE[X | X̂]�Xk2]
+ E[2(X⇤ � E[X | X̂])>(E[X | X̂]�X)]]

= E[kX� E[X | X̂]k2 + kE[X | X̂]�Xk2]
+ EX̂[2E[X⇤ � E[X | X̂] | X̂]>E[E[X | X̂]�X | X̂]]]

= 2E[kX� E[X | X̂]k2]

 2E[kX� X̂k2]

0

Perfect realism
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E[kX⇤ �Xk2] = E[kX⇤ � E[X | X̂] + E[X | X̂]�Xk2]

= E[kX⇤ � E[X | X̂]k2 + kE[X | X̂]�Xk2]
+ E[2(X⇤ � E[X | X̂])>(E[X | X̂]�X)]]

= E[kX� E[X | X̂]k2 + kE[X | X̂]�Xk2]
+ EX̂[2E[X⇤ � E[X | X̂] | X̂]>E[E[X | X̂]�X | X̂]]]

= 2E[kX� E[X | X̂]k2

 2E[kX� X̂k2
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= E[kX⇤ � E[X | X̂]k2 + kE[X | X̂]�Xk2]
+ E[2(X⇤ � E[X | X̂])>(E[X | X̂]�X)]]

= E[kX� E[X | X̂]k2 + kE[X | X̂]�Xk2]
+ EX̂[2E[X⇤ � E[X | X̂] | X̂]>E[E[X | X̂]�X | X̂]]]

= 2E[kX� E[X | X̂]k2

 2E[kX� X̂k2
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E[kX⇤ �Xk2] = E[kX⇤ � E[X | X̂] + E[X | X̂]�Xk2]

= E[kX⇤ � E[X | X̂]k2 + kE[X | X̂]�Xk2]
+ E[2(X⇤ � E[X | X̂])>(E[X | X̂]�X)]]

= E[kX� E[X | X̂]k2 + kE[X | X̂]�Xk2]
+ EX̂[2E[X⇤ � E[X | X̂] | X̂]>E[E[X | X̂]�X | X̂]]]

= 2E[kX� E[X | X̂]k2

 2E[kX� X̂k2

<latexit sha1_base64="XQ4tU4NCV+D2vNIolhlmuqGSrpc="></latexit>

(X⇤, X̂) ⇠ (X, X̂)

<latexit sha1_base64="hb4bGgL8v+NlWd5uPfVhenj8QS8="></latexit>

X⇤ ?? X | X̂
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X̂⇤ ⇠ PX|X̂

PX̂⇤(x̂⇤) =
X

x̂

PX̂(x̂)PX|X̂(x̂⇤ | x̂)

=
X

x̂

PX̂,X(x̂, x̂⇤) = PX(x̂⇤)

D[PX, PX̂⇤ ] = 0

E[kX�X⇤k2]  2E[kX� X̂k2]
<latexit sha1_base64="5F8i90vVu7OMwxJjRjTRlNh2Rf4="></latexit>

X̂⇤ ⇠ PX|X̂

PX̂⇤(x̂⇤) =
X

x̂

PX̂(x̂)PX|X̂(x̂⇤ | x̂)

=
X

x̂

PX̂,X(x̂, x̂⇤) = PX(x̂⇤)

D[PX, PX̂⇤ ] = 0

E[kX�X⇤k2]  2E[kX� X̂k2]



Bounds on the RDPF
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X̂⇤ ⇠ PX|X̂

PX̂⇤(x̂⇤) =
X

x̂

PX̂(x̂)PX|X̂(x̂⇤ | x̂)

=
X

x̂

PX̂,X(x̂, x̂⇤) = PX(x̂⇤)

D[PX, PX̂⇤ ] = 0

E[kX�X⇤k2]  2E[kX� X̂k2]

2x distortion

<latexit sha1_base64="GR0mEqD2ZCIoS8ZBIt2JWWZwxk0="></latexit>

R(2✓d, 0)  R(✓d,1) = R(✓d)
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X̂⇤ ⇠ PX|X̂

PX̂⇤(x̂⇤) =
X

x̂

PX̂(x̂)PX|X̂(x̂⇤ | x̂)

=
X

x̂

PX̂,X(x̂, x̂⇤) = PX(x̂⇤)

D[PX, PX̂⇤ ] = 0

E[kX�X⇤k2]  2E[kX� X̂k2]
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X̂⇤ ⇠ PX|X̂

PX̂⇤(x̂⇤) =
X

x̂

PX̂(x̂)PX|X̂(x̂⇤ | x̂)

=
X

x̂

PX̂,X(x̂, x̂⇤) = PX(x̂⇤)

D[PX, PX̂⇤ ] = 0

E[kX�X⇤k2]  2E[kX� X̂k2]

Perfect realism 

!
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R(✓d, 0)  R(✓d/2,1) = R(✓d/2)

Bounds on the RDPF

<latexit sha1_base64="5F8i90vVu7OMwxJjRjTRlNh2Rf4="></latexit>

X̂⇤ ⇠ PX|X̂

PX̂⇤(x̂⇤) =
X
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PX̂(x̂)PX|X̂(x̂⇤ | x̂)

=
X

x̂

PX̂,X(x̂, x̂⇤) = PX(x̂⇤)

D[PX, PX̂⇤ ] = 0

E[kX�X⇤k2]  2E[kX� X̂k2]
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X̂⇤ ⇠ PX|X̂
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X

x̂

PX̂(x̂)PX|X̂(x̂⇤ | x̂)

=
X

x̂

PX̂,X(x̂, x̂⇤) = PX(x̂⇤)

D[PX, PX̂⇤ ] = 0

E[kX�X⇤k2]  2E[kX� X̂k2]
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X̂⇤ ⇠ PX|X̂

PX̂⇤(x̂⇤) =
X

x̂

PX̂(x̂)PX|X̂(x̂⇤ | x̂)

=
X

x̂

PX̂,X(x̂, x̂⇤) = PX(x̂⇤)

D[PX, PX̂⇤ ] = 0

E[kX�X⇤k2]  2E[kX� X̂k2]

!



Bounds on the RDPF

Distortion,

Ra
te

<latexit sha1_base64="JZ4g9QUdt14Lbbzfq7BUQLchAzI="></latexit>

✓d

<latexit sha1_base64="wOPrDj8dYUnltU2DEwCLDb0Nk9E="></latexit>

R(✓d, 0)

<latexit sha1_base64="+Cz1zbCB3l6j912v0n/3kc26ElY="></latexit>

R(✓d)
<latexit sha1_base64="N3fOgLqpAls7hwn+/47N1fvPL08="></latexit>

R(✓d/2)



How meaningful is                 ?
<latexit sha1_base64="Ab17oN0b46u4E+ozKSOOuUfgSFA="></latexit>

R(✓d, ✓D)



General rate functions

<latexit sha1_base64="IeNUcx6FY5mRdAfekcscAQpqdDU="></latexit>

R(✓) = inf
PX̂|X

I[X; X̂]

s.t. 8i : Di[PX,X̂]  ✓i

<latexit sha1_base64="JdkK4xBUke3rAAJ3K6xi5WJQF34="></latexit>

D1[PX,X̂] = E[d(X, X̂)]E.g.,

Vector



One-shot achievability

<latexit sha1_base64="yJv3TlZKq0vdbLHcZ7kWxL1vnw0="></latexit>

Definition. For a source X ⇠ PX and a given set of constraints, we say that
a rate R is one-shot achievable if an encoder f : X ⇥ R ! N0, a decoder
g : N0 ⇥ R ! X , and a random variable U (indep. of X) exist with

K = f(X, U) and X̂ = g(K,U)

such that the joint distribution PX,X̂ satisfies the constraints and the conditional
entropy of K is not more than R, H[K | U ]  R.



One-shot achievability

<latexit sha1_base64="yJv3TlZKq0vdbLHcZ7kWxL1vnw0="></latexit>

Definition. For a source X ⇠ PX and a given set of constraints, we say that
a rate R is one-shot achievable if an encoder f : X ⇥ R ! N0, a decoder
g : N0 ⇥ R ! X , and a random variable U (indep. of X) exist with

K = f(X, U) and X̂ = g(K,U)

such that the joint distribution PX,X̂ satisfies the constraints and the conditional
entropy of K is not more than R, H[K | U ]  R.



Shared randomness

<latexit sha1_base64="I16aGCwyMHMN3eREPxluE+muCUs="></latexit>

U ⇠ Uniform([0, 1))
<latexit sha1_base64="HGrYBqT7/RbOTqu5Finuj2KAk7E="></latexit>

U = 0.B1B2B3 . . .

"Shared" or "common randomness"

<latexit sha1_base64="nRXXzt7JgYlKYTp35Ap/4mAKVx0="></latexit>

X ⇠ PX

<latexit sha1_base64="P1GpUX97Ingp4MVi5kGkVnmjf2Q="></latexit>

K = g(X, U)

Encode Decode <latexit sha1_base64="kK0gJfft1OdyrReaQBR9IsMhQxE="></latexit>

X̂ = f(K,U)



Achievability

<latexit sha1_base64="+F5aYaRuCecjhDvJ0cNBAm0S9qQ="></latexit>

Definition. For a source X ⇠ PX and a given set of constraints, we say
that a rate R is (asymptotically) achievable if there exists a random variable U

independent of X and a sequence of encoders fN : XN ⇥R ! N0 and decoders
gN : N0 ⇥ R ! XN with

KN = f(XN
, U) and X̂N = g(KN , U)

such that each joint distribution PXn,X̂n
(n = 1, . . . , N) satisfies the constraints

and

lim
N!1

H[KN | U ]/N  R.



Achievability

<latexit sha1_base64="+F5aYaRuCecjhDvJ0cNBAm0S9qQ="></latexit>

Definition. For a source X ⇠ PX and a given set of constraints, we say
that a rate R is (asymptotically) achievable if there exists a random variable U

independent of X and a sequence of encoders fN : XN ⇥R ! N0 and decoders
gN : N0 ⇥ R ! XN with

KN = f(XN
, U) and X̂N = g(KN , U)

such that each joint distribution PXn,X̂n
(n = 1, . . . , N) satisfies the constraints

and

lim
N!1

H[KN | U ]/N  R.



One-shot achievability

Li & El Gamal (2018); Theis & Wagner (2021)

<latexit sha1_base64="VIkQMkOzioMO2YRhjpW0HgMzQzo="></latexit>

Theorem. Let an arbitrary source X ⇠ PX and constraints Di[PX,X̂]  ✓i be
given. If

R > R(✓) + log(R(✓) + 1) + 4,

then R is one-shot achievable.
Vector



Achievability

<latexit sha1_base64="75a+XBObpWKtlBNcfVmF8c53Bjk="></latexit>

Theorem. Let an arbitrary source X ⇠ PX and constraints Di[PX,X̂]  ✓i be
given. Then R < 1 is achievable if and only if R � R(✓).

Li & El Gamal (2018); Theis & Wagner (2021)

Vector



LEARNED COMPRESSION II: 

Adversarial losses and diffusion



Legendre transform (convex conjugate)

<latexit sha1_base64="h4VnjN5JK4ZGMvT3+KiVvwUDkEQ="></latexit>

� : I ! R
�⇤ : I⇤ ! R,

�⇤(t) = sup
s2I

{st� �(s)}

�(s) = sup
t2I⇤

{st� �⇤(t)}

<latexit sha1_base64="zZBl0PoeycRVZ57b0ZD4l49BoTQ="></latexit>

s

<latexit sha1_base64="/Th0++T44fLnGm1HhymcfYCsFtw="></latexit>

y = ts

<latexit sha1_base64="Ux1SE4NYpJOHHKREz8TAtDEAcB0="></latexit>

y = �(s)



Legendre transform (convex conjugate)

<latexit sha1_base64="h4VnjN5JK4ZGMvT3+KiVvwUDkEQ="></latexit>

� : I ! R
�⇤ : I⇤ ! R,

�⇤(t) = sup
s2I

{st� �(s)}

�(s) = sup
t2I⇤

{st� �⇤(t)}

<latexit sha1_base64="zZBl0PoeycRVZ57b0ZD4l49BoTQ="></latexit>

s

<latexit sha1_base64="/Th0++T44fLnGm1HhymcfYCsFtw="></latexit>

y = ts

<latexit sha1_base64="Ux1SE4NYpJOHHKREz8TAtDEAcB0="></latexit>

y = �(s)



<latexit sha1_base64="nVwgLt0IlKp0xw+sGLZ78Gr9YfI="></latexit>

�(s) = s log(s) �⇤(t) = exp(t� 1)

�(s) = sup
t2R

(st� exp(t� 1))

Legendre transform (convex conjugate)



f-divergences

<latexit sha1_base64="xYjnYWY1NN3UEOripk9dyaJ2HBg="></latexit>

D�[P,Q] =

Z
�

✓
dP

dQ

◆
dQ

D�[p, q] =

Z
q(x)�

✓
p(x)

q(x)

◆
dx

Convex function

Rényi (1961)



f-divergences

<latexit sha1_base64="xYjnYWY1NN3UEOripk9dyaJ2HBg="></latexit>

D�[P,Q] =

Z
�

✓
dP

dQ

◆
dQ

D�[p, q] =

Z
q(x)�

✓
p(x)

q(x)

◆
dx

Rényi (1961)

E.g.,  KL divergences:                             or
<latexit sha1_base64="AGXnKSFjKzkbx5YL3HGGvhsfbE0="></latexit>

�(s) = s log s
<latexit sha1_base64="quVThg0DQmXkbAmvk33a4recoTk="></latexit>

�(s) = � log s



Adversarial losses

Goodfellow et al. (2014); Nowozin et al. (2016)

<latexit sha1_base64="zWpif2cfj4oyFuGL5+Mruh1FqZo="></latexit>

D�[p, q] =

Z
q(x)�

✓
p(x)

q(x)

◆

=

Z
q(x) sup

t

⇢
t
p(x)

q(x)
� �⇤(t)

�
dx

�
Z

q(x)

✓
T (x)

p(x)

q(x)
� �⇤(T (x))

◆
dx

=

Z
p(x)T (x) dx�

Z
q(x)�⇤(T (x)) dx



<latexit sha1_base64="tjvvzLl7I2xcornQWlYJdJ/BdcM="></latexit>

D�[p, q] =

Z
q(x)�

✓
p(x)

q(x)

◆

=

Z
q(x) sup

t

⇢
t
p(x)

q(x)
� �⇤(t)

�
dx

� sup
⌘

Z
q(x)

✓
T⌘(x)

p(x)

q(x)
� �⇤(T⌘(x))

◆
dx

= sup
⌘

Z
p(x)T⌘(x) dx�

Z
q(x)�⇤(T⌘(x)) dx

Adversarial losses

Goodfellow et al. (2014); Nowozin et al. (2016)

<latexit sha1_base64="tjvvzLl7I2xcornQWlYJdJ/BdcM="></latexit>

D�[p, q] =

Z
q(x)�

✓
p(x)

q(x)

◆

=

Z
q(x) sup

t

⇢
t
p(x)

q(x)
� �⇤(t)

�
dx

� sup
⌘

Z
q(x)

✓
T⌘(x)

p(x)

q(x)
� �⇤(T⌘(x))

◆
dx

= sup
⌘

Z
p(x)T⌘(x) dx�

Z
q(x)�⇤(T⌘(x)) dx
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D�[p, q] =

Z
q(x)�

✓
p(x)

q(x)

◆

=

Z
q(x) sup

t

⇢
t
p(x)

q(x)
� �⇤(t)

�
dx

� sup
⌘

Z
q(x)

✓
T⌘(x)

p(x)

q(x)
� �⇤(T⌘(x))

◆
dx

= sup
⌘

Z
p(x)T⌘(x) dx�

Z
q(x)�⇤(T⌘(x)) dx

Adversarial losses

Goodfellow et al. (2014); Nowozin et al. (2016)



Adversarial losses

<latexit sha1_base64="hSnHqL+IfsastEDdhD1gfZxh0yM="></latexit>

sup
⌘

E[T⌘(X)]� E[�⇤(T⌘(X̂))]

"Adversary" or "critic"



Adversarial losses

<latexit sha1_base64="onvWwfU5sm9RgQ0IrYA88UGkvJs="></latexit>

Z = f✓(X) +U

X̂ = g✓(Z)

⌘  argmin
⌘

⇣
E[T⌘(X)]� E[�⇤(T⌘(X̂))]

⌘

✓  ✓ + "r✓

✓
E[� log p(Z)]| {z } + �E[� logE[d(X, X̂)]| {z }+� E[��⇤(T⌘(X̂))]

| {z }

◆

Rate Distortion Realism

Repeat:

<latexit sha1_base64="onvWwfU5sm9RgQ0IrYA88UGkvJs="></latexit>

Z = f✓(X) +U

X̂ = g✓(Z)

⌘  argmin
⌘

⇣
E[T⌘(X)]� E[�⇤(T⌘(X̂))]

⌘

✓  ✓ + "r✓

✓
E[� log p(Z)]| {z } + �E[� logE[d(X, X̂)]| {z }+� E[��⇤(T⌘(X̂))]

| {z }

◆



SRResNet SRGAN

Ledig et al. (2017)



Ledig et al. (2017)

Example: SRGAN

M
O

S

1

2

3

4

5 SRResNet (MSE)

SRGAN (MSE + adv.)

PS
N

R

29

30

31

32

33

SS
IM

0.5

0.625

0.75

0.875

1



A first approach using diffusion



Perfect realism
Powerful (conditional) generative model

<latexit sha1_base64="FFbIbtEXt58jaUf0r+mFBGJMWaA="></latexit>

X̂ ⇠ PX|Z

D[PX, PX̂] = 0

E[kX̂�Xk2] = 2E[kE[X | Z]�Xk2]

!

Easy to optimizeDifficult to optimize

Rate-constrained representation

1

2

<latexit sha1_base64="FFbIbtEXt58jaUf0r+mFBGJMWaA="></latexit>

X̂ ⇠ PX|Z

D[PX, PX̂] = 0

E[kX̂�Xk2] = 2E[kE[X | Z]�Xk2]



Diffusion

Sohl-Dickstein et al. (2015); Song et al. (2021)

<latexit sha1_base64="etZ+1ihxcupfjE1RQoBW/M6601Y="></latexit>

X0

<latexit sha1_base64="glbyy/WWnV7HIk4JA2npAJiwcDU="></latexit>

Xt

<latexit sha1_base64="Q/txXfTfDi85McfU2V/mh/0D3Io="></latexit>

XT

Add noise

Generation



Diffusion

💡                       is approximately Gaussian (e.g., Feller, 1949; Anderson, 1982).
<latexit sha1_base64="yTybbf0LrpJ+K/7VLwXH+6MYbF8="></latexit>

PXt��|Xt

💡   Optimize                                             so that                                               . 
<latexit sha1_base64="/+Nte71+ciIsw/ONdirqCWHGkX0="></latexit>

E[kXt�� �m✓(Xt)k2]
<latexit sha1_base64="dlDwDJ9jQQLKXObim5arX+OW1oU="></latexit>

m✓(Xt) ⇡ E[Xt�� | Xt]



💡   Optimize                                                         so that                                                  . 

Diffusion

💡                       is approximately Gaussian (e.g., Feller, 1949; Anderson, 1982).
<latexit sha1_base64="yTybbf0LrpJ+K/7VLwXH+6MYbF8="></latexit>

PXt��|Xt

<latexit sha1_base64="FXAKYE2okaGeZVpGI7uNTQLyGt4="></latexit>X

t

wtE[kXt�� �m✓(Xt, t)k2]
<latexit sha1_base64="oqc7tNuMSg6zWmorvUV71xd6t8c="></latexit>

m✓(Xt, t) ⇡ E[Xt�� | Xt]



Conditional diffusion

<latexit sha1_base64="96TZZB0V2kaOwSw2y031JWKXzYs="></latexit>

Z
<latexit sha1_base64="qt8iqY++TvHEai+bbOdWaqBbVlU="></latexit>

X

<latexit sha1_base64="/dLMFysWKYnrdqpvtObNzsGzTsE="></latexit>

f

<latexit sha1_base64="Vij7wcWcT2gTyjRKBz+zIKwpz0o="></latexit>

g

<latexit sha1_base64="+xUpPO1A9aVKmztc4T+m1HPcz7E="></latexit>

⇡ E[X | Z]

1



Conditional diffusion

<latexit sha1_base64="96TZZB0V2kaOwSw2y031JWKXzYs="></latexit>

Z
<latexit sha1_base64="qt8iqY++TvHEai+bbOdWaqBbVlU="></latexit>

X

<latexit sha1_base64="/dLMFysWKYnrdqpvtObNzsGzTsE="></latexit>

f

<latexit sha1_base64="EfO7hl0UPNv0fhCfemKbPzLvLn8="></latexit>

X̂t ⇠ N (m✓(X̂t+�,Z, t), v✓(t)Im)

<latexit sha1_base64="jTEwd1kT1koOf/tHSJ6gdk6DZPo="></latexit>

X̂ = X̂0

2



MSE 0.0562 bpp



MSE + diffusion 0.0562 bpp



Text-to-image models

<latexit sha1_base64="96TZZB0V2kaOwSw2y031JWKXzYs="></latexit>

Z
<latexit sha1_base64="EfO7hl0UPNv0fhCfemKbPzLvLn8="></latexit>

X̂t ⇠ N (m✓(X̂t+�,Z, t), v✓(t)Im)

<latexit sha1_base64="jTEwd1kT1koOf/tHSJ6gdk6DZPo="></latexit>

X̂ = X̂0

"A cute dog."



"seven motocross 
bikes facing  
right at the 

starting line” 

kodim05.png 
(Kodak, 1993)

Imagen 
(Saharia et al., 2022)

Text-to-image models

<latexit sha1_base64="huVi2E9yfpBGwduoGNNeyU5r6qY="></latexit>

Z



Hoogeboom et al. (2023) Rombach et al. (2022)



REALISM II: 

Channel simulation



Channel simulation (or reverse channel coding)

Channel coding

Reverse 
channel coding



<latexit sha1_base64="O7SbAOyGxoF2MdpSs26/IsXT2X0="></latexit>

Y ⇠ PY

Channel simulation (or reverse channel coding)

111001001
<latexit sha1_base64="0UMvmiODYjibFh5D6kYXUyKk4sw="></latexit>

Z ⇠ PZ|Y

Receiver only generates a single instance of Z

!

Sender Receiver



<latexit sha1_base64="O7SbAOyGxoF2MdpSs26/IsXT2X0="></latexit>

Y ⇠ PY

Channel simulation (or reverse channel coding)

111001001

Receiver only generates a single instance of Z

!

Sender Receiver

<latexit sha1_base64="2pRd59biqTSdb0nxEgrudpXlZS4="></latexit>

Z ⇠ N (Y, I)



<latexit sha1_base64="0UMvmiODYjibFh5D6kYXUyKk4sw="></latexit>

Z ⇠ PZ|Y
<latexit sha1_base64="O7SbAOyGxoF2MdpSs26/IsXT2X0="></latexit>

Y ⇠ PY 111001001
<latexit sha1_base64="yObxV4JwtPipSUcGPMpqZMrEIRo="></latexit>

I[Y;Z]

Bennett & Shor (2002); Harsha et al. (2007)

Channel simulation (or reverse channel coding)

!



<latexit sha1_base64="O7SbAOyGxoF2MdpSs26/IsXT2X0="></latexit>

Y ⇠ PY 111001001
<latexit sha1_base64="yObxV4JwtPipSUcGPMpqZMrEIRo="></latexit>

I[Y;Z]

Bennett & Shor (2002); Harsha et al. (2007)

Channel simulation (or reverse channel coding)

<latexit sha1_base64="9fp4bAOej7XRhQXoaxauXnOODXY="></latexit>

= H[Z]�H[Z | Y]

<latexit sha1_base64="0UMvmiODYjibFh5D6kYXUyKk4sw="></latexit>

Z ⇠ PZ|Y

!



<latexit sha1_base64="0UMvmiODYjibFh5D6kYXUyKk4sw="></latexit>

Z ⇠ PZ|Y
<latexit sha1_base64="O7SbAOyGxoF2MdpSs26/IsXT2X0="></latexit>

Y ⇠ PY 111001001

Possibly continuous

<latexit sha1_base64="yObxV4JwtPipSUcGPMpqZMrEIRo="></latexit>

I[Y;Z]

Channel simulation (or reverse channel coding)

Bennett & Shor (2002); Harsha et al. (2007)

<latexit sha1_base64="KPnnJpgFc76WNNBSI3UxBPJsyqg="></latexit>

= h[Z]� h[Z | Y]

!



<latexit sha1_base64="O7SbAOyGxoF2MdpSs26/IsXT2X0="></latexit>

Y ⇠ PY

Channel simulation...

111001001

Discrete

... generalizes lossless source coding

<latexit sha1_base64="+/ttm2kA2Lr+bsPRfXzwWJuHfZ8="></latexit>

Z ⇠ �Y

<latexit sha1_base64="7hDX88FA4lVS5WYFR8AN/F4mcXI="></latexit>

I[Y;Z] = H[Y]



<latexit sha1_base64="flsRN3mlhb8bHN+A6aFLfB9FJ2c="></latexit>

Z = f(K,U)

Channel simulation

<latexit sha1_base64="z8NIHBH6WaJPTfVbKJAzuU1Kdd8="></latexit>

K = g(Y, U)

<latexit sha1_base64="O7SbAOyGxoF2MdpSs26/IsXT2X0="></latexit>

Y ⇠ PY

"Shared" or "common randomness"

<latexit sha1_base64="xbMcQi4bE8W6k973CAZxj7W9jJs="></latexit>

U ⇠ PU

111001001



Dithered quantization

<latexit sha1_base64="+TU0tu2eaWS3K3kdQboMMUXZbQA="></latexit>

U,U 0 ⇠ Uniform([�1/2, 1/2))

Roberts (1962)

Encoder Decoder

!

<latexit sha1_base64="4QkGMYkiIQGY4CwHjGfHHKZ+6kI="></latexit>

Z = bY � Ue| {z }
K

+U ⇠ Y + U 0



<latexit sha1_base64="u2C/+6kNS4tgExxCG8WOUkPilyE="></latexit>

y
<latexit sha1_base64="TyRPfVjAwEyQdRuWfemHeGFfegk="></latexit>

y � u



<latexit sha1_base64="uP/mGP5LLgZaXL6cPYYXc/OxTKY="></latexit>

P (K = k | U = u) = pZ(k + u)

H[K | U ] = E[� log pZ(K + U)]

= E[� log pZ(Z)]

= h[Z]

= h[Z]� h[Z | Y ]

= I[Z, Y ]

Dithered quantization

Zamir & Feder (1992)

!

0

<latexit sha1_base64="jbqQjx/4+jjInhnB5sJ9MeyD2Ww="></latexit>

Z = K + U



Dithered quantization

Zamir & Feder (1992)

<latexit sha1_base64="blTLu4nvxuow2zsrF5EYAKY4Wgg="></latexit>

P (K = k | U = u) = P (Y � u 2 [k � 0.5, k + 0.5))

= P (Y 2 [k + u� 0.5, k + u+ 0.5))

=

Z
pY (k + u� u0)[[u0 2 [�0.5, 0.5)]] du0

= pY+U 0(k + u)

= pZ(k + u)



Dithered quantization

<latexit sha1_base64="c+lIdTZQJxhEljzjJCi1oSZ+OH8="></latexit>

U 0 ⇠ Uniform([�0.5, 0.5))



Dithered quantization



Gaussian channel

Qin et al. (2003); Agustsson & Theis (2020)

<latexit sha1_base64="Zuno76T5GzHs9zTjdM9LwTOnVhc="></latexit>

if S ⇠ 2�
p

�(3/2, 1/2)

<latexit sha1_base64="hQ0CuAI7lN2B2f8hYpVP/ZrgdjU="></latexit>

Z = (bY /S � Ue+ U)S

⇠ Y + SU 0

⇠ Y +N (0,�2)



<latexit sha1_base64="c0QWcjNsBWJLrtGnvoPXoZirgx8="></latexit>

Z ⇠ Y + SU 0

Gaussian channel
<latexit sha1_base64="l8Ic4eNHgVJCETWAk3cgpidHrfY="></latexit>

K = bY/S � Ue

<latexit sha1_base64="zvJmamIBRt69x7hpeV1+6AW1ofg="></latexit>

I[Y, Z | S] = h[Z | S]� h[Z | Y, S]

= h[Z | S]� E[log2 S]

 h[Z]� E[log2 S]

= I[Y, Z] + h[Z | X]� E[log2 S]

= I[Y, Z] +
1

2
log2(⇡) +

1�  (3/2)

2 ln 2
 I[Y, Z] + 0.521

<latexit sha1_base64="zvJmamIBRt69x7hpeV1+6AW1ofg="></latexit>

I[Y, Z | S] = h[Z | S]� h[Z | Y, S]

= h[Z | S]� E[log2 S]

 h[Z]� E[log2 S]

= I[Y, Z] + h[Z | X]� E[log2 S]

= I[Y, Z] +
1

2
log2(⇡) +

1�  (3/2)

2 ln 2
 I[Y, Z] + 0.521

<latexit sha1_base64="ZV9SFlIlLLDiEp6VNRjlTPxk7hg="></latexit>

I[Y ;Z | S] = h[Z | S]� h[Z | Y, S]

= h[Z | S]� E[log2 S]

 h[Z]� E[log2 S]

= I[Y ;Z] + h[Z | X]� E[log2 S]

= I[Y ;Z] +
1

2
log2(⇡) +

1�  (3/2)

2 ln 2
 I[Y ;Z] + 0.521

<latexit sha1_base64="rCrnWzAnwpz2hLKqrZU1pLAYo2o="></latexit>

I[Y ;Z]

<latexit sha1_base64="gVRE7aJ54+VjyR1V1LnDIMrgSKA="></latexit>

I[
Y
;Z

|S
]�

I[
Y
;Z

]

Lower bound (Li & El Gamal, 2018)

<latexit sha1_base64="CV3ntEyDNLm72cLJ5+rNtV+u3oQ="></latexit>

Y ⇠ N (0, 1)

<latexit sha1_base64="CLaW1CjCxnFSypqrH1mnrI9RMec="></latexit>

H[K | U, S] = I[Y ;Z | S]
= I[Y ;Z | S] + I[Y, S]

= I[Y ; (Z, S)]

� I[Y ;Z]

<latexit sha1_base64="RTfSPoly0eso7yHKmG5LXHa2MN0="></latexit>

= I[Y ;Z] + h[Z | Y ]� E[log2 S]



<latexit sha1_base64="seo50jozsk2Y1sB2yKwJ/HO9CJg="></latexit>

Z = bY � Ue+ U| {z } ⇠ Y + U 0
| {z }

Dithered quantization and VAEs

<latexit sha1_base64="+TU0tu2eaWS3K3kdQboMMUXZbQA="></latexit>

U,U 0 ⇠ Uniform([�1/2, 1/2))

TrainingInference

Roberts (1962)

Encoder Decoder

!



VAEs revisited

Inference:

Training:

Mismatch



VAEs revisited

<latexit sha1_base64="dGdyck/4sZDJYjoLwDoAEJDFIEg="></latexit>

Y = f✓(X)

Ki = bYi � Uie

Zi = Ki + Ui

X̂ = g✓(Z)

<latexit sha1_base64="0PYvQcrT8r7R9xSXbOTAknv1Ufw="></latexit>

Y = f(X)

Ki = bYi � Uie

Zi = Ki + Ui

X̂ = g✓(Z)

Encoder Decoder

<latexit sha1_base64="Xzo+NhgIaTMm3Kvgbr86I7eDiK4="></latexit>

`(✓) = �E[d(X, g✓(bY �Ue+U))] + E[� logP (K | U)]

`(✓) = �E[d(X, g✓(Y +U))] + E[� log p(Z)]

Rate-distortion trade-off



VAEs revisited

<latexit sha1_base64="dGdyck/4sZDJYjoLwDoAEJDFIEg="></latexit>

Y = f✓(X)

Ki = bYi � Uie

Zi = Ki + Ui

X̂ = g✓(Z)

<latexit sha1_base64="0PYvQcrT8r7R9xSXbOTAknv1Ufw="></latexit>

Y = f(X)

Ki = bYi � Uie

Zi = Ki + Ui

X̂ = g✓(Z)

Encoder Decoder

Rate-distortion trade-off = ELBO

Agustsson & Theis (2020)

<latexit sha1_base64="YsCObrG67KKPsHcymB5/IR8Jh9s="></latexit>

`(✓) = �E[d(X, g✓(bY �Ue+U))] + E[� logP (K | U)]

`(✓) = �E[d(X, g✓(Y +U0))] + E[� log pZ(Y +U0)]



Agustsson & Theis (2020)

Variational autoencoders revisited

Dithered quantization 
(no mismatch)

Quantization 
(mismatch)



Ballé et al. (2021); Theis & Agustsson (2021)

Randomness and rate-distortion trade-offs

<latexit sha1_base64="KNLXlaZY/C0xP2sJ8B+AdeZpZvw="></latexit>

E[`�(X,U)] = EU[EX[`�(X,U)]]

� min
U

EX[`�(X,U)]

= EX[`�(X,u⇤)]

Fix randomness



Randomness and realism

Theis & Agustsson (2021)

<latexit sha1_base64="vulO9t0gEkFV/SD32FDzalWEJAk="></latexit>

x

<latexit sha1_base64="ISqBtkV+27YPBwZqlQwD0Pce5iE="></latexit>

⇥ ⇠ Uniform(0, 2⇡)

X =

✓
cos⇥
sin⇥

◆

U ⇠ Uniform(0, 1)

X̂ = g(f(X, U), U)



Randomness and realism

Theis & Agustsson (2021)

<latexit sha1_base64="vulO9t0gEkFV/SD32FDzalWEJAk="></latexit>

x

<latexit sha1_base64="SPTenpEldduJ5GV/PTGk3HuuyJ8="></latexit>

d(x, x̂) =
1

2
kx� x̂k2 = 1� cos(✓ � ✓̂)

<latexit sha1_base64="UAjsKsk+Tpho71eZgJdtQzC/Ysk="></latexit>

minimize
f,g

E[d(X, X̂)] s.t. X̂ ⇠ X

<latexit sha1_base64="ISqBtkV+27YPBwZqlQwD0Pce5iE="></latexit>

⇥ ⇠ Uniform(0, 2⇡)

X =

✓
cos⇥
sin⇥

◆

U ⇠ Uniform(0, 1)

X̂ = g(f(X, U), U)

<latexit sha1_base64="y8lADhTqvWwqQBpp2deY16Atj0s="></latexit>

f : R2 ⇥ R ! {0, 1}
g : {0, 1}⇥ R ! R2



<latexit sha1_base64="ovY5iuAfYQJ00Uk3O1+LScMPaoY="></latexit>

⇥ ⇠ Uniform(0, 2⇡)

X =

✓
cos⇥
sin⇥

◆

U ⇠ Uniform(0, 1)

X̂ = g(f(X), U) ⇠ PX|f(X)

Randomness and realism

Theis & Agustsson (2021)

<latexit sha1_base64="+obMJaeMand8DF+6ejM/oEYaQk4="></latexit>

c0



<latexit sha1_base64="ovY5iuAfYQJ00Uk3O1+LScMPaoY="></latexit>

⇥ ⇠ Uniform(0, 2⇡)

X =

✓
cos⇥
sin⇥

◆

U ⇠ Uniform(0, 1)

X̂ = g(f(X), U) ⇠ PX|f(X)

Randomness and realism

Theis & Agustsson (2021)

<latexit sha1_base64="9TRfjGfUs0KVpbFa8HqrOMj6slg="></latexit>

K = f(X, U) =

�
⇥

⇡
� U

⇡
mod 2

⇥̂ = ⇡(K + U)



Randomness and realism

Theis & Agustsson (2021)



Rejection sampling

Using shared source 
 of randomness

<latexit sha1_base64="lD8t8GU61or5TC9rWn6xHWDz2nw="></latexit>

PZ



Rejection sampling

Using shared source 
 of randomness



Poisson functional representation

Using shared source 
 of randomness

<latexit sha1_base64="3MtJKGgT+Wy1YtSC2DwZYCOPT7Y="></latexit>

ZK ⇠ PZ|y

H[K] < I[Z;Y] + log2(I[Z;Y] + 1) + 4

Li & El Gamal (2018)



LEARNED COMPRESSION III: 

Diffusion-based compression



Conditional diffusion

<latexit sha1_base64="96TZZB0V2kaOwSw2y031JWKXzYs="></latexit>

Z
<latexit sha1_base64="qt8iqY++TvHEai+bbOdWaqBbVlU="></latexit>

X

<latexit sha1_base64="/dLMFysWKYnrdqpvtObNzsGzTsE="></latexit>

f

<latexit sha1_base64="EfO7hl0UPNv0fhCfemKbPzLvLn8="></latexit>

X̂t ⇠ N (m✓(X̂t+�,Z, t), v✓(t)Im)

<latexit sha1_base64="jTEwd1kT1koOf/tHSJ6gdk6DZPo="></latexit>

X̂ = X̂0



Diffusion as a VAE

<latexit sha1_base64="qt8iqY++TvHEai+bbOdWaqBbVlU="></latexit>

X

<latexit sha1_base64="VS9lIKPheclJqTlZbBVuleQHXzk="></latexit>

Zt

<latexit sha1_base64="UJ89i1lXjYPiTPfBt+6bYdalNcw="></latexit>

ZT

<latexit sha1_base64="mnLS0ReTbhHgwNLTjJI+X73Qui8="></latexit>

..
.

<latexit sha1_base64="mnLS0ReTbhHgwNLTjJI+X73Qui8="></latexit>

..
.



Diffusion as a VAE

<latexit sha1_base64="qt8iqY++TvHEai+bbOdWaqBbVlU="></latexit>

X

<latexit sha1_base64="VS9lIKPheclJqTlZbBVuleQHXzk="></latexit>

Zt

<latexit sha1_base64="UJ89i1lXjYPiTPfBt+6bYdalNcw="></latexit>

ZT

<latexit sha1_base64="eH9Lim4U2IL8pxCeCLH9KayU4vQ="></latexit>

q(z | x)

<latexit sha1_base64="4ZJKcwNKG5JXPQlpkP88WP0HwOU="></latexit>

p(x | z)

<latexit sha1_base64="4gSZLaNhP1/UNtAURthKRk2ZtI8="></latexit>

Z

<latexit sha1_base64="07lg0Y9GwFale2iDb0pHhipb/nU="></latexit>

|

{z

}

<latexit sha1_base64="mnLS0ReTbhHgwNLTjJI+X73Qui8="></latexit>

..
.

<latexit sha1_base64="mnLS0ReTbhHgwNLTjJI+X73Qui8="></latexit>

..
.

<latexit sha1_base64="tHP1x8ry7N8Bvl6Gku/qpLOoXT8="></latexit>

p(z) = p(zT )p(zT�1 | zT ) · · ·



Diffusion as a VAE

<latexit sha1_base64="qt8iqY++TvHEai+bbOdWaqBbVlU="></latexit>

X

<latexit sha1_base64="VS9lIKPheclJqTlZbBVuleQHXzk="></latexit>

Zt

<latexit sha1_base64="MYRdWeA9JDGgDsj6PNX9MBX7jso="></latexit>

p(x | zt)



Diffusion as a VAE

<latexit sha1_base64="fBNbmwI1KAJDn/IY7eQQLhueFRE="></latexit>

p(zt)

<latexit sha1_base64="MYRdWeA9JDGgDsj6PNX9MBX7jso="></latexit>

p(x | zt)

Simple

Complicated

<latexit sha1_base64="mhgSTpiUH6LaNNkV9G5I0l5dcys="></latexit>

q(zt | x) = N (zt;↵tx,�
2
t Im)



Diffusion

<latexit sha1_base64="qt8iqY++TvHEai+bbOdWaqBbVlU="></latexit>

X 1011001

<latexit sha1_base64="G67h+ALTQWFuUxrd5mmM+9q2q00="></latexit>

X̂ ⇠ PX|Zt

<latexit sha1_base64="Ut2x4DCZOW1raEiEb5o3L3QoM6Y="></latexit>

Zt ⇠ QZt|X

<latexit sha1_base64="jPLLoNBPqHJtEtN14CoFgB/VTsE="></latexit>

PZt



Diffusion

<latexit sha1_base64="qt8iqY++TvHEai+bbOdWaqBbVlU="></latexit>

X 101

<latexit sha1_base64="G67h+ALTQWFuUxrd5mmM+9q2q00="></latexit>

X̂ ⇠ PX|Zt

001

11

<latexit sha1_base64="+lWzfhGzae8AO1MLl3Lgds9kb1k="></latexit>

PZt|Zt+�<latexit sha1_base64="ha5maPyV2irgb1OYWmrA2VzCaG4="></latexit>

Zt ⇠ QZt|Zt+�,X

Gaussian target 
distribution

Refine

Generate

<latexit sha1_base64="gjBMCbGvYXVt8F4V1QJOwql0kis="></latexit>

PZT = N



<latexit sha1_base64="t4IIXMTCdcJjHYiDXosGYTQcNFA="></latexit>

X ⇠ N (0, 1)

Zt =
p

1� �2X + �U U ⇠ N (0, 1)

X̂ ⇠ PX|Zt

Example: Normal

Zhang et al. (2021); Wagner (2022); Theis et al. (2022)

<latexit sha1_base64="zbEPZAQV91l3Q2VE/0UDxlbkMBU="></latexit>
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Example: Normal
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X ⇠ N (0, 1)

Zt =
p

1� �2X + �U U ⇠ N (0, 1)

X̂ =
p

1� �2Zt + �V V ⇠ N (0, 1)
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2
log

2

d
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X ⇠ N (0, 1)
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1� �2X + �U U ⇠ N (0, 1)

X̂ =
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1� �2Xt + �V V ⇠ N (0, 1)

D[PX , PX̂ ] = 0

E[(X � X̂)2] = 2�2 = d

I[X,Xt] = � log2 � =
1

2
log

2

d
= R(d/2)

Realism: 

Distortion: 

Rate:
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E[(X � X̂)2] = 2�2 = d

I[X,Xt] = � log2 � =
1

2
log

2

d
= R(d/2)

RD function of standard normal

Already follows correct distribution

Zhang et al. (2021); Wagner (2022); Theis et al. (2022)
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Example: Normal
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Zt =
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1� �2X + �U U ⇠ N (0, 1)

X̂ = Zt
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E[(X � X̂)2] = 2� 2
p

1� �2 < 2�2

Realism: 

Distortion: 

Rate:
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Zhang et al. (2021); Wagner (2022); Theis et al. (2022)
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Example: Normal

Zhang et al. (2021); Wagner (2022); Theis et al. (2022)



SDE / ODE

SDE: 

ODE:

Neural network goes in here

Anderson (1982); Maoutsa et al. (2020); Song et al. (2021)
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dZt =

✓
�1

2
�tZt � �tr ln pt(Zt)

◆
dt+

p
�tdW̄t

dzt =

✓
�1

2
�tzt �

1

2
�tr ln pt(zt)

◆
dt
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dzt =

✓
�1

2
�tzt �

1

2
�tr ln pt(zt)

◆
dt

=

✓
�1

2
�tzt +

1

2
�tzt

◆
dt = 0 if  is standard Gaussian
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SDE
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dXt =

✓
�1

2
�tXt � �tr log pt(Xt)

◆
dt+

p
�tdW̄t
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✓
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2
�txt �

1

2
�tr log pt(xt)

◆
dt

(simulated in reverse)



ODE
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dXt =

✓
�1

2
�tXt � �tr log pt(Xt)

◆
dt+

p
�tdW̄t

dxt =

✓
�1

2
�txt �

1

2
�tr log pt(xt)

◆
dt

(simulated in reverse)



DiffC-A (SDE)



DiffC-F (ODE)



Tweedie's formula

Robbins (1956)
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Z = X+ �V V ⇠ N (0, Im)

E[X | z] = z+ �2r ln pZ(z)



DiffC-F (ODE)

Theis et al. (2022)
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DiffC-F (ODE)

Theis et al. (2022)
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DiffC-F (ODE) vs DiffC-A (SDE)

Theis et al. (2022)
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Theorem. Let X : ⌦ ! RM
have a smooth density p with finite

G = E[kr ln p(X)k2].

Let Zt =
p

1� �2
tX + �tU with U ⇠ N (0, I). Let X̂A ⇠ P (X | Zt) and let

X̂F = Z0 be the solution to the ODE with Zt as initial condition. Then

lim
�t!0

E[kX̂F �Xk2]
E[kX̂A �Xk2]

=
1

2



DiffC-F (ODE)

Theis et al. (2022)
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Theorem. Let X = QS where Q is an orthogonal matrix and S : ⌦ ! RM

is a random vector with smooth density and Si ?? Sj for all i 6= j. Define Zt

as before. If X̂F = Z0 is the solution to the ODE given Zt as initial condition,

then

E[kX̂F �Xk2]  E[kX̂0 �Xk2]

for any X̂0
with X̂0 ?? X | Zt which achieves perfect realism, X̂0 ⇠ X.



Theis et al. (2022)



Theis et al. (2022)



Theis et al. (2022)

Refinement Bits communicated 
per refinement



Example: Multivariate Gaussian

Theis et al. (2022)
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X ⇠ N (0,⌃)

Zt =
p
1� �2X+ �V V ⇠ N (0, I)

X̂ ⇠ PX|Zt

Worse than 1D case
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I[X,Zt] � R(d/2) d = E[kX� X̂k2]
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Example: Multivariate Gaussian

Theis et al. (2022)

Optimal noise

Pink noise
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Open problems

Channel simulation 

Computational complexity 

• No general algorithm exists with runtime polynomial in  (Agustsson & Theis, 2020). 

• Existing algorithms' runtime is exponential in  (infinity divergence), can we find one that's 

exponential in ? 

• What is the computational complexity of simulating Gaussian channels? What is the 

computational complexity of the closest-vector problem (CVP) for optimal lattices? 

• Practical implementation of entropy-coded lattice quantization (e.g., for A2 or E8 lattice)? 

Coding cost 
• Bounds for the one-shot coding cost of simulating multivariate Gaussian channels

<latexit sha1_base64="iQYaGpQkP7gNdnGqCzQhAL6f6bg="></latexit>

DKL
<latexit sha1_base64="JVAI25ngaiu6kDIPP4cmLM3R3vE="></latexit>

D1
<latexit sha1_base64="iQYaGpQkP7gNdnGqCzQhAL6f6bg="></latexit>

DKL



Open problems

Learned compression 

DiffC 
• Can we bound the rate-distortion-perception function of DiffC-A? (For DiffC-A*, see Theis et al., 2022). 

• How can we make DiffC computationally more efficient? 

• What about other types of noise? Dithered quantization? 

Generative compression 
• Training in two stages vs end-to-end training 

• Better approaches targeting  where 
<latexit sha1_base64="bWHJKxQck6DLyFBnqeAkEA70C2U="></latexit>

D(✓d, ✓D)
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0 < ✓D < 1



Open problems

Realism 

Shared randomness 
• The role of shared randomness (e.g., Wagner, 2022; Chen et al., 2022) 

Universal critics 
• Adversarial losses can be challenging to optimize. Can we construct a "universal critic" (or a distortion 

over sequences) which encourages realistic reconstructions when optimized?  

(Yes in theory, but how do we make it practical?)
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