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Introduction 

Let A" be a bounded domain in R ~ (v = 2, 3 , . . . ) ;  let ~ be a diffeomorphism 
of It" onto itself, preserving orientation and volume. ~ is called attainable, if 
there exists a one-parameter family of volume preserving diffeomorphisms 
~ : A" --+ It', 0 < t < 1, such that (0 = I d  = the identity mapping, ~1 ~ ~, 

and the action of the flow (~ is finite: 

1 ~o1~ O~t(x) ~ J{~}~=0 = - Ot d.vdt < c~ . 

The set of all attainable diffeomorphisms is denoted by T~(K) = O. It 
is a natural configuration space of a classical ideal incompressible fluid. In 

fact, each position or configuration of the fluid is determined by positions of 
all its particles. Any two configurations differ by some permutat ion of fluid 
particles. In classical hydrodynamics these permutations are assumed to 
be orientation and volume preserving diffeomorphisms of the flow domain 
(see [EM]). If we fix some initial position of the fluid, then we may identify 
all other positions with corresponding diffeomorphisms. Only attainable 

diffeomorphisms are physically reasonable, otherwise it would be impossible 

for the fluid to reach them (requiring infinite energy and/or  time). 

The possible existence of non-attainable diffeomorphisms is connected 
with arbitrarily complicated behaviour of the diffeomorphism near the bound- 

ary. However, it. was conjectured in IS], that if the dimension u > 3, and 
the domain A" is simply connected, then every orientation and volume pre- 
serving diffeomorphism of It" is attainable, i.e. ~D coincides with the group 
of all such diffeomorphisms. 

In this work we prove this conjecture. Our main result is 

T H E O R E M  A. Let I~" be a unit  cube in R ~, u _> 3. Then  every orientation 

and volume preserving di f feomorphism ~ : I~ --* K is at tainable.  

One of the main results of IS] is the following: if L, >_ 3, then there 
is a constant C, depending only on u, such that for each two attainable 
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diffeomorphisms ( , r  / E / )  there exist, a pa th  (t C ~D, 0 _< t _< 1, such 
tha t  ~0 = ( ,  (1 = rl, and the action d{(~}~=0 < C; we m a y  say, tha t  the, 

d iameter  of the configuration s p a c e / )  is finite. But the scope of this result 

has remained  unclear,  because there was no good description of the set. I") 
of all a t ta inable  diffeomorphisms. Now we see tha t  our result  is valid for 

the whole group of volume-preserving diffeomorphisms of A'; ill particular 

we m a y  now assert  tha t  / )  is a group, which was not  clear a priori (for 

example,  if (t E Z), 0 < t < 1, (0 Id, (1 ( ,  and 1 1 = = J { ~  }~=0 < oc, then it 
is not  always true that. J{(~-~}~=0 < oc; so it is not so clear tha t  ( -1  E 7)). 

Theorem A is not implied direct ly by the finiteness of the diaineter 
o f / ) ;  however, the proofs of these results are similar, so tha t  we have to 
reproduce here most. of the steps of the previous work [S] for a slightly 

different, s i tuat ion.  

For simplicity, we restrict  ourself to the case v = 3; moreover, most  of 

the steps of the proof are done equally or with minor  modif icat ions for all 
v _> 2, so we'll describe t hem for u = 2. The steps tha t  are identical  with 

corresponding steps in IS] are only sketched. 
It was also conjectured in IS] tha t  in the case v = 2 there exist, unat ta in-  

able diffeomorphisms; this will be proved elsewhere. 

1. D e c o m p o s i t i o n  o f  a D i f f eomorphi sm 

Let us denote by S / )  = S I ) ( K )  the group of all or ientat ion and measure 

preserving diffeomorphisms of K (it. will occur below, tha t  S D  = D, but 

before then  these sets mus t  be regarded as different). Our proof  is based on 

the following theorem, assert ing the pathwise connectedness of the group 

ST~ in compact -open C ~ - t o p o l o g y  and proved in [M, L e m m a  5]. 

T H E O R E M  1.1. For earl1 diffeomorpl2ism ( E ST) there exists a one- 

parameter family  (~ E SD ,  0 <_ t <_ 1, sudl that (~ depends continuously 
and piecewise smoothly  on t in each subdomain K t C K ,  7-~ t C K ,  (o = Id, 

(1 --~ (" 

We also use the following two lemmas,  proved in [S]: 

LEMMA 1.2. Let B be a unit ball in R ~. There exists a smooth  mapping 
p : B --. K ,  sud2 that 

(i) its Jacobian I ~ ) 1 -  const in B; 
(ii) its lqrst derivatives are bounded in ali of B; 
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(iii) p preserves  the s y m m e t r y  of K .  

Lt!;MMA 1.3. For each r > 0, let B~ C R ~ be a ball of  radius r; 0 < r I < r2. 

Let "H1 be the space of all smooth  divergence-free vector fields in B~:, and 
~ C 7-ll the space of all smooth  divergence free vector fields u(x) ,  such 
that supp u(x)  C B,.:. Then there exists a linear operator Tr : 7~i ---* ~2 ,  

continuous in C ~176 sud~ that T~u(x) = u(x)  in B~, for all u(x)  E 7-[1. 

Let ~ E 19; a set K '  C K is called a suppor t  of ~ (K '  = supp ~) if K '  
is the least set, such that  ~ = Id  in K \ K ' .  We say tha t  di f feomorphism 

E /3(/t- '), if s u p p (  C / ( ' ,  and there exists a pa th  ~t C i9, such tha t  

~o = Id, supper  C It' ' , and J{~}~=0 < c~. For 0 < g < 5 < �89 we define an 
annulus domain  K~,e = {x G K [ g < d i s t ( x , 0 K )  < 6}. The  first s tep of 
the proof  of Theo re m A is the following 

LEMMA 1.4. (i) Let  ~ E 819; then for each sequence 6~ --+ 0 there exist a 
sequence e~ ~ O, and a factorization 

. . . .  0 ~3 0 ~2 0 ~1 , 

such that all ~k E 19, supp ~,. C K~k,6k, and for each x E K there exists 

m = re(x),  sudl  that  ~(x) = ~,,, o . . .o~1 (i.e. the sequence of partial products  

stabilizes). 

(ii) Let  ~ C S19, 0 < t < 1, be a family  of  diffeomorphisms, depending 

smoothly  on t, ~o = Id, ~1 = ~. Then for each sequence fk --+ 0 there exist  

a sequence ek,t --+ 0 and a factorization 

. . . .  o o { 2 , ,  o , 

such that (k,t is a smooth  path in l )  for all k: supp(k , t  C K~k,ak; {k,O = Id; 

the sequence  of  partial products  (,,,.t o . . .  o ~ ~ o ~l, t(x) stabilizes for each 
. r E K .  

P r o o f :  (i) is a par t icular  case of (ii), so we shall prove (ii). Let {t be the 
flow connect ing Id  and { in $19: let vt(y) = ~ o #~-l(y), y E /t-, be the 

Euler veloci ty field of this flow. Choose a sequence ck "N 0. Using L e m m a s  

1.2 and 1.3, we can find incompressible  vector  fields vk,~(y) such tha t  (a) 

c<~(g) - v(y),  if dist (y. OK) >_ 2e~; (b) v~..t(y) ---- 0, if dist (y, OK) <_ ek. 

Let us cons t ruc t  the flows (a..f : K --+ IC, integrat ing the fields vk,t, 

0&.,(,.) 
- -  - o & . 0 ( . )  = . r .  

0* 
0 < t < l .  
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It is easy  to see tha t  ~k,t = Id  in the ck-ne ighbourhood of OK and that 
there  exists a sequence  6~ ---* 0 such tha t  ~k,r coincides with (~ outs ide the 
6~-neighbourhood of OK. We may choose a subsequence ,  and assume that 

Now, we may  set ~t . . . .  0 ~2,~ 0 ~l,t, where  ~l,t = ~l,t, ~2,~ = ~,~ o 
~--1 ~ ~--1 

~ l J , ' ' ' ' ~ i , t  = ~i,t 0 i--l , t" 

This is the  required decomposi t ion:  for each x E It" the sequence of 

par t ia l  p roduc t s  (~,t  o . . .o (~ , t (x )s tabi l i zes  for m > re(x) such that/Sm(~) < 
dis t(x,  OK). Q.E.D.  

Now we approach the ma in  point  of the proof  of Theorem A. 

LEMMA 1.5. Let u >_ 3, 0 < e < 6, and ~ ~ :D(It"s,~). Then there exists a 
~ow (t, 0 < t < 1, ~o = Id, ~ = ~, such that 

(i) s u p p ~  C K~,~ for a11 t, 0 < t < 1; 
1 

(ii) J{r = f f ]~  <_ C .  (z - 6), where C depends only 
O K  

o n  I/. 

Most  of the rest of this work is devoted  to proving the above lemma. 

Proof of Theorem A: Let ~ E SD and  r = 2 -2k. By L e m m a  1.4, there 
exist  posi t ive ek < 6k, and mappings  {k such tha t  supp{k  C K%,a k and 

. . . .  o {2 o ~1. L e m m a  1.5 asserts  tha t  there exist  flows ~k,t, 0 < t < 1, 

such that  supp{k  a C I(~k,ak, {k,O = Id, {k,1 = {k and J { ~ j }  <_ C .  2 -2k 
Let  tk = 1 - 2-k;  we define the  following flow in It': 

[ ~1,2~, 0 _< r _< tl; 
(2,2~(~-t~) 0 (1,1, r <_ t < t2; 

rh = (3,23(~-~) o(u,1 o(1,x, t2 <_ t < r 

~k,2k(l_/k) O~k_l,1 o . . . O E l , i ,  tk-1  <~ t < tk; 

This  flow is piecewise smooth  in t, and  for each x E / t '  there  is k such that,  
for all t > tk, rh(x) = ((x) .  In order to es t imate  the ac t ion J{~h}~=0, we 
shall note tha t ,  for each flow (t  C D, 0 < t < 1 and  each a > 0, 

a-I  
J{r = a .  J{(t}~=0 �9 

Hence,  

J{rlt}~=0 = 2 J { ~ l j I t = o l  .4_22./~f~,~t -,t llJr = C . ( 2 - 2 - 2 n t - 2 2 - 2 - 4 A r . . . )  = C .  
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Thus T h e o r e m  A is proved.  

The  rest of the work is devoted  to the proof  of L e m m a  1.5. 
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2. R e d u c t i o n  to  the  D i scre te  Conf igurat ion  

In this sect ion we shall  cons t ruc t  an isotopy, reducing a di f feomorphism 

E /)(K~.6) to a p e r m u t a t i o n  of small  cubes. All our considerat ions  apply  

equally, or wi th  obvious modif icat ions,  for all I~ > 3. We shall, therefore,  

confine ourselves to the  case lJ = 3. 

First  we recall some not ions f rom [S]. Let N be a (large) integer; it is 

convenient to assume that  N is a power of 2. Let us divide K into N ~ equal 

cubes. Let  A'N be the set of these cubes; e lements  of KN will be deno ted  by 

H. We shall call each pe rmu ta t i on  r7 : KN --+ KN a discrete configuration; 
the set of all configurat ions will be deno ted  by Z)x. Tw o  cubes ~, to' are 

called neighbours if they  have a common  (u - 1)-dimensional  face. Permu-  

tation cr E DN is called elementary if, for each h" E K x ,  ei ther  cr~ = ~ or 

~"  and ~ are neighbours ,  and a'-' = Id. A sequence r l ,  7 2 , . . . ,  rk of elemen- 

tary pe rmu ta t i ons  is called a discrete flow. k is i ts duration. We say, tha t  

the discrete flow rl . . . . .  r~ t rans forms  configurat ion ~ into configurat ion a '  

(cr.~'E DN), if c / =  r~. o r~_l o . . . o r l  oct. 

(It. should be expla ined that. we identify discrete  configurat ions of the 

set of cubes t~ with pe rmu ta t i ons  because  if we can dis t inguish between 

different cubes  t,', and  fix some initial posi t ion for each of them,  then  each 

other conf igurat ion of the set. of cubes ~ differs f rom the initial  one by some 

uniquely de t e rmined  p e r m u t a t i o n  rz E "DN, just as for a real  fluid.) 

Let  K~v C_ KN; a subgroup of pe rmuta t ions  rr E DN, fixed outs ide K~v , 

is denoted  by  :DN(K~v ), 'DN(K~)  = 'DN. 
A measurab le  mapp ing  ~ : K --+ K is called a discontinuous configu- 

ration if (a) ( is s m o o t h  and volume-preserving in each cube s E KN and 

continuous in g,  and  (b) ( is ahnos t  everywhere  one-to-one.  Th e  set. of all 

discontinuous configurat ions is denoted  by  brN. In par t icular ,  each permu-  

tat ion a E Z)N may  be  regarded  as an element  of ~N,  so we have a na tura l  

embedding I)N ~ YN. 
A o n e - p a r a m e t e r  family (t C YN, 0 < t < 1, is called a discont inuous 

flow, for which we m a y  define an act ion 

1 --/0' I ,(x)l . 
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If K~v C_ / (N,  then PN ( K } )  is a subset of ~'N, consisting of all discontinuous 
configurations ~, such that { = Id  outside [.J n. 

~EK~ 
We begin with the approximation of smooth volume preserving diffeo- 

morphisms by permutations of small cubes. 

It was proved in [S] that for each diffeomorphism { E D, fixed near OK, 
and for each g > 0 there exist an integer N and a path {t C JT'N, 0 < t < 1, 
~o ~, such that ~1 E Z)N, and 1 = < e .  

In this work we shall use the following modification of this result. 

LEMMA 2.1. Let 0 < ~51 < 62, and K '  = K~,,a=; let { E D ( K ' ) ,  i.e. { E D, 

s u p p (  C K ' ,  and there exists a path ~ C D, 0 < t < 1, such that ~o = Id, 
~1 ~, s u p p ~  C K '  for all t, and 1 = J{(~}~=o < oo. Then for each g > 0 
there exist N > 0 and a path ~ C .TN(IC'N), 1 < t < 2, such that ~1 = (, 

~2 E ~)S(Is and J{~}~=l < e. 

(Here I f }  = {~ E I(N I~; N I ( ' 7  s 1~}.) 

Note: P. Lax in 1971 [L] proved that each measure preserving homeomor- 

phism f : K + K may be approximated by some permutat ion of small 
cubes. In this work a stronger result is established, that there is an isotopy, 
connecting f and some permutat ion and having arbitrarily small action. 
This assertion is not implied directly by Lax's theorem. 

Proof: The proof is almost identical to the proof of Lemma 4.2 in [S]. As a 
first step, we represent ~ E :D(K') as a composition of mappings such that 
each of them differs slightly from Id. Let ~ ,  0 < t < 1, be the path in 
D ( K ' )  connecting I d  and {. We may set 

= T/k O ~ - 1 0  . . .  O 7/, , 

where 

r/i =  i/k o , i = 1 , . . . ,  k .  

If k is large enough, then all rli are close to Id  in C 1 . 

LEMMA 2.2. Suppose that all the conditions of Lemma 2.1 are [ulfilled, 

and that the mapping ~ E D ( K ' )  is Cl-close to ld. Then the conclusion of 

Lemma 2.1 is true. 

We shall prove this lemma a little later, and now finish the proof of 
LeInma 2.1. Lemma 2.2 asserts, that for each i _< k, and each e > 0 there 
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are Ni and a pa th  ~/i,., in .~N.(Kt), 0 < s < 1, such tha t  J{'tli.., }~=o < ~. Let 
us define a composi te  pa th  

~l+ l  

1 < t <  ; t]k o ~]k-~ o . . .  o ~]2,t.k-~ o ~]~,~, ~ _ 

o o i -  1 i r/~o~/~_~ . . .  r/,,,~_,+~o~l,_~,~ o . . . o ~ 1 ~ ,  -t: < t <  ~.; 

rh ,  ~ ~+, o~1~ ~ o . . . o ~ h ~ ,  ~ < t < l  

If Ji 1 o,,,(~) where t t  II denotes the mat r ix  = J{rli,s}s=o, and Ai = sup o.~ ' 
,~6A" 

(operator) norm,  then  

J { ~ t } 2 = l  ~.~ ]~[Ak. A k - 1  �9 . . . - A 2 .  ,J1 -4- At. .  AI,:-I . . . . A 3 .  ,]2 - ~ . . .  ~L Jk] 

_< k .  A ~  �9 A t . - 1  . . . . .  A._,(JI + J'2 -4- . . .  -}- .It,) . 

By L e m m a  2.2, Ji may  be done arbi t rar i ly  small, if we take Ni suffi- 

ciently large and  choose appropria te  paths  in .Y,% (K ' ) .  If all Ni are powers 
of 2, then the pa th  ~t is in ~ N ( K ' ) ,  N = m a x N /  and ~ E ~x(K~v) .  Thus  

? 

Lemma 2.1 is proved. 

Our proof of L e m m a  2.2 is based on the following Lemmas  2.3 and 2.4. 

Let. K be a uni t  cube 0 _< xi < 1. i . . . . .  /~. Consider the family of surfaces 
in K,  defined as x ,  = ~2(x'.a). x'  = (:rl . . . .  , x , - l ) .  0 _< a _< 1, such tha t  

(a) c2(x',0 ) = 0, (b) ~(x ' ,  1) = 1, (c) C - t  < ~ < C, (d) 10~/0x '  I < C, (e) 

LEMMA 2.3. There exists an isotol)y ft C Y~(Is 0 <_ t <_ 1, such that 
fo = Id, f l  t ransforms the surfaces :r, = ~(x p, a) into the surfaces x~ = 

~(a) = f ~(x,  a ' )dx '  and  J{ f ,  1 C' C' }~=0 < where depends on C only. 

Proof: Let us begin wi th  the case I/ = 2. Let ~( .r ' ,a )  = t . -~(a)+ (1 - 
t)~(x p, a). For each t, the mapping  ft t ransforming the line x ,  = c2(x' , a) 
into the line x~ = 2(x ' ,  a), and area-preserving, is given implici t ly by the 
fornmlas 

{ ft(.~:l,:r2) = (Yl,Y2) ; 
,z:2 = ~ o ( X l ,  a )  ; 

s ) dz ---~ f : l  O~t(z,a)oa dz"  

Y2 = P~(yl ,a)  . 
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It is easy to check that  this family satisfies all the requirements of the 
lemma for v = 2. For u = 3 we shall first construct, in each 2-dimensional 
section of K by the plane x2 = coast, an area-preserving flow f 12 : ( x l  , x3), 
0 < t < 1, such that f l ,  0 -- Id, and f=~,l transforms the lines of the form 

x3 = ~a(xl, xx, a) into the lines x3 -- -~(xx, a) = f~  ~(Xl, xx ,a)dxl .  This 
construction is done just  as described before for v = 2. 

For t = 1, we get a family of cylindrical surfaces x3 = ~(Xx, a), and the 
same construction independent of Xl gives us an isotopy fx, 0 < t < 1, such 
that f2 transforms these surfaces into the plane xa = ~(a).  Then 

1 0<t<  
1 ft= f 2 , _ 2 o f l  , ~ < t < l  

is the required isotopy. 

For higher v the construction is similar. The action estimate is evident. 

LEMMA 2.4. Consider in K p surfaces of  the form x ,  = gi(x') ,  i = 1 , . . .  ,p, 
x ,  = gi(x')  E C ~ ,  0 < gi(x')  < 1, and suppose that C - I p  -1 < gi+l(x') - 

gi(x')  < Cp -1,  ]og~(=')a,~, < C for a11 i ,x ' .  Then there exists an isotopy 

ft C D(K) ,  0 < t < 1, such that  fo = Id,  f l  transforms these ,surfaces into 
the surfaces x ,  = -gi = f g~(x')dx', and ":{f,}~=0 < C', where C' depends' 
only on C. 

Proof: There exists an interpolating function ~(x',  a), such that T(x', 0) = 
0, T (x l , 1 ) -=  1, C - '  < -~, < C, [ ~ ' l  < C, and ~ ( x ' , ~ )  -- g i ( x ' ) ( f o r  

example, 9(x ~, a) may be some appropriate polynomial with respect to a). 

Then Lemma 2.3 may be applied to establish the required result. 

Proof of  Lemma 2.2: Let ( E / P ( K  I) be Cl-close to Id. We shall construct 

an isotopy, transforming ( into some permutat ion of small cubes ~; E K~v 
having a small action. Our construction consists of a number of steps. We 
shall describe them for v -- 3; generalization to higher v is straightforward. 

We begin with the case K ~ = K.  

Step 1. Choose n E Z large enough; it is convenient to assume that  n is a 

power  of 2. P a r t i t i o n  K into the  "bars"  K i j ,  i-.___..[ln -- < Xl  < i_n, Jn 1 -- < X2 < 

( i , j  = 1, . . . .  n). According to Lemma 2.3, for each i , j  there is an isotopy 

f i j t  : I ( i j  --~ K i j ,  0 < t < 1, transforming the surfaces x3 = coast into the 
surfaces ~3(x) = const (where ~(x) = (~l(x) . . . .  ,~3(x))). 



Vol.3, 1993 ATTAINABLE DIFFEOMORPHISMS 287 

Then,  ~, = ~ o fij, : Kij ~ ~(Kij), 0 _< t _< 1, is an isotopy of ~IK,~ 
into a mapping  ~1, such tha t  it t ransforms the surface x3 = a in Kij into 

the surface x3 = ~ij (a) in ~(Kij). These isotopies should be  done in all Kij 
simultaneously. It is easy to see tha t  ~, E .T~ for all t, and that  the act ion 
j 1 {~t}t=0 tends  to 0 when n --~ cx). 

Step 2. Let us par t i t ion  K into the horizontal  l a y e r s / ( P  : p-1 < x3 < s 
n n 

(p = 1 , . . . ,  n). Then  I(yj = ~71 (~(Kij) N I(p) is a paral lelopiped,  I(~- = 
p + l  {x e I~j, b~ <_ x3 < b~j }. 

Step 3. We m a y  change the mapping  ~ arbi t rar i ly  small, so that  the coor- 
dinates of all the vertices of all K~j are 2-rational. 

Step 4. Consider  domain  G~ = U~(I (~ .  ) C I (  p. This  is a curvil inear 

bar with two horizontal  faces. According to L e m m a  2.4, we may  const ruct  
an isotopy gP~ : G p ---* G p, 0 < t < 1, such tha t  g~'l t ransforms each 
interface be tween  the cells ~l(I(~j) and ~l(I(~+l,j) into the surface x2 = 

P const. Gi~. = gj, o ~1(I(~-) is a curvil inear paral le lopiped having 2 faces 
parallel to the plane Xl - x2, and 2 faces parallel to the plane Xl - x3. Let 

I = J{g , } ,=o  0 when g~ : K ---* K,  gt G~ g~. It. is easily seen, tha t  1 

Step 5. Using L e m m a  2.3, we const ruct  an isotopy h, �9 GiPj ---* GP"*3' 0 _< 
t _< 1, such tha t  hi o gl o (1 t ransforms each surface x2 = c in K~j into the 

P (c) in G~ij. surface x2 --- ~ij 

Step 6. The  faces of all G~j, parallel to the plane Xl - x3, have equat ions  
P to be  2- P Changing ~ arbi t rar i ly  small, we may  assume all cij X 2 .=- C i j .  

rational. Suppose  tha t  2 q is their common  denominator .  The  planes x2 = 

(~ = 0 , . . . , 2  q) divide I( into slices I(e: ~ < x ,  < ~ .  Let G~jNI(e = H~j. 
Then (hi ogl o~1)-1 (g~-)  = Q~y is a parellelopiped,  for the planes x2 = const  
are t ransferred into the planes of the same type  by the mapping  hi o gl o ~l- 

Step 7. By  changing ~ arbi trar i ly small, we may  make the coordinates  of 
all the vert ices of all Qk 2-rational.  cj 

Step 8. Consider  t.J H~. = p k  Applying L e m m a  2.4 once more,  we ma y  
J 

construct an isotopy r~, 0 < t < 1, of the bar  P~,  making  the interfaces 
between all the  cells H ~  and H~,j+ 1 the planes parallel to the x2 - x3 

plane. Deno te  it by rt, 0 < t < 1. The  mapping  rl  o hi o gl o ~1 t ransforms 

parallelopiped Q~:ej into the paral le lopiped rl g~i  = R~j. Both  Q~j and R~j 
are paral lelopipeds with 2-rational vertices, and the mapping  rl  o hi o gl o ~1 
is volume-preserving.  
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Step 9. Using Lemma 2.3 twice, we construct an isotopy st, 0 < t < 1, of 

Rkej, such that  Sl o rl o hi o gl o ~1 is an affine mapping ~e~: Qkej ~ Rkej �9 

Step 10. What  remains is to construct an isotopy W,, connecting an affine 
volume preserving mapping ~ of a parallelopiped Q into parallelopiped R 
(we omit indices j ,  k, f) into some permutat ion a of smaller equal cubes 
of some parti t ion of Q and R. We shM1 describe the construction of this 
isotopy for the case v = 2; its generalization to higher u is obvious, though 
more expansive. 

Assume that the lengths of the sides of rectangle Q are a.2 -q and b.2-q, 
and for rectangle R are c.2 -q and d.2 -q,  a, b, c, d G Z, a.b = od .  Partition Q 
and R into a. b equal squares n with length of side 2 -q. Let Q(q) = {t~ C Q}, 
R(q) = {n C R}; let $-(q) (Q, R) be the set of all measure preserving, almost 
everywhere one-to-one mappings f : Q ~ R, such that  f is smooth in each 
K G Q(q), and continuous in ~. Let 7)(q)(O, R) C .T(q)(O, R) be the set of 
mappings f such that, for each n E Q(q), f l~  is a shift of n into some square 
t;' E R(q). For a path ft C ,y(q)(Q, R) we define an action J{f t} )=o in the 
usual way: 

1 foa fQ z .l { f ~ } ,=o = dt Ot dx . 

Let ~ : Q ---* R be an affine, area preserving mapping. We shall con- 

struct a flow ~2t C -P(q)(Q, R), 0 < t < 1, such that ~0 = p, ~2~ E D(q)(Q, R), 
and J{~t}~=o < cx~. To do this, partition R into rectangles Ri, containing 
one horizontal row of squares p(n), n E Q(q). Let 9i be an affine mapping 

of Ri into the refit square I('-; let p be a mapping of h "2 into the unit circle 
B'-, described in Lemma 1.2; let Wo be a rotation of B 2 by the angle (~. a). 

Then we describe the flow pt (0 < t < i )  in the following way: 
2 

if ~(~) C R~. 
The mapping ~�89 transforms all squares K. E Q(q) into equal rectangles, 

and all these a �9 b rectangles are situated in R one above the other. 

Now, partition R into c equal rectangles R j, each of them containing d 
rectangles ~�89 ~ E Q(q). Let hj : R j ---* I (  2 be affine mappings. Define 

the flow ~ ( 1  < t < 1), 

~'1~ "= h21 o p-1 o ~/'�89 o po  hj  o ~�89 I~ ' 
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if {}(~) C R j. It is evident that  if ~ E Q(q), then ~1(~) = ~' E R(q); so the 
desired flow ~t is constructed. 

The action of such an isotopy must not be small; to do it arbitrarily 
small, partit ion Q into m ~ equal parts, similar to Q, and reproduce this 
construction for each of them. Then the action of this isotopy (call it ~ ' )  
will be m 2 times less than the action of ~2~- Taking rn sufficiently large 

(and of the form the power of 2), we will reach arbitrarily small action. 
After performing the 10 construction steps, we reach a mapping ~1 E 9t'N 
(for some N,  power of 2), that is a permutat ion of cubes, and the action 
of each of 10 steps of isotopy may be done arbitrarily small, if we choose 
appropriate parameters. 

So , Lemma 2.2 is proved for the cube K. 

Now, let ~ be a volume preserving diffeomorphism of an annulus domain 
I( t = I(~,~. Since K~,~ C K,  ~ may be regarded as a volume preserving 
diffeomorphism of K,  the previous construction may be done. It can be 
seen immediately, that  each of the 10 steps of this construction delivers 

mappings belonging to .T'N(/(I), because all the mappings and isotopies 
involved are fixed in K \ K ' .  So we obtain the desired isotopy for the case 
D(I( ')  as well. 

3. D i s c r e t e  F l o w s  

In this section we prove the discrete version of Theorem 1.5. Our consider- 

ations apply, with obvious modifications, for all v _> 2, but  for v > 2 they 

are much more expansive. So we shall restrict ourselves to the case v = 2. 

Let It'~v = {e; E I(N I dist(~,,0I() < 6}, DN(I(~N) = {a E ~)N ] at~ = 

~:, if ~#IC~v } 

T H E O R E M  3.1. There is C > 0 such that for each N ,  and each a E 

DN(I(~v) there exists a discrete flow al  . . . . .  ak E Dg(K~v), transforming a 

into Id, such that its duration k < C .  N.  

We will refer to the following theorem from [S, Theorem 3.2] (it is 
proved there for all v > 1). 

T H E O R E M  3.2. Let I(M1 ..... M~ C I fN be a parallelopiped with lengths of 
edges - - ~ - , . . . , - ~ ,  containing M 1 , . . . , M ,  cubes ~ E K1v; let 

DN(KMI ..... M~) be the group of such permutat ions that are fixed beyond 

IC~tl ..... M,. Then for each a E •N(I(M1 ..... My) there is a discrete flow 
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al . . . .  ,c% in KM~ ..... M~, t rans forming Id into a, such that  its duration 

k _< C �9 max(M1 . . . . .  M , ) ,  where C depends  only on u. 

A par t i cu la r  bu t  especial ly useful case of this t heo rem is 

LEMMA 3.3. Let  1s M be a row of  M cubes ~ and a an arbi trary permutat ion 
of  them.  Then  there  exists a discrete f low at ,  �9 �9 �9 ak in K M  transforming 
Id into ~ and  having durat ion k <_ C �9 M .  

P r o 4 4  Theorem 3.1: Par t i t i on  I f '  = {x  e I f  I d is t (x ,  OK)  < (S} into four 

rec tangles  ( the square  A" is defined by inequali t ies  lx~l < �89 i = 1, 2): 

{( l 1 1 t }  BI  = Xl ,X2)  ~ 2 - ~  < ~'~ < ~ . - ~  < ~',_ < ~ : 

{( ] 1 t 1 1 } .  B2 = Xl ,X2)  - ~  < xl < -b2 + 5 ,  - ~  < x2 < ~ , 

{( I t t (~, 1 (~ < :/;2 < � 89  " B3 = x t ' x2)  - - 2  "+'(~ < 3?1 < 7 2 ' 

{( , ,  , , } B 4 =  Xl,:r2) - 7 + 6 < : r l < g  - 7 < z 2 < - 5 + ~  �9 

4 
Let  Bi,N = {~ E Is N I t~ E Bi};  Is N = [.J Bi,N. 

i=1 
define a closed row of squares (a " f rame")  

For k = 0 , . . . , 6 - N  we 

Sk,N = { ~  E K'~T l dist(n,  OI()  = k } . 

The  group "~N(/t'~V ) acts in a na tu ra l  way oi1 the funct ions  f(t~:) on K ~ :  for 

each T E DN(Xg~'~V), Tf(t,;) = f ( v - l ~ ) .  In par t icular ,  we define a function 

c(n),  called colour: c(r~) = i, if n E BN,i.  

I( N, Let  a E ~DN(K~v); we shall cons t ruc t  a discrete  flow T t , . . . ,  rp in " 

such tha t  Tp o . . .  o r t  o ac(n)  = c(n) for all ~: E A'~v, i.e. the  flow T t , . . . ,  Tp 

re tu rns  each square  n to its original domain  Bi,N.  Th e  dura t ion  p of this 

flow will sat isfy the  es t imate  p < C �9 N .  

As a first s tep we shall cons t ruc t  a p e r m u t a t i o n  p l ,  possessing the 

following proper t ies :  

(i) 4Bi ,N  = B i ,g  for all i, 

(ii) 41 t r ans fo rms  the funct ion ac(t~) into a funct ion 41 o ac(n)  = Cl(n), 

such t ha t  the n u m b e r  of squares  hl, Cl (n) = 1 (call t h e m  black squares), 

con ta ined  in Sk,N, is the  number  of the  squares  n in Sk,N N Bi,N for all 

k , O < _ k < _ 5 . N .  
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Permutat ion 991 is arbitrary up to the number of black squares ~ E Bi,N, 
such that p l (~)  E Sk,N N Bi,N (i = 1 , . . . , 4 ) .  So we have to define this 
number for all i, k. It is sufficient to do this for k = 1, because after doing 

this, we obtain a problem of the same type in KN\S1,N. 
Let rni be the number of black squares in Bi,N; .Adi is the total number 

of squares ~ in Bi,N; qi is the number of squares in S1,N Cl Bi,N. We have to 
choose the number Pi of black squares in Bi,N, transferred in S1,N N Bi,lV, 
so that 0 _< Pi <_ mi, and ~ p i  = ql (note that  ~ rni = Ad~). Let us show 

i i 
that this is possible. The maximal possible value of pi is p+ = min(qi, mi); 
the minimal possible value is p~- = max(0, q i -  ( # i -  mi)) ,  and we may take 
arbitrary pi, such that  p~ < pi <_ p+. Let us show, that ~p~-  _< ql _< ~ P+- 

i i 
We s h a l l  u s e  t h e  f a c t ,  t h a t  J ~ l  _~ . ]~2 _~ . . .  ~ J ~ 4 ,  ( . ] ~ l - q l )  ~ ( J l ~ 2 - q 2 )  _~ 

... _< (3,t4 - q4), which is clear from the definition of Bi. Let 

Ci = .A4i - qi ; 

then 
4 4 

Z p ~ - = Z m a x ( O ,  mi--~i)  = E ( m i - - c i  ) , 
i=1 i=1 i E P  

4 
where I '  = {i [ rni - ci > 0} .  So ,  E pi-  : 0, if I = 0, and 

i=1 

4 

i=1 

4 

i fi I '  i fi I '  i=1 iE I '  

4 

~_~ ~ _ ~  7~ti - -  C1 "~ . ] ~  1 - -  C1 -~ q l  ; 

i--1 

4 

4 4 E mi , i f  7rt i < q i  fo r  a l l  i 
Z p+ = Z min(mi,qi)>_ i=, 
i=1 i=1 qj , i f  m j  > q j  fo r  s o m e  j ; 

4 4 4 
in the first case ~ 1 )+ = ~ mi = .M1 > ql; in the second case ~ p+ >_ 

i=1 i=1 i=1 
4 4 

qJ --> ql. So, we have proved, that ~ p~- _< ql -< ~ Pi +, and we can 
i=1 i=1 
4 

choose pi, P7 <- pi <_ p+, such that ~ pi = ql. Repeating this process 
i=1 
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for k = 2, 3, . . . .  6 �9 N ,  we choose the number  of the black squares  in each 

Bi,N, t r ans fe r red  by  the  p e r m u t a t i o n  41 in Sk,N N Bi,N, s o  t ha t  the total 

n u m b e r  of such squares  in Sk,g N Bi,N will be ql,k = the n u m b e r  of squares 

in Sk,N N BI,N. 
P e r m u t a t i o n  ~1 m a y  be real ized by some discrete  flow v l , . . . ,  7p~ of 

dura t ion  Pl _< C .  N (see T h e o r e m  3.2). 

Now, in each "f rame" Sk,g there  is ql,k black squares  ~, such that 

(plocrc(n) = 1. Using L e m m a  3.3, we organize the discrete  flow Tpl.~.l, . . . , Tp2 

(in each Sk,N, s imul taneous ly  and independent ly ) ,  t r ans fo rming  all the black 

squares  into Sk,N N BI,N. Let  wp~ o . . .  0 7p,+1 = ~2. 

Now, let us define p e r m u t a t i o n  43, ac t ing in B2,N U B3,N U B4,N, pre- 

serving each Bi,N and such tha t  the n u m b e r  of squares  n of colour 2 in 

Bi,N f3 Sk,N, (i.e. such tha t  P3 o 42 o ~1 o ac(n) = 2), is q2,k- This  is done 

precisely as for 41. Let  7p~+1, . . . ,  wp3 be discrete  flow, realizing 93, accord- 

ing to  T h e o r e m  3.2 it m a y  be chosen so t ha t  its dura t ion  P3 - -  P 2  _< C �9 N. 

Now, we organize the  discrete  flow 7-p3+1 . . . . .  7p4 in each str ip (B2,N U 

B3,N U B4,N ) N Sk,N ( s imul taneous ly  and independen t ly ) ,  t ransforming all 

squares  tr of colour  2 into B2.N; its dura t ion  P4 - P 3  m a y  be chosen _< C . N .  

Finally,  we cons t ruc t  the discrete  flow Tp4+l , . . .  , 7-p~, t ransfer r ing  all the 

squares  of colour  3 into B3,N (and au tomat i ca l ly  all the squares  of colour 

4 into B4,N). Dura t ion  P6 - P4 _< C �9 N .  Now, we have cons t ruc ted  the 

discrete  flow 71, �9 �9  ~-p6, t r ans forming  a into a p e r m u t a t i o n  4 " a,  such that 

4 o crBi,N = Bi,N for all i. Bi,N is a rectangle.  Using T h e o r e m  3.2, we 

m a y  cons t ruc t  a discrete  flow 7p6+1 , . . . ,  Tp~ of dura t ion  P7 - P6 < C �9 N, 

t r ans fo rming  each square  ~, to its original place: Tp~ o . . .  o 71 o a(n) -= ~ for 

all n 6 K~v. T h e  dura t ion  of the discrete flow T1, �9 �9  rp~ is not  more  than 

C . N .  Thus  T h e o r e m  3.1 is proved for u = 2. 

For u > 3 a similar  cons t ruc t ion  may  be  used. We pa r t i t ion  I(~v into 

para l le lo topes  Bi,N, and into shells Sk,N : {K I d i s t ( n , 0 K )  = -~}. Using 

a l t e rna t ing  discrete  flows in Bi,N and in Sk,N, we re tu rn  each cube n to its 

original  set Bi,N, and then  use T h e o r e m  3.2 to r e tu rn  it to its place. The 

du ra t ion  of the discrete  flow cons t ruc ted  is < C �9 N .  Thus  T h e o r e m  3.1 is 

proved for all u. 

4. P r o o f  o f  L e m m a  1.5 

Now we have every th ing  to prove L e m m a  1.5 and, therefore,  T h e o r e m  A. 



Vol 3, 1993 A T T A I N A B L E  D I F F E O M O R P H I S M S  293 

Let It-' = {x E It" I dist(x, 0K)}  < 6, It-~v = {~ E I t -N I ~ N It- t # 0}. 

LEMMA 4.1. Suppose  that  7 h , . . . ,  rq is a discrete f low in K~v , and its du- 
ration is q. Then there exists  a discontinuous flow (~ C .TN(K ' ) ,  0 < t < 1, 

s~2d~ that  ~k who or1 6 . TN(K ' ) ,  k O, . ,q, and 1 . . . . . . .  J{(,},=0 -< C X - l q  6 
q 

where C depends  on/5' on dimension.  

In other words, a discrete flow in K~v may be realized by a discontinuous 
one, with the same estimate of action. This lemma is identical to Lemma 
4.6 of [S], and the proof goes without modification. 

Now we have a flow ~ C I ) ( I ( ' ) ,  0 <_ t <_ 1, ~o = ~, (1 = Id,  such 
that 1 J{~r < oc, but  with no bet ter  estimate for the action; a flow 

I/f 6 beNIN'), 0 < t _< 1, q0 : (, rll 6 D N ( K ' ) ,  and j{r/~}~= o l  may be 
/lone arbitrarily small, if N is chosen large enough; a flow <t C UN(A"), 

0 < t < 1, (o = 711, (1 : Id,  and J{(t}~=0 < C.6 .  (This flow corresponds to 
the discrete flow ~-1,. �9 ~q, transforming a 6 DN(If[~ ) into Id,  constructed 
in the preceding section.) Consider the composite path ~,~ C 5CN(A"), 
0 < ~ < 1 ,  

1 

l < t < "  

(3r 5 < t  < 1 . 

This path in . Y x ( I f ' )  is not yet precisely what we need. We require a small 

loop at the end of the path t/,r For each h" 6 Kiv, let z~ be the centre of 
the cube ~. 

LE.~IMA 4.2. Assume that  u >_ 3. There exists  a path  kt C .TN(K ' ) ,  0 <_ 
t < 1. such that  \ r  = h: fox" all ~ E KI~, \o = \1 = I d  and such that  for 
a composi te  pa th  

{ ~'~t, O<t_<~ 
\ 2 , - , '  } < t <  1 .  

the linear m a p p i n g  g~t(k,~) C S L ( u ) ,  0 <_ t <_ 1, is a contractible loop in 
SL(u) ,  for all ~ 6 K '  N. The  action J{x,}L0 -< C .  6. N -1. 

Proof: It is well known that 7 h ( S L ( u ) )  is isomorphic to Z/2Z for u >_ 3. 
So we have to construct a smooth flow I\'ll in each of n 6 K~v, such that  
\o ~ -  ) ( 1  = Id,  and {k't(x~)}J=0 is a unique nontrivial loop in S L ( u ) .  This 
is done with the aid of Lemma 1.2. The estimate of action is evident. 

Now everything is ready to prove Leinma 1.5. All the necessary prop- 
orties are collected in 
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LEMMA 4.3. A s s u m e  that  v >_ 3. Le t  I ( '  -~ {x  E I (  ] d i s t (x ,0K)  < ~}, 
E T) (K ' ) ,  ~ = I d  near O K  and outside K ' ;  let ~t C .~N(K ' ) ,  0 < t < 

! X 1 1, ~0 = ~1 = Id,  ~ C D ( I ( ' )  for 0 < t _ 1, ~} = ~, {~t( ~)}~=0 is 
contractible loop in S L ( u )  for all x~ - centres of  the cubes  n 6 KPN, and 

J { ~ } ~ = ~  < C .  6 .  

Then  there exis ts  a piecewise s m o o t h  path  (,~ C T) (K ' ) ,  0 < t < 1, (~o = ~, 

a'l = [d, and J{c~}~=0 _< C .  6. 

The path s t  coincides with a discontinuous flow ~ t + ~  everywhere 
except in a narrow neighbourhood of [.J OR, where the discontinuous flow 

~Eh'~v 

is replaced by a smooth one. The procedure of smoothing is described in 
detail in [S, w and we shall not reproduce here the expansive constructions 
of this work. The only modification is that in addition to the "small" cubes 

n e I(~v we have in our case a "large" cube I f \ I ( '  = {x e I (  I dist(x, OK) > 
6}. This is fixed under all the flows and transformations, and plays the same 
role as all the "small" cubes ~. Lemma 1.5 is just  a tautological corollary 
of Lemma 4.3. Thus, Theorem A is proved. 

A c k n o w l e d g e m e n t .  I am very grateful to L. Polterovich for discussions 
and especially for drawing my attention to the article [M] that shortened 

and simplified the original version of this work. 
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