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EXAMPLE: HISTOGRAMTO PROBABILITY DISTRIBUTION

• Scenario: Random sample of 10,000 IQ scores returned a sample 
mean of 𝑥̅ = 100.2 and a sample standard deviation of 𝑠 = 15.08.

• Question: What does the histogram below show us?

• Answer: IQ scores tend to follow a normal distribution with
• Population mean: ________

• Population standard deviation: ________

• Takeaway:
• When a lot of quantitative data is 

available, a histogram approximates a 
_____________ distribution.

• When the histogram is symmetric and 
unimodal, we can use the ________
distribution.
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REVIEW: EMPIRICAL RULE

• Empirical Rule: In data that is approximately normal, about:
• 68% of observations are within 1 standard deviation of the mean

• 95% of observations are within 2 standard deviations of the mean

• 99.7% of observations are within 3 standard deviations of the mean

𝑥̅ 𝑥̅ + 𝑠 𝑥̅ + 2𝑠 𝑥̅ + 3𝑠𝑥̅ − 3𝑠 𝑥̅ − 2𝑠 𝑥̅ − 𝑠

~99.7%

~95%

~68%
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EXAMPLE: EMPIRICAL RULE

• Scenario: IQ scores have a normal distribution with mean 100 and 
standard deviation 15.

• Question: What proportion of IQ scores are between 70 and 130?

• Answer: _____________
• 70 and 130 are both ________________________ from the mean

• Question: What proportion of IQ scores are between 82 and 124?

• Answer: Empirical Rule not _____________
• 82 and 124 lie __________________ standard 

deviations from the mean

• Best estimate: _______________________

• Takeaway: Need a more _____________
to calculate probabilities
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NORMAL DISTRIBUTION

• Normal distribution: continuous probability distribution that 
describes data whose histogram is unimodal and symmetric
• Defined by two parameters: Mean (𝜇) and standard deviation (𝜎)

• Entire area under curve equals 1 à Areas are interpreted as probabilities

Observations

• Blue curve is tallest because it 

has the __________ spread

• Red curve is shortest because it 

has the __________ spread

• Grey curve is shifted farthest to 

the right because it has the 

________________
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MOTIVATION: STANDARDIZATION

• Scenario: Amount of time college students study outside of class 
per week is normal with a mean of 24 hours and standard 
deviation 8 hours

• Question: How do we use the normal distribution to find the 
probability a student studying less than 18 hours per week?

• Answer: Need to _____________
• No easy-to-use function or rule that calculates normal distribution 

probabilities

• Standardize every normal random variable to find how many _________ 
___________ the observation is from the mean

• Use the _____________________ to find probabilities
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STANDARD NORMAL DISTRIBUTION

• Standard normal distribution: a special case of the normal 
distribution that has mean 𝜇 = 0 and standard deviation 𝜎 = 1

• Denoted by 𝑍

• Values referred to as Z-scores or Z-statistics

• Probabilities found using a standard normal table

• To create a standard normal random variable:

𝑍 =
𝑥 − 𝜇

𝜎
=
Observation − Mean

Standard Deviation

• Creates a Z-score, which can be 
used to calculate probabilities
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STANDARD NORMALTABLE

• Question: How does the standard normal table work?

• Answer: Displays area to the left of the Z-score that is looked up

-1.03

• Question: What is the area to 

the left of -1.03?

• Answer: ___________________
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EXAMPLE: LOWERTAIL

• Scenario: Amount of time college students study outside of class 
per week is normal with a mean of 24 hours and standard 
deviation 8 hours

• Question: What is the probability a student studies less than 18 
hours per week?

• Answer: Let 𝑋 = __________________

____________ = ____________________________

= ____________________

= __________

_____

-8 8 24 40 5618X

Z
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• Scenario: Delayed flights at the Toronto airport are normal with a 
mean of 34 minutes and standard deviation of 11 minutes.

• Question: What is the probability a flight is delayed by more than 1 
hour?

• Answer: Let 𝑋 = _________________

____________ = _____________________

= _____________________

= _____________________

= _______________

= __________

EXAMPLE: UPPERTAIL

_____

-10 12 34 56 7860X

Z
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• Scenario: IQ scores have a normal distribution with mean 100 and 
standard deviation 15.

• Question: What proportion of people have an IQ score between 82 
and 124?

• Answer: Let 𝑋 = __________

______________________ = __________________________________

= ______________________________

= ______________________________

= ____________________

= __________

EXAMPLE: MIDDLE OF DISTRIBUTION

X

Z _____

12440 70 100 130 160

_____

82
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EXAMPLE: BOTHTAILS

• Scenario: High temperatures in Pittsburgh on June 7 historically 
have been normal with a mean of 78 degrees and SD of 7.30.

• Question: What is the probability the high temperature on one June 
7 is at least 10 degrees away from the mean?

• Answer: Let 𝑋 = ______________________

________________________ = ________________________________

= __________________________________

= ________________________

= _________________

= __________

X

Z _____

8848.8 63.4 78 92.6 107.2

_____

68
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MOTIVATION: NORMAL DISTRIBUTION PERCENTILES

• Scenario: Amount of time college students study outside of class 
per week is normal with a mean of 24 hours and standard 
deviation 8 hours.  Want to know how many hours the least 
studious 33% of students study.

• Question: What makes this different from earlier problems?

• Answer: Know the _____ under the 
normal distribution curve, but do not 
know the __________________
• Previously, we knew the number of 

hours and calculated the __________

• Solution: Calculate ________ 
________________________ ?

Area = 0.33

-8 8 24 40 56?X

Z
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NORMAL DISTRIBUTION PERCENTILES

• To calculate normal distribution percentiles, we need to answer 
two questions:

1. What Z-score corresponds to the desired area in the tail?
• To solve: Find the percentile inside the standard normal table and solve for the 

Z-score by moving left and up

2. Given the Z-score from Step 1, what value is this many standard 
deviations above/below the mean
• To solve: Use the mean, standard deviation, and Z-score from Step 1 to 

unstandardize 𝑍 =
!"#

$
and solve for 𝑋
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EXAMPLE: LOWER PERCENTILES

• Scenario: Amount of time college students study outside of class 
per week is normal with a mean of 24 hours and standard 
deviation 8 hours

• Question: What is the 33rd percentile of all weekly study times?

• Answer:

• First need to know the ________ that gives 
us _______________ in the __________
• Find the _______________ inside the 

standard normal table

• Solve for the ________

• 33rd percentile: _____________

Area = 0.33

?

-8 8 24 40 56?X

Z
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EXAMPLE: LOWER PERCENTILES

• Scenario: Amount of time college students study outside of class 
per week is normal with a mean of 24 hours and standard 
deviation 8 hours

• Question: What is the 33rd percentile of all weekly study times?

• Answer (cont.):

• Second, calculate the ______ that is this 
many _________________ from the mean 

• Set up the Z-score: _______________

• Solve for the _______________
• 𝑋 = ________________ = _________

• 33% of students study _______ 
_______________ per week

Area = 0.33

-0.44

-8 8 24 40 56?X

Z
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EXAMPLE: UPPER PERCENTILES

• Scenario: Delayed flights at the Toronto airport are normal with a 
mean of 34 minutes and standard deviation of 11 minutes.

• Question: How long are the longest 10% of delays?

• Answer:
• “Longest 10%” means _______________

• Problem: 0.90 is not __________________
• Solution: Find the _________________ to 0.90

• 90th percentile: _____________

• Z-score: ______________

𝑋 = _______________ = _______

• 10% of flights will have a delay of 
at least _______________ -0.44Z

-10 12 34 56 78?X

1.28

Area = 0.10
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EXAMPLE: MIDDLE OF DISTRIBUTION

• Scenario: IQ scores have a normal distribution with mean 100 and 
standard deviation 15.

• Question: What values yield the middle 95% of all IQ scores?

• Answer:
• Need _____ percentiles – one in ______ 

tail and one in ______ tail

• “Middle 95%” means we need to leave 
out the ____________ and the ____________
• 2.5th percentile: ______________

• 97.5th percentile: ______________

• Note: Because the same area is 
left out of each tail, the Z-scores 
will have the same ____________.

X

Z

40 70 100 130 160

Area = 0.025Area = 0.025

Area = 0.95

18



EXAMPLE: MIDDLE OF DISTRIBUTION

• Scenario: IQ scores have a normal distribution with mean 100 and 
standard deviation 15.

• Question: What values yield the middle 95% of all IQ scores?

• Answer:
• Lower bound: _______________

𝑋 = __________________ = _______

• Upper bound: _______________

𝑋 = __________________ = _______

• 95% of all IQ scores lie between 
______ and ______
• Empirical Rule was ___________

X

Z

40 70 100 130 160

Area = 0.025Area = 0.025

Area = 0.95
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EXAMPLE: CONVERTING BETWEENTWO DISTRIBUTIONS

• Scenario: ACT scores are normal with a mean of 21 and a standard 
deviation of 5.  SAT scores are also normal with a mean of 1000 
and a standard deviation of 217. 

• Question: If a student scored 24 on the ACT, what would the 
equivalent score be on the SAT?

• Answer:
• Find the Z-score for the _____

• 𝑍 = ____________ = _______

• ____________ using the distribution 
of the _____
• 𝑋 = _____________________ = ________

ACT

Z

1 11 21 31 41

SAT 132 566 1000 1434 1868
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LOOKINGAHEADTO INFERENCE: ASSESSING NORMALITY

• In probability, we often know if a variable is normally distributed 
based on having a large amount of historic data.
• Allows us to calculate probabilities and percentiles immediately.

• In inference, we only work with samples.  Before analyzing the 
data, it is often important to determine if a variable is normal by 
analyzing the sample.

• The normality of a sample can be assessed using a normal 
probability plot.
• Histograms also work but may not paint a clear picture for small samples.
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NORMAL PROBABILITY PLOT

• Normal probability plot: a plot of the observations’ Z-scores in 
increasing order (Y-axis) against the Z-score the observation would 
have if the data were perfectly normally distributed (X-axis)

Concave down

Left-skewed 
data

Close to straight line

Normally distributed 

data

Concave up

Right-skewed 
data
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EXAMPLE: ASSESSING NORMALITY

• Scenario: Normal probability plot for the fuel efficiencies (in MPG) 
for 100 cars on the left and 188 house prices on the right

• Question: What can be said about the shape of the distributions?

• Answer:
• Fuel Efficiencies: _____________________ – plot is __________________

• House Prices: ______________ – plot is ____________
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