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Motivation

Discrete Representation of Localization and Fractures
Interface element insertion, embedded weak/strong
discontinuities, enrichment

* Ineffective to determine curvilinear crack paths, crack kinking Bl wr"pm R
and. branching | | | -, s
* Tedious and even impossible to track complex crack topologies. -

Diffuse Representation of Localization and Fractures
Quantity averaging, gradient methods, phase field
* Very fine discretization required.

* Adaptive model refinement is cumbersome for traditional
mesh-based methods.

Proposed Neural Network Partition of Unity (NN-PU) Ritz Method

* PU (RKPM) + machine learned enrichment functions + energy minimization
* Loss function minimization: enrichment functions for localization and fracture
* Problems with local features: feature encoded transfer learning




NN-PU for Strain Localizations and Fractures

e Th

Solution decomposition
u": smooth solution (background: fixed discretization)
<h

u(x) ="(x) + 10" (x) . . |
u": rough solution (foreground: evolving NN enrichment)
Smooth solution approximation by partition of unity (PU)
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Rough solution approximation (for strong/weak discontinuities) % (o
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ut (x) ~ ulVv (x) = 21]V=Bl u}? (x) . uf : block-level NN approximation
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O Kernel Support of Node 1
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h _ wh 4 wh TNK C « u®K: Reproducing Kernel (RK) approximation

u'=u"+u" = ¥ (x)(d; + {x (X)W - hep 8 PP
IES K=1 « u"V: Neural Network (NN) approximation
wix =0Vl ¢S = {J|3x € supp(¥)), k(X)>k } . uf: block-level NN approximation
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Reproducing Kernel Particle Method

Reproducing kernel (RK) approximation

* The order of continuity and the order of completeness are independently defined in
the RK approximation.

RK approximation

NP
¥, %) ut(X) = ¥, (X)d,;
I=1

] Order of Order of
‘ RK shape function completeness  continuity

P (X) = {Z L x- x;)abao«)} o(X X))

"v‘v»'

(O Kernel Support of Node 1 Reproducing condition

z P(X)XE = X% |al <n

» Straightforward adaptive refinement
e Arbitrary order continuities —> ¥, (x)=H ()M ' (x)H(x-x,)é (X—X,)

* Enrichment with special functions NP
M(x) = ZH(X_XI)HT(X_X1)¢a(X_X1)
=1

Liu WK, Jun S, Zhang YF. Int J Numer Methods Fluids 1995;20:1081-106. H(x—-x,)= [1, (x=x;),,(x=x,)" ] 4
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Block-level NN Approximation

Neural network (NN) NN (x) = z bV (x; W)

L e bAN: block-level NN approximation
approximation

B=1
Nk
Block-level NN n
S bYN(x; W) = brs(y(X WE), Wip )p(x; WEg) « NK: the number of NN kernels per block
approximation
K=1 \ )\ )
Y Y
" NN Kernel function captures NN Polynomial introduces
e Location and orientation of * Monomial completeness for
— localization further accuracy
coordmnatey * Shape of solution transition

i
«  WZ: NN weight set controlling .
the location and orientation of
the kernel.
«  W?°: NN weight set controlling
the shape of transition.

W?: NN monomial coefficient set

* The NN control parameters WX, W2, and W” are
determined via loss function minimization.
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A Neural Network-enhanced RKPM for Localization Modeling

Parametrization sub-block NN kernel sub-block

A A
' N/ A\
Intermediate :
It layer Inermediae
(parametric (NN kernels)

coordinate) coordinate)

Output layer
(Block-level

approx.)

Polynomial sub-block

Multiplication
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Normalization

Neuron with Neuron with
arametric Coordinate .
P : tanh activation @ gg{ia\lr:‘[eig:lc softplus Polynomial
weights

Y2

Y1

Parameterized
coordinate ¥
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Parametrization by W*

Parametrization sub-block
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* Complicated localization patterns are projected onto
a parametric space.

Multiplication
& Normalization

* NN kernel functions defined in the parametric
Neuron with - } space can capture complex localizations in the
tanh activation A h . 1
Neuron with 5 / \\‘;\ : p ys1ca Space.
ftpl /. N\
etvation B
Parametric Coordinate « NN Parametric Coordinate

For NN block B, PB:x — y(x; W5)

Y(X; Wé) = hnL('; WénL) ° hnL—l(’; WlénL—l) o---ohy(x; Wél)

y Physical Coordinate
L where h;(& Wj;) = tanh (zi(i; Wél-)) , fori <n,
Y1 h;(§Wj,) = z;(§ W5;), fori =n,
x z; = OBIE 4+ BB
L Wi, = {05, 8"} c Wi
x with the weight matrix ®5! and the bias vector B&* 7



NN Kernel Function Controlled by W*

NN Kernel Function

NN Kernel sub-block

2
0 Wis) = | [B(a(, 712,k 1)
=1 \
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Y
Regularized step functions

Multiplication
& Normalization

Neuron with
tanh activation

} Regularized Step Functions

oot Y of, L
d(zi; B;) = (Zi + 5»51') - (Zi - E:ﬁi)

Neuron with

AX .
SN R
. / N\
parametric softplus V4 N\
activation ¢

where z; = (-D)'(y—y)/c;, i=12

S(z;B) = %log(l + eP?)
(parametric softplus function)




Neural Network Kernel Function Controlled by W?

NN Control Parameter ¢
Transition of NN kernel function
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NN-enhanced RK Network Structure

W,
Block 1

NN approximation
* Takes the physical coordinate X as its input.

5/

RK approximation
* The pre-computed shape functions are
directly inputted to the network.

Block N °

\
/

10

869 1\



Neural Network Enriched Partition of Unity by Ritz Method

NN Weights Initialization (W°) Loss Function
* The NN blocks and kernel functions L(d, W)
are uniformly distributed (W20, W59), J h h
’ = U*(d,wW))dQ - F(U*"(d, W
* The monomial coefficients are set Q v ( ( )) ( ( ))
PO a _
zero (W™7). +_f ||Uh(d,W) —U||2dQ
l 2 Jaqu
* d: RK coefficient set
RK Coefficients Initial Guess (d°) « W= {W: W5, WP} NN weight set
« d = argmin £(d) * Y: Energy density functional
d

 F: External work

= By standard Galerkin Procedure :
* a: Scaling parameter

=  With fixed W
* Filter: dI Z "IJ] (XI) d]

A

* (Gradient decent-type algorithm
can be used to optimize the loss.

Construct the loss function £(d, W) with Optimization t > t+ At
e UMN = UMV (x: W) 1 d, W = argmin £(d, W)
« VUMM = UMV (x; W) /0x aw No

(by automatlc differentiation)

» URP =3 Lpl d, end

. VURK = YNy q,
(with precomputed {¥;}¥F; and {VW¥,}}'f;




Loss Function for Localization

Loss Function

L(d,W) = jﬂl,[)D (U, w))da - F (U"(d,W)) + %LQU”Uh(d’ W) — O|°do

F = - b df) -hdrl’
(u) jﬂu + Lﬂhu

_ _ [1]
P (W) = g (n(ew) ) v ) + g )+ (n(ew))
Wi = wEE) +5(88)% ¥y = 9 — ¥

0pg (u)  dpg (u)
0'=(1—77(£(u))) aso(ul; + aso(ul;

Dissipation Energy

_ 1 1
o =p( 2 1)

q—n (q
. _ — 1-
n(e) = min(1,max(0,7(0)), Ak = ;=2 g(m)=l-n
E K
= — 2 = ¢
p = (koq)" 9= e kg

[1] Miehe C, Hofacker M, Welschinger F. Comput Methods Appl Mech Eng. 2010;199(45):2765-2778



Regularization of NN Approximation

In order to have discretization-insensitive NN-RK approximation, the original NN
kernel function is modified.

Original NN kernel function Modified NN kernel function
dim 2 dim 2
¢ = l_[l_[cp(zal(ya,ym,cm) Bat) ¢ = Hﬂqb(zm(ya,ym,cal) Bat)
a=1 i= a=1 i=
. x: W) — . . x: W) — .
2 = (=1) Ve (X W") — 3) 5 = (=1) H(yo (x; W5) — 3)
Ci Ci
- 1
where H =
10Ye/0X|ly =3,

The parametric coordinate is properly scaled so that the localization width is
solely determined by the NN control parameter c.
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Approximation Ability of a Single NN Block

fRK + fNN

1
0.5
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A 4-kernel NN block successfully captures the
very high gradient in localizations for topological
geometries of

* A curve without junctions

e 1 triple junction

e 1 quadruple junction

Higher order topological geometries can by
captured by the superposition of multiple block-
level NN approximations.
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Error Estimate

* (): problem domain
Convergence rates for f — oo « {): domain within localization
A 1/2 1/2 ul
o =l < = all g+ Gl =l ol =l + By =yl

For RK background discretization along with a single hidden layer parametrization

=l , < (c+C)a? klulp+m\ﬂ+cy[[ il n /2 « P=p+05
. * 1m:order of RK basis
Y Y
=e = ¢

* When € dominates, the convergence rate = y on the nodal spacing.
(e.g., convergence rate = 1.5 for linear basis)

* When é dominates, the convergence rate = 1 on 1/4v/NR.

Baek, J., Chen, J. S., Computer Methods in Applied Mechanics and Engineering, Vol. 410, 116590, 2024.



1D Elasticity with Pre-degraded Zones

Problem Unknowns

* Reproducing kernel approximation:

19 1000F i istri
L j . Eu — ub dx + - (- g)? 21 uniformly dlstrlbute.d RK- nodes
1 * Neural network approximation:

36 unknowns with 4 blocks

e 57 total unknowns

Young’s modulus distribution Body force distribution

body force
T

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
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1D Elasticity with Pre-degraded Zones

Initially, kernels are
uniformly distributed and
the NN approximation is
initialized to be zero.
(i.e., the NN
approximation initially
does NOT know the
information on the
localization.)

The kernels actively
evolve during the loss
function minimization
and the sharp solution
transition is captured.
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57 vs 801 unknowns

* Without NN enhancement, the transitions are NOT
sufficiently sharp even with 201 and 401 RK nodes.

Neural network-enhanced solution (57 unknowns) Reproducing kernel only solution

1 T T T T T 1 T T T T T

0.8 - 9

0.6 - b

04r

02 . uh ;
—RK 201 nodes
021 iy 021 ——RK 401 nodes |-
04t —NN-RK| 04l RK 801 nodes|
—Exact —Exact
*06 | | | | | | | | | *06 | | | | | | | | |
A 08 06 04 02 0 0.2 0.4 0.6 0.8 1 A 08 06 04 02 0 0.2 0.4 0.6 0.8
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2D Elasticity with Pre-degradation

Uy Uy

Tensile specimen with pre-degradation

9 g Reference

Ry
Xe2
vis

e [LOCalization
Xl

Minimization problem

min Il = %fﬂs(uh): D:g(u") dQ
1
e(u) = 5 (Vu + (Vu)?)

Approximation

e 451 RK nodes with linear basis (902 unknowns)

* Single hidden layer with 40 neurons for NN
parametrization




Convergence for varying h Convergence for varying nyp

(avg. rate of 1.647) (avg. rate of 1.150)
-2.6
| | -3.5 | |
The convergence rates | | 355 |
agree with the s _ s |
theoretical values. @ . . § 365 |
b% b% 37 | 1
S a4 1.57 ] = a5 | 1J7/
a6 | 38 |
-3.85
> -1 .I8 -1 .I6 -1 .I4 -1 .I2 -1 .Il —i —O.I8

log(h) logo(1/+/An)
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An Elastic-damage Bar Under Tension

Material
imperfection

A

[
r‘

2000
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Reaction

500 | |—6—11 nodes, w = L/50
—¢— 21 nodes, w = L/100

—B—41 nodes, w = L/200

(d I L g o |
| = |

0 0.5 1 15 2
u %107

Load-displacement response of un-
regularized models

Reaction

 Compared to the un-regularized

| ; counterpart, the regularized NN-

enhanced RKPM vyields
discretization-independent results.

2000

1500

1000

—©6—11 nodes
—— 21 nodes

—HF—41 nodes

500

Baek, J., Chen, J. S., & Susuki, K.

0 0.5 1 1.5 2 (2022). International Journal for
U <107 Numerical Methods in
Load-displacement response of Engineering.
regularized NN-enhanced RKPM 22



Strain

* Highly localized strain
field is well captured.

0.0z
0.015 ¢
0.01¢
0.005 {——11 RK nodes
21 RK nodes
41 RK nodes
() ——————— i,
-1 0.5 0

2/(L/2)

Strain Ifield

0.5

Stress

 The NN control parameter 3 € W> suppresses the
stress oscillation which is shown unless special
treatment is performed.

200 _ .
—{ Force step 1
150 + Force step 2
= U 1 Force step 3
o
| =
= 100 J
w
100 | |
Force step 1 50 |
Force step 2
i Force step 3
l l ' ol _ _ _ |
. 05 0 0.5 1 y o . - 1
o/ (L/2)

x/(L/2)
Stress obtained by adaptive
NN kernels controlled by .

Stress obtained by
smooth NN kernels
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Tensile specimen with asymmetric

imperfection

| E

Material imperfection
(k; = 0.99 X 107%)

/

| 2H

H

;éfﬁ
f;j‘,’ A

i
T 0

|

Reaction

* The proposed NN-enhanced
RKPM yields discretization-
independent results.
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Damage pattern predicted by NN-enhanced
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NN-Enhanced RKPM for Modeling Crack Propagation in

—

Load-displacement curve

Pre-notched Specimen

................... 0.5 N
5 it SRR e \ 256 RK particles (16X16)
‘ZIZIIIIIZIZI:ZZZIZ:AO-“ R are used with 512 RK
:::::::::::::::::::i coefficients.
\5/03 * 3 NN blocks are used with
fustavisniss) nnidag 540 total NN unknown
‘1:222::::2::2:::12; weights and biases.
e bbb e SR NN-enhand RK
Bl ol ot oo-eosnd) (N I A (A Reference
’ 0 0.062 O.O(I)4 OAO(I)6 O.O(I)8 0.0I] 0.01I2 0.014
u (mm)
uf f+ u11VN ué?K + UIZVN Damage

()
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| 500 mm

« 256 RK particles (16X16)
are used with 512 RK

| coefficients.
500 mm :
30 m’“%H « 1 NN block is used with
250 mm 9 278 total NN unknown
weights and biases.

T

,,,,,,,,,,,,,,,,,,,,, 10 -
Sl S h o ol il Qe s ) 8t
e R T g 6
Rt -
.......... } i
Bttt g m, 471
skt 2+
B Experiment
NN-enhand RK
0 : ' ' '
0 0.1 0.2 0.3 0.4

w (mm)

(2) (b)

(c) (d)
Comparison with

experimentally
observed crack range
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Loss Function for Brittle Fracture

Loss Function

L(d,W) = jﬂzpD (U"(d, W) da - F (Ut(d, W) + %LQU”Uh(d’ W) — O|°do

F(u) =ju-bdﬂ+f u-hdr
Q GION
w2 () = g (ne(w)) wiw + 95 @+ (n(ew))

Y = wE)E) +2(TE)% v = v — g

0Yg (W) 0y (u)
6=g(n(£(u))) E)so(ul; * aso(ul;

Dissipation Energy

Y1) = pn?
1=y H=max(max (&) —wch,0), =50, g=(1-1)?
p= e Gc= Yo

£’ W /Ga /G

[1] C. Miehe, F. Welschinger, M. Hofacker, Int. J. Numer. Methods Eng. 83 (2010) 1273-1311.



Mixed-mode Fracture of a Doubly Notched Crack Branching

T TT]

A
\ = Wing crack
H === Shear crack

(b)
0.5H
i g .

NN-RKPM Experiment (reference)

A 4

@) @) A. Bobet, H.H. Einstein,
1998
(a) (b) ()

* 496 RK particles (16X31) are used with 992 RK coefficients.

« a neural network with two 40-neuron hidden layers, involving 1,842 unknown
weights and biases.

Baek, J., Chen, J. S., Computer Methods in Applied Mechanics and Engineering, Vol. 410, 116590, 2024



Fracture Branching

(a)
(c)
0 0.2 0.4 0.6

Baek, J., Chen, J. S., Computer Methods in Applied Mechanics and EngineeringVol. 410, 116590, 2024
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Time-discretized orientation-phase field problem

Phase Field Grain Growth Simulation

* 441 background RK nodes with
p

minIl = f<_9(9—29)+C¥”V9”+—||V9||2-|-p 2 4 %”Vn”2> dO . linear basis

2AA

* DOF: lattice orientation 8 and phase field n
* p,a, B, p, q: model parameters
* 0: lattice orientation from the previous time step

Background RK
discretization

2 Two 4-kernel NN blocks

e 20-neuron 2-hidden layer
parametrization network
(1044 unknown NN parameters)
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Transfer Learning of Neural Network Basis Functions

Off-Line Training of “Parent” NN Basis Functions

Current training epoch: Current training epoch: Current training epoch: Current training epoch: Current training epoch:

On-Line Transfer Learning of “Feature Encoded” NN Basis Functions

Initial Guess Initial Guess
from Parent from Parent
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=
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NN-PU with Multiple Transfer Learning

hP-adaptivity
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Conclusion

* A neural network-enhanced reproducing kernel particle method was developed.

« The NN control parameters that determines the location, orientation, and
transition shape are automatically found during the loss optimization.

* Block-level neural network approximation allows a sparse neural network with
significantly small number of unknown NN parameters.

« Complex localizations can be captured by the superposition of multiple NN
blocks, each of which can capture low order topological geometries such as a
triple or a quadruple junctions.

* Energy based Neural Network Enriched NN-PU Ritz method:
 Localization and fracture process modeling with a fixed discretization
* Neural Network enrichment function and transfer learning for local features

« N-adaptivity for PDE solver without re-meshing demonstrated superior
computational efficiency and human effort reduction compared to FEM
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