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I
The Neumann Problem

Let p € (1, 00). Recall the Neumann problem with data in LP(0Q):

Au=0 in Q
ou nt

v log
N(Vu) € LP(0Q)

= fe LP(OQ) on 9Q

Remarks:

@ (N)is well-posed Vp € (1,2 + €) and this is sharp in the class of
Lipschitz domains

@ Via the layer potential method (N) can be reduced to a BIE of the
type (—/+K*)g="f

@ If Qis a bounded C' domain then (N) is well-posed for each
p € (1,00).Key: in this smooth setting K is compact on LP(9Q2) for
each p € (1,00)
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Definitions

Let Q be a bounded Lipschitz domain in R":
@ v - the outward unit normal vector
@ ¢ - the surface measure .

Recall:
<V(X)7X - y>
K*f(x) = .v./ LT T f(y)d
M) =pv. | x =y (W)dey)
Goal :
%/+ K* : [2(0Q) — L2(8Q)
is invertible.
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Rellich Identities

Let € be an arbitrary vector in R" define:

?tan =€ - <?, PAYA
Then the we have the following properties:
(€tanm V) =0
0 [Bf = ||’ + (€, 7)?
o |Bwn| < 3]

In particular for Vizou = Vu — (Vu, 7) 7 we have:

{ ‘VU|2 |vtanU’2+|()u|2

VU,? = VtanU>?tan> ? 7

01/
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Rellich Identities / Estimates

Theorem
Let u be as follows:

{ ue C?Q)stAu=0 inQ
*)

n.t.
Vu’aQ exists and N(Vu) € L2(9Q)
Then :
HV ? A ‘ ou® + Hcom (VU)H
@]} 200~ N o0 1l 200) P X
comp : L2(0Q) — X
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Rellich Identities

Tools
Let u be defined on Q such that u satisfies (x), consider an arbitrary
vector € € R". Define:

F = |Vuf@ —2(Vu, 8)Vu in Q.

Then F has the following properties:
o Fe €>(Q) , thus Fell (Q).

loc
o F

° ?)g; e L1(59).

nt.
exists.
B}

o F is divergence free.
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Rellich Identities

? Divergence Free

Let us prove that F mentioned above is indeed divergence free.

divF = ZGF, _Za (Ivui2e; —2(Vu, )gpu)

n

- Za, VulP)e; - 22 (a, > ouen)d, > - 22 (¢vu, €)07u)
j=1
- Z@'(Z (Oku)?) 22 (8, > " oyuey)d; ) 2 ((Vu, €)Au)
= ke

=2 Z (8,0 u)(9ku)e —22 (8;0u)(Oju) e =
J k=1 J,I=1

So divE = 0in Q.
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Rellich Identities

Divergence Theorem

Apply the divergence theorem to ? :

oz/div?dvz 7 F
Q o0

So:

Using % we get:

[ Wani?@ 7do - [ (

@
ov

n.t.
do.
o0

/ ywy?(?,mda—z/ vu, @)Y do
o0 o0

ov

>2<_e>,7>da = (%)

ou
2 _
/89<vtanua ?tan> By do
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Rellich Identities

Leta-b=1anda,b > 0, then:
+2(Vianu, ?tan () = +2a- b(Vianu, ?tan

< &|(Vianl, ?tan 2+ b (()U)
< 32|Vtanu| |?|2 + b2 (01/) .

() v

use this in (x) to get

o /89|Vtanu|2(?,7>da§/ (dy> (8.7)d

+&|Vianu 2 89)|?|2 + 0?57

(% % %) : / (()V) ? 7d0</ ‘Vfanu|2<?77>da

t+a HVI&HUHLZ asz)|?|2 + P51

HL2 Gl))

HL2 (69)

Hussein Awala (Temple University) Rellich Identities 10/1



Rellich Identities

Transversality
Consider Q the upper graph of ¢ : R"~1 — R,

.8 Q= {(X1,.... Xn) | Xn > &(xq,.... Xn_1)}, and x = (x, p(x")) € IR for
x e R"1.

Radamacher’s theorem yields ||V¢HLO<>(Rn—1 <M < .

)
It's elementary that for x = (x, ¢(x')) € 9Q we have v(x) = Y21

VIV
Now for a special E=-F,= (0,...,0,—1) we get:

Qo< (¢, 7)=——~1_ <1.

AR
Q@ (6.7)> L >~ =¢>0.
\/1+HV¢HL°°(]R”*1) \/H_M
This makes :
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Rellich Identities

Let us recall what we had so far :

+a vaanUHLZ am|3|2 + b?|

ou
ov

L2(aQ)

Dk / (du) (€.7) d‘7</ \Viant2(€, 7)do

+a vaa"UHLZ asz)|3|2 +bP|| 51

v L2(8Q)
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Rellich Identities

(*x) becomes:

(**) CHvtanUHLz (6Q) = < L.H. S(( ))

< H()u

HL2 o) T
Leta= % in () , then :

2
vaaﬂuHB(aQ) <G HOTJHLZ(BQ)
(* * x) becomes:

C} ou

< LH.S((x % %))

v L2(aQ)
(s % %) : 5 2| 0u |2
< Hvta,,uHLz(aQ) + a HvtanUHLz(aQ) + b H@HLZWQ)
Let b= ¥Cin (+++), then:

H(TVHB(&Q) = CZHVfan“HiZ(aQ)

Hussein Awala (Temple University) Rellich Identities 13/1



Rellich Identities

vaaHUHB(aQ) ~ H%HB(@Q)
For f € L2(09Q) let u be be defined as follows:

1

u(x) = Sf(x :c/ ———f(y)do(y
(x) = 8f(x) = ¢cn o X — (y)do(y)
Then u satisfies the following properties:
Q@ uceC®(Q),and Au=0inQ.
@ N(Vu) € L2(09) .
n.t.
© Vu| exists.
o0
We also have the following relations at the boundary: ( jump relations):
°
o08fnt. 1 .
Emif(iél—K)f o a.e on 09
° VianS8f does not jump on the boundary.
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L
Fredholm

Let f € L?(0Q), then:
f=(3f — K*f) — (= 1F — k*F)
1l 200y < I 1= K*) Fll 2oy + | (=27 = K*) Fll 2 oq
But :

Hay amHL 20Q) golch vaans'c‘anhiHB(aQ) Rellich H@ ‘aQ,HLZ‘(aQ)

So we get:

[y < €] (31 )

Similarly one can get:

[l < €] (31 )

12(5)

12(69)

whence :%Ii K* is Semi-Fredholm and injective if Q is upper graph.
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Rellich with X

Let Q = Q. be a bounded Lipschitz domain in R” and recall

/m Veant2(€, 7 do /m <g“)2 (8, 7)do

1%

I+ .
ou

= 2/ <Vtanu7gtan>afd0
o0 14

SetQ_ =R"\ Q, and let f € L2(9Q)we define :

ut =8f in Q4
u- =8fin Q_

let v_ = —v one can get the following equality for u~

e [ (2) @ e

_ ou~
=2 (Vianu ;?tan>

o0 ov_ do
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Rellich with X

Let us recall the jump relations:

%:%géﬁr:(%/—f(*)f o a.e on 09
- = o Z'fz; = (—31—-K*)f o a.e on dQ

On the other hand, Vizpu™ = Vanu~ does not jump on the boundary.

Now we consider the following equality:

A=2) L= (A+3) (%)
The LHS(%):

~ Joa |Viant|*(€, 7)do — [,o(€., 7)Ardo

Where Ay = | (A= 3) (37 = K*)° = (A= §) (3 + K*1)°]
And the RHS(%):
zfaﬂ<vtanu7 ga;» [()‘ B %) (%f_ K*f) o ( §) ( f+ K*f)]

Hussein Awala (Temple University) Rellich Identities

18/1



Rellich with X

Av=[(A=3) (BF = K= (A= §) (37 + K1)

= ()P —2)K*f — (K*F)2 = (A = D — [\ + K*)f)?

So: LHS(%):

—/ \vtanu|2<?,7>da—/ (8,7) [(/\z—l)fz—((AlJrK*)f)z] do
o o

And the RHS (%):

2 [ (Viant, @) [M + K*f] do
onN

Putting everything together we get (x = **)'
/ Viantl2(&, 7)do + (X~ 5 / (8,7)|f2do
a0
_/ (8, 7Y (M + K))2do — 2 / (Viantl, 8a) M + K*1] do
Bl9) o0
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Rellich with X

Recall :

(?,7>%C

Then using this in (x * xx) we get the following:
CHVfan“HiZ(aQ) +0(3 — %)"f“i(am =
/ Viant? (8, 7)do + (32 - ) /(99(?,7>|f]2da
/ (&, 7V (M + k1) da—2/ (VtanU, €an) [M + k*f] do <

(29

[+ K| Ba o + [ Viant] Zogoy + B (A + K)

2
(09) i 12(09)

where a-b=1and a,b > 0.
So for the appropriate a and b we will get:

2 *
[ i200) < eXl(M+ K7) fHLZ(aQ
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Rellich with X

Fredholm Index

Thus VA € R such that [A| > 3
M+ K*: [2(0Q) — L2(0Q) is semi — Fredholm

Then for every \ defin the operator:
A — Ty = M+ K* € L(L2(09), L2(09))

Notice the following:

@ The operator defined above is continuous in \.

@ Functional analysis will give us that all the operators T
will have the same index.

© For \ large enough one has that Ty, = A+ K* = \(1 + 1XK*), and
so you can have || &7 || < 1, which implies that T, is invertible, and
hence of index zero.

Q v\ € Rsuch that |\| > } index(T,) = zero, inparticular
index(%1+ K*) = zero.
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Injectivity (Q bounded)

Let f € L2(9Q) be such that (3/+ K*)f =0
Our goal is to show that f = 0 this will imply that %I+ K* is an injective
operator on L2(9Q).

/Vu|2dV:/<Vu,Vu>dV:—/Au.udV+/ ua—da
Q Q Q v

Then : 5
/ \Vu\zdv_—/ uY%do =0
Q_ v

0 : |Vu| = 0 which implies that u=con Q_.
Hence we have:

/|VU|2dV:C/ guda—c/ AudV =0
Q

And so we getthat u=cin Q4 ,so (3/ - K*)f =0
But f = (31— K*)f + (31 + K*)f
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Definitions

Again we define Q as the upper graph of ¢ : R — R.
Then the unit outward normal at a point X = (x, ¢(x)) is given by

(¢(x), 1)
V1 e ()2

If x € R define z = x + i¢(x) and write

o 1+ i¢' (x) ,
dz=(1+i¢ (x))dx = W \/ 1+ |8 (x)|2dx
_‘,_/

v(X) =

-~

do

v

Recall: if F = u+ iv holomorphic in Q then
@ OF = (0x+i9y)F =0

o Fdz=0
o0
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Notethat?R(iy(X)):\/H;/(X)IzZ\/ 1
1+

112
@

JisS

=c¢>0Then:

¢ /8 IF[mdo < /6 IFE™ R(iv(X))do
=R (/89 \F\z’"/u(X)da> =R (/m yFy2mdz>

=R (/ FM(F™ + F’") dz =R / F™ (R(F™)) dz
o0 o0 \‘/_'((\(Fm))

Apply Holder :

2 2 % 2
C/ |F|*Mdo < </ |F| mda) / ’?R(Fm)’ do
o o O ~———

2
S(Fm)|
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Therfore:
PG
/ IF2"do < ¢{ 7%
o S(F™)2do
09
Then : m
* F’"—(u+iv)’”—Zi"<7{7>u’”_kvk
k=0
T m
* %(Fm):Zi< . >umkvk
Claim : k=0

m odd = Ve >0 3Fc. > 0 such that :

m
D u™ RV < cul™ + elv™.
k=0

even
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Then for m odd, one can deduce the following:

/\u|2mdaz/ V2T dor
o0 o0

Now let f € L2™(9Q) real valued:

F(z) =Cf(z) = 2%” /arz Ef(_f)zdg

Then :
o u=R(F)=Df
o v =S(F) = —8(drf)
and we have for all f € L2™(9Q):

V|aQ+ = V|po
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Then we have the following inequality:
/ P < c/ [ K)f\zmda+/ (114 K)fP"do
Elo) o0 Elo)
In conclusion for m odd we have:

)< =31+ K

1]l 2m o Ml zngon)

Notice this also proves that the operators: i%l + K are injective.
So for m odd we have:

£+ K : [2M(09) — L2M(0Q)

@ One-to-One
@ Closed range

Hussein Awala (Temple University) Rellich Identities 28/1



Zero Index

Define the following operator:
te [0,1] — +L;= zl:%l—l-Kt(z)

Then notice the following:
@ Fort=0weget £Ly = i%l which is invertible and hence of
index zero.

@ Fort=1weget+L; =+}/+K.
@ The operator defined above is continuous with respect to t.

@ Hence Vt € [0,1] + L;is of index zero.
In conclusion :

S+ K 2 [2M(09) — L2™(0Q) invertible ¥ m odd
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Thank You
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