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ATTAINABLE DIFFEOMORPHISMS

A.lI. SHNIRELMAN

Introduction

Let ' be a bounded domain in R” (v = 2,3, ...); let £ be a diffeomorphism
of I\ onto itself, preserving orientation and volume. ¢ is called attainable, if
there exists a one-parameter family of volume preserving diffeomorphisms
&I — I, 0 <t <1, such that £y = Id = the identity mapping, &, = £,
and the action of the flow & is finite:
9€(x)
t

Hedeo= [ [ %

The set of all attainable diffeomorphisms is denoted by D{(K) = D. It
is a natural configuration space of a classical ideal incompressible fluid. In
fact, each position or configuration of the fluid is determined by positions of
all its particles. Any two configurations differ by some permutation of fluid
particles. In classical hydrodynamics these permutations are assumed to
be orientation and volume preserving diffeomorphisms of the flow domain
(see [EM]). If we fix some initial position of the fluid, then we may identify
all other positions with corresponding diffeomorphisms. Ounly attainable
diffeomorphisms are physically reasonable, otherwise it would be impossible
for the fluid to reach them (requiring infinite energy and/or time).

The possible existence of non-attainable diffeomorphisms is connected
with arbitrarily complicated behaviour of the diffeomorphism near the bound-
ary. However, it was conjectured in (S|, that if the dimension v > 3, and
the domain K is simply connected, then every orientation and volume pre-
serving diffeomorphism of I\’ is attainable, i.e. D coincides with the group
of all such diffeomorphisms.

2
‘ drdt < oo .

In this work we prove this conjecture. Our main result is

THEOREM A. Let I be a unit cube in R, v > 3. Then every orientation
and volume preserving diffeomorphism £ : K’ — K is attainable.

One of the main results of [S] is the following: if v > 3, then there
15 a constant C, depending only on v, such that for each two attainable
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diffeomorphisms £,n € D there exist a path & C D, 0 <t < 1, such
that & = &, & = n, and the action J{&}l_, < C; we may say, that the
diameter of the configuration space D is finite. But the scope of this result
has remained unclear, because there was no good description of the set D
of all attainable diffeomorphisms. Now we see that our result is valid for
the whole group of volume-preserving diffeomorphisms of I'; in particular
we may now assert that D is a group, which was not clear a priori (for
example, if & € D,0<t <1,& =1Id, & =&, and J{& }_o < o0, then it
is not always true that J{& '}1_, < oc; so it is not so clear that {1 € D).

Theorem A is not implied directly by the finiteness of the diameter
of D; however, the proofs of these results are similar, so that we have to
reproduce here most of the steps of the previous work [S] for a slightly
different situation.

For simplicity, we restrict ourself to the case v = 3; moreover, most of
the steps of the proof are done equally or with minor modifications for all
v > 2, so we'll describe them for v = 2. The steps that are identical with
corresponding steps in [S] are only sketched.

It was also conjectured in {S] that in the case v = 2 there exist unattain-
able diffeomorphisms; this will be proved elsewhere.

1. Decomposition of a Diffeomorphism

Let us denote by SD = SD(L) the group of all orientation and measure
preserving diffeomorphisms of I (it will occur below, that SD = D, but
before then these sets must be regarded as different). Our proof is based on
the following theorem, asserting the pathwise connectedness of the group
SD in compact-open C*-topology and proved in [M, Lemma 5].

THEOREM 1.1. For each diffeomorphism & € SD there exists a one-

parameter family & € SD, 0 < t < 1, such that & depends continuously
. . . . - s A -

and piecewise smoothly on t in each subdomain K' C K, K C K, & = Id,

§1=¢.
We also use the following two lemmas, proved in [S]:

LEMMA 1.2. Let B be a unit ball in R¥. There exists a smooth mapping
p: B — K, such that
(i) its Jacobian |Q%(?x2 = const in B;

(ii) its first derivatives are bounded in all of B;
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(iii) p preserves the symmetry of I{.

LEMMA 1.3. Foreachr >0, let B, C R” be a ball of radius r; 0 < ry < rs.
Let H; be the space of all smooth divergence-free vector fields in B,.,, and
H, C 'Hi the space of all smooth divergence free vector fields u(z), such
that supp u(z) C B,,. Then there exists a linear operator R : H; — Ha,
continuous in C*°, such that Ru(x) = u(z) in B,, for all u(z) € H;.

Let £ € D; a set k' C K is called a support of £ (K’ = suppé§) if K’
is the least set, such that & = Id in K\K’'. We say that diffeomorphism
£ € D(K"), if supp& C L', and there exists a path & C D, such that
o = Id, supp& C K, and J{&}|_y < co. For 0 < ¢ < 6 < 3 we define an
annulus domain I, s = {# € I | ¢ < dist(z,0L") < é}. The first step of
the proof of Theorem A is the following

LEMMA 1.4. (i) Let £ € SD; then for each sequence 6, — 0 there exist a
sequence £, — 0, and a factorization

E=...080&0&

such that all & € D, supp& C I, 5, . and for each x € I there exists
m = m(x), such that £(x) = &,,0...0& (i.e. the sequence of partial products
stabilizes).

(ii) Let & C 8D, 0 < t < 1, be a family of diffeomorphisms, depending
smoothly on t, & = Id, & = &. Then for each sequence 6; — 0 there exist
a sequence £, — 0 and a factorization

§r=...08,408 08,

such that & 4 is a smooth path in D for all k; supp €k C Koy 5,5 Eko = Id;
the sequence of partial products &,, 10 ...0 &y 0 & 4(z) stabilizes for each
re k.

Proof: (i) is a particular case of (ii), so we shall prove (ii). Let & be the
flow connecting Id and € in SD: let v(y) = & 0 & (y), y € K, be the
Euler velocity field of this flow. Choose a sequence &4 \, 0. Using Lemmas
1.2 and 1.3, we can find incompressible vector fields vy ((y) such that (a)
thi(y) = v(y), if dist (y.OK) > 2z1; (b) v (y) = 0, if dist (y,0K) < g.
Let us construct the flows €4 : k' — K. integrating the fields vy 4,

_83(?;(_7) =g 0&pi(a), Exolr)=r, 0<ZE<L1.
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It is easy to see that Ek,t = Id in the gx-neighbourhood of I and that
there exists a sequence §;, — 0 such that fk,t coincides with &, outside the
6, -neighbourhood of 9. We may choose a subsequence, and assume that
(Sjc < Ok
_ Now, we may set { = ... 081 0&1,, where {14 = &1, o0 = §~2,t 0
fl—’tl, g =&40 fi—-ll,i'

This is the required decomposition: for each z € I the sequence of
partial products {m ¢ 0. ..0&; +(x) stabilizes for m > m(x) such that 6,4 <
dist(z, 0K). Q.E.D.

Now we approach the main point of the proof of Theorem A.

LEMMA 1.5. Let v > 3,0< € < 8, and &€ € D(I\. 5). Then there exists a
flow &, 0<t <1, & = Id, & =&, such that
(i) supp&; C K. for allt, 0 <t< 1;

1
(i) J{&Hoo = [ [ ’%f,(x)lgdxdt < C - (¢ — 8), where C depends only
0K

on v.

Most of the rest of this work is devoted to proving the above lemma.
Proof of Theorem A: Let & € SD and & = 272F. By Lemma 1.4, there
exist positive e, < 6, and mappings & such that supp &, C K., s, and
£ =...0&0¢&. Lemma 1.5 asserts that there exist flows &, 0 < t < 1,
such that supp&us C K., 6., Exo = Id, &y = & and J{&4} < C - 272
Let t; = 1 — 27%; we define the following flow in L’

&1.24 0<t <ty
§2.22¢1-1,) © €11, t <t <ty
€3.23(1—1,) © €21 0811, ty <t <ty

n =

Ekok(t—tp) ©Ek-1,00... 0811, tp—1 St <ty

This flow is piecewise smooth in #, and for each € K there is k such that,
for all t > tx, n(x) = &(z). In order to estimate the action J{n,}i_,, we
shall note that, for each flow (; C D, 0 <t <1 and each a > 0,

T{Car}elo = a- T{C}ep -

Hence,

J{ni}izo = 2J{& Haoo+ 22 T{E2 i Hmo+. .. = C- (22774222744 ) =C.
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Thus Theorem A is proved.

The rest of the work is devoted to the proof of Lemma 1.5.

2. Reduction to the Discrete Configuration

In this section we shall construct an isotopy, reducing a diffeomorphism
£ € D(IVe ) to a permutation of small cubes. All our considerations apply
equally, or with obvious modifications, for all v > 3. We shall, therefore,
confine ourselves to the case v = 3.

First we recall some notions from [S). Let N be a (large) integer; it is
convenient to assume that IV is a power of 2. Let us divide i into N* equal
cubes. Let I x be the set of these cubes; elements of Iy will be denoted by
k. We shall call each permutation ¢ : K'y — R a discrete configuration;
the set of all configurations will be denoted by Dy. Two cubes &, &' are
called neighbours if thev have a common (v — 1)-dimensional face. Permu-
tation 0 € Dy is called elementary if. for each » € N, either ok = k or
or and k are neighbours, and 0% = Id. A sequence 7y, 7o, ..., Tt of elemen-
tary permutations is called a discrete flow. k is its duration. We say, that
the discrete flow 71, ..., 7 transforms configuration ¢ into configuration ¢’
(0.0 € Dy),ifo’ =71,01_10...0100.

(It should be explained that we identify discrete configurations of the
set of cubes x with permutations because if we can distinguish between
different cubes », and fix some initial position for each of them, then each
other configuration of the set of cubes  differs from the initial one by some
uniquely determined permutation o € Dy, just as for a real fluid.)

Let L'y C K'n; a subgroup of permutations o € Dy, fixed outside Ky,
is denoted by Dy (L'l ). Dy(L'n) = Dy.

A measurable mapping £ : ' — L is called a discontinuous configu-
ration if (a) £ is smooth and volume-preserving in each cube k € I{y and
continuous in ®, and (b) £ is almost everywhere one-to-one. The set of all
discontinuous configurations is denoted by Fy. In particular, each permu-
tation o € Dy may be regarded as an element of Fy, so we have a natural
embedding Dy — Fy.

A one-parameter family & C Fn, 0 <t < 1, is called a discontinuous
flow, for which we may define an action

1 .
J{& Y=o = /0 ./K |£1(x)|2d:r dt .
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If Ky C Ky, then Fn(IVy) is a subset of F, consisting of all discontinuous
configurations &, such that £ = Id outside |J k.
KEK'

We begin with the approximation of smool\éh volume preserving diffeo-
morphisms by permutations of small cubes.

It was proved in [S] that for each diffeomorphism £ € D, fixed near 0K
and for each € > 0 there exist an integer N and a path & C Fn,0<t <1,
& = &, such that & € Dy, and J{{;’t}}=0 < €.

In this work we shall use the following modification of this result.

LEMMA 2.1. Let 0 < 8 < b3, and I/ = K4, 5,; let £ € D(L\'), i.e. £ € D,
suppé C L', and there exists a path & C D, 0 < t < 1, such that & = Id,
& = & supp& C K for all t, and J{&}}_, < co. Then for each ¢ > 0
there exist N > 0 and a path §& C Fn(Iy), 1 <t < 2, such that & = &,
& € Dy(KYy), and J{&}, <e.

(Here Ky, = {k € 'y | k N K’ # 0}.)

Note: P. Lax in 1971 [L] proved that each measure preserving homeomor-
phism f : K — K may be approximated by some permutation of small
cubes. In this work a stronger result is established, that there is an isotopy,
connecting f and some permutation and having arbitrarily small action.
This assertion is not implied directly by Lax’s theorem.

Proof: The proof is almost identical to the proof of Lemma 4.2 in [S]. As a
first step, we represent £ € D(K’) as a composition of mappings such that
each of them differs slightly from Id. Let &, 0 < t < 1, be the path in
D(L"’) connecting Id and £. We may set

E=mn.,on,_,0...0m, ,
where
nizfi/kof{;il)/k, lzl,,k
If k is large enough, then all 7; are close to Id in C*.

LEMMA 2.2. Suppose that all the conditions of Lemma 2.1 are fulfilled,
and that the mapping £ € D(K') is C'-close to Id. Then the conclusion of
Lemma 2.1 is true.

We shall prove this lemma a little later, and now finish the proof of
Lemma 2.1. Lemma 2.2 asserts, that for each i < k, and each £ > 0 there
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are N; and a path 7; s in Fy,(K'), 0 < s < 1, such that J{i; ;}!_, < &. Let
us define a composite path

(M, 0N, 0...0Mm, 0m, 4, O§f<%;
Mo ONe_y ©.. 01,y 1O, % §t<%;
Erae =4 nk X nk .].; - nuk .t;'l.(').,%;—.l']' e ;).7.7]. 1 ’ . % S o %7
\ n“k_H] Onk_“ S n] :]" ................. L_Zi St Sl ..
If J; = J{nis}g and A; = sup === 8"'(1 Il where || - || denotes the matrix

{operator) norm, then

€Yoy SEAp-Apor oo Ag - i+ Ap - Apsy - Az - Jo 4+ Tk
< k-Ap-Anoy v As(IF o+ )

By Lemma 2.2, J; may be done arbitrarily small, if we take N; suffi-
ciently large and choose appropriate paths in Fy (L'). If all N; are powers
of 2, then the path & is in Fy(L'), N = maxN;, and & € Dy(L'y). Thus

7

Lemma 2.1 is proved.

Our proof of Lemma 2.2 is baqod on the following Lemmas 2.3 and 2.4.
Let I\ be a unit cube 0 < xr; < 1.4,...,v. Consider the family of surfaces
in I\, defined as x, = @(2’ ) = (1 , ..,.rl,_l). 0 < a <1, such that
(a) (x ,0) =0, (b) ¢(a’, 1 ) 1, (c) O™t < 22 < €, (d) |9y/da’| < C, (e)
J o' a)da’ = Bla).

LEMMA 2.3. There exists an isotopy f; C D(I), 0 < t < 1, such that
fo = Id, f, transforms the surfaces x, = p(a’,a) into the surfaces x, =

= [p(z,a')dx’ and J{f}}_, < C'" where C' depends on C only.
t=0

Proof: Let us begin with the case v = 2. Let ¢((2'.a) = t-P(a) + (1 —
t)p(a’,a). For each t, the mapping f, transforming the line x, = @(z’,a)
into the line x, = @(z',a), and area-preserving, is given implicitly by the
formulas ,

fler,x2) = (y1,92) 5

Ty = @olz1,0a) ;

Ty dpoelz.a) 3 __ N 84,,, z.,a)
fO da dz = 0 dz ; ?

Yo = pu(y1,a) .
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It is easy to check that this family satisfies all the requirements of the
lemma for v = 2. For v = 3 we shall first construct, in each 2-dimensional
section of I by the plane o = const, an area-preserving flow fiz (@1, 23),
0 <t £ 1, such that f;z o = Id, and f,, transforms the lines of the form
x3 = @p(z1,T2,a) into the lines z3 = P(xg,a) = fol o(xy, x9,a)dzy. This
construction is done just as described before for v = 2.

For ¢t = 1, we get a family of cylindrical surfaces z3 = B(z2,a), and the
same construction independent of ; gives us an isotopy f2, 0 <t < 1, such
that f? transforms these surfaces into the plane z3 = B(a). Then

P 3 s 0<t<3
T fhiaofl, bst<t

is the required isotopy.
For higher v the construction is similar. The action estimate is evident.

LeEMMA 2.4. Consider in I p surfaces of the form z, = g;(2'),i=1,...,p,
x, = gi(z') € C®, 0 < gi(2') < 1, and suppose that C~1p~! < g;4(2') -
gi(z') < Cp~1, |8—98"-%2| < C for all i,2'. Then there exists an isotopy
ft CD(K), 0 <t <1, such that fy = Id, fi transforms these surfaces into
the surfaces x, = g; = [ gi(a')dx’, and J{fi}i—o < C', where C' depends
only on C.

Proof: There exists an interpolating function (2, a), such that ¢(z',0) =
0, p(2’,1) =1, C! < %f < C, igf—,| < C, and 99(.1‘,,%) = gi(z') (for
example, ¢(z’, a) may be some appropriate polynomial with respect to a).

Then Lemma 2.3 may be applied to establish the required result.

Proof of Lemma 2.2: Let £ € D(L') be C'-close to Id. We shall construct
an isotopy, transforming ¢ into some permutation of small cubes k € Ky
having a small action. Qur construction consists of a number of steps. We
shall describe them for v = 3; generalization to higher v is straightforward.
We begin with the case i/ = I

Step 1. Choose n € Z large enough; it is convenient to assume that n is a
power of 2. Partition I into the “bars™ Kj;, % <z1 < % L;’l <xp< i
(i,j=1,...,n). According to Lemma 2.3, for each i, j there is an isotopy
fijt : Kij — K5, 0 <t <1, transforming the surfaces 23 = const into the
surfaces £3(z) = const (where £(2) = (&!(2),...,&%(x))).
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Then, & = o fij; 1 I(G; — &(Ii5), 0 < t < 1, is an isotopy of £|h
into a mapping &;, such that it transforms the surface 3 = a in K; into
the surface x3 = p;;(a) in §(L;;). These isotopies should be done in all K;;
simultaneously. It is easy to see that & € F,, for all ¢, and that the action
J{&}i=o tends to 0 when n — oo.

Step 2. Let us partition I into the horizontal layers IP : %1 <wzz3< L
(p=1,...,n). Then K}; = E7(E(Ky5) N KP) is a parallelopiped, Kf =
{:L‘ € I\’,‘j, bfj a3z < bfj—l}

Step 3. We may change the mapping £ arbitrarily small, so that the coor-
dinates of all the vertices of all I\ are 2-rational.

Step 4.  Consider domain G? = Uf I{i]-) C KP. This is a curvilinear

bar with two horizontal faces. According to Lemma 2.4, we may construct

an isotopy g%, : G — G%, 0 < ¢t < 1, such that gh transforms each

interface between the cells fl(Kfj) and & (KF,, ) into the surface z; =

const. Gf; = g?l o &i(A7;) is a curvilinear parallelopiped having 2 faces

parallel to the plane x; — 25, and 2 faces parallel to the plane z; — z3. Let

g — K, gtiG,, = g;-’t. It is easily seen, that J{g;}i—o — 0 when n — co.
J

Step 5. Using Lemma 2.3, we construct an isotopy h; : G¥. — G?., 0 <
t < 1, such that hy o g1 0 & transforms each surface o = cin A7 i into the
surface z2 = \};{c) in ij.

Step 6. The faces of all G¥;, parallel to the plane #; — z3, have equations
T2 = cf;. Changing ¢ arbitrarily small, we may assume all c}; to be 2-
rational. Suppose that 29 is their common denominator. The planes zo = 2%
(£=0,...,27) divide K into slices K¢ : 53 < 20 < 5. Let GHNKe = HZ-.
Then (h1 0gi0&y) " (H} ) = Qc; isa parelleloplped, for the planes x4 = const
are transferred into the planes of the same type by the mapping h; 0g; 0&;.

Step 7. By changing ¢ arbitrarily small, we may make the coordinates of
all the vertices of all Q’g‘j 2-rational.

Step 8. Consider UH écj = PF. Applying Lemma 2.4 once more, we may
J

construct an isotopy r;, 0 < t < 1, of the bar Pf, making the interfaces
between all the cells Hc] and Hf ;+1 the planes parallel to the x5 — x3
plane. Denote it by r;, 0 < t < 1. The mapping r; o by 0 g; 0 §; transforms
parallelopiped er into the parallelopiped r{ Hf 6= ch. Both ng and Rej
are parallelopipeds with 2-rational vertices, and the mapping rioh;0g10&;
is volume-preserving.
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Step 9. Using Lemma 2.3 twice, we counstruct an isotopy s, 0 <t <1, of
R’g]-, such that s; or; o hy 0 g1 0&; is an affine mapping <,9§j : ij — Rfj.

Step 10. What remains is to construct an isotopy ¢,, connecting an affine
volume preserving mapping ¢ of a parallelopiped @ into parallelopiped R
(we omit indices j,k, {) into some permutation ¢ of smaller equal cubes
of some partition of @ and R. We shall describe the construction of this
isotopy for the case v = 2; its generalization to higher v is obvious, though
more expansive,

Assume that the lengths of the sides of rectangle @ are a-279 and b-279,
and for rectangle R are ¢-279and d-279, a,b,c,d € Z, a-b = c-d. Partition Q
and R into a-b equal squares « with length of side 279. Let Q4 = {x C Q},
R(q = {k C R}; let F(,) (Q. R) be the set of all measure preserving, almost
everywhere one-to-one mappings f : ¢ — R, such that f is smooth in each
K € Q(q), and continuous in K. Let D,)(Q, R) C F)(Q, R) be the set of
mappings f such that, for each x € Q(q), f |’g is a shift of x into some square
&' € R(y). For a path fi C F(4(Q.R) we define an action J{f;}{—, in the

usual way:
1
Hideo= [ @t |
0 Q

Let ¢ : @ — R be an affine, area preserving mapping. We shall con-
struct a flow ¢, C F)(Q. R), 0 < t < 1, such that o = ¢, ¢1 € D((Q, R),
and J{p:}l_o < oo. To do this, partition R into rectangles R;, containing
one horizontal row of squares @(x), K € Q(4). Let g; be an affine mapping
of R; into the unit square Li'?; let p be a mapping of A2 into the unit circle
B?. described in Lemma 1.2; let v/, be a rotation of B2 by the angle (- Q).
Then we describe the flow p; (0 <t < %) in the following way:

dpi(x) |
ot dz .

il =gt op T owopogioy|

if o(k) C R;.

The mapping ¢ i transforms all squares k € Q(4) into equal rectangles,
and all these a - b rectangles are situated in R one above the other.

Now, partition R into ¢ equal rectangles R/, each of them containing d
rectangles ¢ 3 (k), K € Qq). Let h; : R — K? be affine mappings. Define
the flow ,(3 <t < 1),

el =kt op oy opohiogy],
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if 5%(14) C RI. 1t is evident that if k € Q(4), then p1(k) = k' € R(,); so the
desired flow ¢ is constructed.

The action of such an isotopy must not be small; to do it arbitrarily
small, partition ) into m" equal parts, similar to @, and reproduce this
construction for each of them. Then the action of this isotopy (call it }*)
will be m? times less than the action of ;. Taking m sufficiently large
(and of the form the power of 2), we will reach arbitrarily small action.
After performing the 10 construction steps, we reach a mapping ¢; € Fy
(for some N, power of 2), that is a permutation of cubes, and the action
of each of 10 steps of isotopy may be done arbitrarily small, if we choose
appropriate parameters.

So , Lemma 2.2 is proved for the cube K.

Now, let £ be a volume preserving diffeomorphism of an annulus domain
L' = K.5. Since K5 C K, £ may be regarded as a volume preserving
diffeomorphism of K, the previous construction may be done. It can be
seen immediately, that each of the 10 steps of this construction delivers
mappings belonging to Fy (L"), because all the mappings and isotopies
involved are fixed in L'\I{’. So we obtain the desired isotopy for the case
D(K") as well.

3. Discrete Flows

In this section we prove the discrete version of Theorem 1.5. Our consider-
ations apply, with obvious modifications, for all v > 2, but for v > 2 they
are much more expansive. So we shall restrict ourselves to the case v = 2.
Let 'y = {x € Ky | dist(x,0K) < &}, Dy(Ly) = {0 € Dy | ok =
&, if Kk # Ky}

THEOREM 3.1. There is C > 0 such that for each N, and each o €
Dn(KYy) there exists a discrete flow ... ..,0r € Dy(L'), transforming o
into Id, such that its duration k <C-N.

We will refer to the following theorem from [S, Theorem 3.2] (it is
proved there for all v > 1).

THEOREM 3.2. Let Ky, m, C I{y be a parallelopiped with lengths of
edges %‘,...,%‘4, containing M,...,M, cubes & € Kpy; let
’DN(I{MI‘,“,MV) be the group of such permutations that are fixed beyond
KMI,.,,,MV. Then for each 0 € Dy(Ip,.....u,) there is a discrete flow

.....
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O1,...,0k In Ky, a1, transforming Id into o, such that its duration

.....

k < C -max(My,...,,), where C depends only on v.
A particular but especially useful case of this theorem is

LEMMA 3.3. Let W5 be arow of M cubes k and o an arbitrary permutation
of them. Then there exists a discrete flow o,,...,0 in I{p transformning
Id into ¢ and having duration k < C - M.

Proof of Theorem 3.1: Partition ' = {z € I\ | dist(z, 1) < 6} into four
rectangles (the square Iy is defined by inequalities |z;| < %, i=1,2):

Blz{(m1,$2)l%2~6<1’1<%. —%<J'2<'}z
— . 1 1 1 . .
By = {((El,a,g) | —53 <71 < —§+6, —53 <x2< 303

B3={(x1,:172) '—%+5<arl< — &, —%—5<w2<%};

(M

)=

B4:{($17$2) _%+6<l’1< —(S7 _%<12<_%+5}

4
Let Biy = {xk € Ky | k € B;j}; 'y = U Bin. For k=0,...,6-N we
i=1

define a closed row of squares (a “frame”)

Sk,N = {K € IX—;\V I diSt(f{.aI\—) = 71;7_} .
The group Dy (I} ) acts in a natural way on the functions f(x) on IK'y: for
each 7 € Dy(LY), 7f(x) = f(77'k). In particular, we define a function
c(r), called colour: c(k) =1, if K € By ;.

Let 0 € Dy (I )y ); we shall construct a discrete flow 74,...,7, in Ky,
such that 7, 0...07 ooc(k) = (k) for all k € 'y, i.e. the flow 7y,...,7
returns each square £ to its original domain B; y. The duration p of this
flow will satisfy the estimate p < C - N.

As a first step we shall construct a permutation ¢;, possessing the
following properties:

(i) ¢B; n = B; n for all ¢,
(ii) 1 transforms the function oc(x) into a function ¢; o oc(k) = c1(K);
such that the number of squares x. c;(k) = 1 (call them black squares),

contained in Sy y, is the number of the squares « in Si, y N B; n for all
E,O<k<é6-N.
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Permutation ¢ is arbitrary up to the number of black squares x € B; n,
such that ¢1(k) € Sk v N B v (i = 1,...,4). So we have to define this
number for all 4, k. It is suflicient to do this for £ = 1, because after doing
this, we obtain a problem of the same type in I{ny\S; n.

Let m; be the number of black squares in B; y; M, is the total number
of squares £ in B; n; q; is the number of squares in $; v N B; y. We have to
choose the number p; of black squares in B; y, transferred in S; y N B; n,
so that 0 < p; < m;, and ) p; = q; (note that > m; = M;). Let us show

(3 1

that this is possible. The maximal possible value of p; is p} = min(g;, m;);
the minimal possible value is p; = max(0,¢; — (u; —m;)), and we may take
arbitrary p;, such that p; < p; < pf. Let us show, that 3" p; < ¢, < 3 pt.

We shall use the fact, that M; < Mo < ... < My, (Mi—q1) < Ma—g2) <
. < (M4 — qq), which is clear from the definition of B;. Let

Ci=M;-qi;

then

4 4
Zpl-— = ZmaX(O, m; —¢;) = Z(mi -¢ci),
i=1 i=1

igl’
4
where I' = {i | m; — ¢; > 0}. So, Y p; =0,if I =0, and
i=1
4 4
S =Y ey Y
i=1 el el =1 el

4
< E mi—ci=M;—cp=q;
i=1

4
4 4 . .
) m; , if m; <g; for all ¢
Y opF =Y min(mq) > =
=1 i=1 q; if m; > ¢; for some j ;
: 4 4 4
in the first case 3. pf = Y. m; = M; > ¢i; in the second case Y pf >
i=1 i=1 i=1

4 4
9 > qi. So, we have proved, that S p; < ¢ < 3 pf, and we can
=1

i=1

i

4
choose p;, p; < pi < pf. such that 5 p; = q1. Repeating this process
i=1
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for k = 2,3,...,6 - N, we choose the number of the black squares in each
B; v, transferred by the permutation ¢, in Sy N B; n, so that the total
number of such squares in Sy vy N B; y will be ¢; ;, = the number of squares
in Sk:,N N Bl,N-

Permutation ¢; may be realized by some discrete flow 1,...,7, of
duration p; < C - N (see Theorem 3.2).

Now, in each “frame” Sy n there is g; , black squares k, such that
prooc(k) = 1. Using Lemma 3.3, we organize the discrete flow 7, 41,...,7,,
(in each Sk, n, simultaneously and independently), transforming all the black
squares into S,y N By n. Let 7, 0...0Tp, 41 = 2.

Now, let us define permutation @3, acting in Bo vy U B3 v U By n, pre-
serving each B; y and such that the number of squares x of colour 2 in
Bi N N Sk.n, (i.e. such that ¢3 0 @2 0 @1 0 oc(k) = 2), is ga . This is done
precisely as for ;. Let 7,,41,....7,, be discrete flow, realizing 3, accord-
ing to Theorem 3.2 it may be chosen so that its duration ps — ps < C - N.

Now, we organize the discrete flow 7p,41....,7p, in each strip (B y U
B3 ny U By n)N Sk.n (simultaneously and independently), transforming all
squares k of colour 2 into By y; its duration ps — ps may be chosen < C-N.

Finally, we construct the discrete flow 7,41, ..., Tpe, transferring all the
squares of colour 3 into B; n (and automatically all the squares of colour
4 into By n). Duration pg — ps < C - N. Now, we have constructed the
discrete flow 7y, ..., 7p,, transforming o into a permutation ¢ - o, such that
wooB;n = B;n for all i. B; y is a rectangle. Using Theorem 3.2, we
may construct a discrete flow 7,,41,...,7p, of duration p; —ps < C - N,
transforming each square « to its original place: 7,, 0...0 71 00(k) = & for
all k € K. The duration of the discrete flow 71,..., 7, is not more than
C - N. Thus Theorem 3.1 is proved for v = 2.

7

For v > 3 a similar construction may be used. We partition K’y into
parallelotopes B; n, and into shells Sy y = {x | dist(x,0L") = IW‘} Using
alternating discrete flows in B; y and in Sk n, we return each cube & to its
original set B; y, and then use Theorem 3.2 to return it to its place. The
duration of the discrete flow constructed is < C - N. Thus Theorem 3.1 is
proved for all v.

4. Proof of Lemma 1.5

Now we have everything to prove Lemma 1.5 and, therefore, Theorem A.
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Let A/ ={z € IV | dist(z,0N)} < 6, Ky ={k € Ky | kN L' # D}

LEMMA 4.1. Suppose that 71,...,7, is a discrete flow in L'}, and its du-
ration is q. Then there exists a discontinuous flow ¢, C Fy(R'),0<t < 1,
such that (x = 7r0...0m € FN(KN'), k=0,...,q,and J{(;}}_, < CN~1¢é
where C deqpends only on dimension.

In other words, a discrete flow in A’y may be realized by a discontinuous
one, with the same estimate of action. This lemma is identical to Lemma
4.6 of [S], and the proof goes without modification.

Now we have a flow & C D(Lh"), 0 <t <1, & = &, & = Id, such
that J{&;}1—o < oc, but with no better estimate for the action; a flow
m € Fn(R"), 0 <t <1, n =& m € Dy(L'), and J{m}i_, may be
done arbitrarily small, if N is chosen large enough; a flow (; C Fy (L"),
0<t<1,¢=m.,¢ =1Id, and J{(;}i_y < C-6. (This flow corresponds to
the discrete flow 7q,..., 7, transforming o € Dy (Ly) into Id, constructed

in the preceding section.) Consider the composite path ¢, C Fy(K’),
0<t<1,

&3t 0§t<%
Uy = N3i-1. % <t< %
(310, 2<t<1

This path in Fy (L) is not yet precisely what we need. We require a small
loop at the end of the path vy. For each » € Ky, let x, be the centre of
the cube .

LEMMA 4.2. Assume that v > 3. There exists a path x; C Fn(L'), 0 <
t < 1. such that \,(x) =~ for all x € K\, \o = \1 = Id and such that for

a composite path
Y12t
Pt =
\'Zf—] N

the linear mapping @)(x.) C SL(r), 0 < t < 1, is a contractible loop in
SL(v), for all k € K. The action J{x1}i_o <C-6-N7L

- O
IA A
o~ ~
IA IA
—_ o=

Proof: Tt is well known that 7;(SL(v)) is isomorphic to Z/2Z for v > 3.
So we have to construct a smooth flow |\¢] in each of x € K}, such that
\o = x; = Id, and {\}(z«)}i-o is a unique nontrivial loop in SL(r). This
is done with the aid of Lemma 1.2. The estimate of action is evident.

Now everything is ready to prove Lemma 1.5. All the necessary prop-
erties are collected in
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LEMMA 4.3. Assume that v > 3. Let K’ = {2 € I | dist(z,0K) < §},
& € D(K"), € = Id near 8K and outside K'; let o, C Fny(LK'), 0 < t <
Lo = 91 = Id, p1 C D(I{I) for 0 <t < %;'7 99% = 65 {W;(wh)}%zo s
contractible loop in SL(v) for all z,, - centres of the cubes k € K, and

J{pihioy <C 6.

Then there exists a piecewise smooth path ay C D(K'), 0 <t <1, a9 =¢,
) = Id, and J{Q/t}%:() S C-é.

The path oy coincides with a discontinuous flow 3ol everywhere

except in a narrow neighbourhood of |J @, where the discontinuous flow
K€M,

is replaced by a smooth one. The proce?:’lure of smoothing is described in
detail in [S, §5], and we shall not reproduce here the expansive constructions
of this work. The only modification is that in addition to the “small” cubes
k € Ky we have in our case a “large” cube K\K' = {z € I | dist(z,0K) >
6}. This is fixed under all the flows and transformations, and plays the same
role as all the “small” cubes x. Lemma 1.5 is just a tautological corollary
of Lemma 4.3. Thus, Theorem A is proved.
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