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kNN
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kNN algorithm

Assumption : Close data points have similar labels, i.e. class or regression value.

Algorithm : For a test data point x, assign the most common labels in its k nearest 
neighbors in the training set S.

Formalization

kNN classification : 

kNN regression : 
<latexit sha1_base64="pLcZQhPXPg2YEB4N/bT/tBseJIM="></latexit>
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kNN binary 
classification with k=3
x belongs to blue class



5

kNN
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Q1 : In case of a draw, what is a good solution?

Randomly select the class label from the tied classes. 

Q2: How does the value k affect the kNN solution? 

Small k value : Model fits the training data accurately. If data has good quality, good 
performance. If data has noise or outliers, bad result.

Large k value, performance is influenced by a population/statistics of data points, more 
robust and generalizable.
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Curse of dimensionality
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Euclidean/Lp distances between points : 

k-NN assumption “close data points have similar labels” works if we can define a 
meaningful distance between two data points.

Unfortunately, in high-dim spaces, data points sampled from a random probability 
distribution, are far from each other with (almost) the same distance value. 

Let us sample points uniformly at random within the unit cube and let us the 
compute the distance between all pair of points when the dimensionality increases.
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Blessing of structure
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Real-world data does not follow a random probability distribution!

Data has structure, s.a. edges, textures for natural images.

This means that data lie in a much lower dimensional sub-space than Rd. 

For example, images of human face can be accurately described with e.g. 50 
features s.a. male/female, blond/dark hair, etc, although the original image lie in a 
space of 1M dimensions (1,000 x 1,000 pixels).

Rd
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kNN summary
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kNN algorithm is the simplest machine learning technique for classification 
(binary and multiple classes) and regression.

It is expressive as it can produce non-linear boundary decision.

As n→∞, kNN becomes provably very accurate, but also intractable.

Real-world applications have a large number n of training data.

As d→∞, curse of dimensionality kicks in and kNN breaks for Euclidean 
distances.

kNN works if distances are semantically meaningful.

Combining kNN and deep learning representation is today a strong baseline.
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kNN complexity
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kNN time complexity is O(n.d.k), where n the number of training data, d the number of 
data dimensions and k is the number of k nearest neighbors.

This complexity means that kNN becomes very slow and memory consuming when n is 
large but we want to have n as large as possible to get the best possible accuracy.

Can we improve the speed? Yes, by leveraging data structure. 
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k-d tree
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General idea : When we search for the closest point(s), most data points are actually far 
away and hence there is no need to compute the distances for these far away points.

 How to achieve this goal?

Solution is to partition the d-dim feature space with a binary tree structure.
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k-d tree speeds up kNN

Xavier Bresson 12

For example, let us consider the full dataset and one 
partition as follows:

Make a cut along one feature dimension that divides 
the data into two sets, i.e. Left and Right, with 
approximatively the same number of data in each half.

Consider a new data point x, or which we want to find 
the closest neighbor.

Identify which set the data x lies, here the right set R.

Find the nearest neighbor xNNR in R, it requires O(n/2). 

Compute the distance d(x,C) between x and the cut C.

If d(x,C) > d(x, xNNR) then all x in L can be discarded 
(by triangle inequality) and kNN gets a 2x speed-up! 

Cut/split the space S into 2 
sets R and L with ≈ the same 

number of points

All points in L cannot be 
NN, we can discard/prune 
the space by a factor 2.

<latexit sha1_base64="w1Oy9Bvc2SFpjHPIifHqw4QEoZ8="></latexit>

d(x, xR
NN) < d(x,C)

+
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Triangle inequality
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All points in regions L have a distance > d(x,C) by triangle inequality :
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k-d tree speeds up kNN (on average)
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Q: What happens if d(x,C) < d(x, xNNR)? 

It is possible that the NN lies in L – so we need to 
compute all distances d(x,xL).

Speed complexity is then O(n), same as kNN.

Worst case complexity of k-d tree is kNN complexity, 
but it is actually much better in practice (average 
complexity).

We need to compute the 
distance to all points in L.

<latexit sha1_base64="G9ICP1SDtT4GnrRnBuMujiCiWuQ="></latexit>

d(x, xR
NN) > d(x,C)

+

<latexit sha1_base64="ylSVsS16ZqJFC7+IjNC5bfFEU80="></latexit>

if d(x, xR
NN) < d(x, xL

NN) then xNN = xR
NN,

otherwise xNN = xL
NN.

Complexity is O(n).
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k-d tree construction
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Tree construction / training stage 

Split recursively in half along each feature dimension.

Iterate over all feature dimensions.

Tree depth is actually small = O(log2n), e.g. log2  103≈10, log2  106≈20, log2  109≈30

How to select the feature dimensions?

A good heuristic is to select the feature dimension that captures the largest variation of 
data (similar to PCA, done as pre-processing). 
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k-d tree search

Xavier Bresson 16

Once the tree is constructed, the next step is to run the search process. 

Example of NN search process in 2D space 

Which order of search?

Which partition to prune?
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k-d tree search #1
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Running the NN search process

Which order of search?

Follow the tree structure given 
the data features of the new 
data.

Which partition to prune?

Partitions which are too far 
away.

Best case scenario O(log2n) when 
new data directly falls in the right 
partition.

For this example, complexity is 
(n/4.d)
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k-d tree search #2
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Running the NN search process

Worst case scenario
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k-d tree search #2

Xavier Bresson 19

Running the NN search process

Worst case scenario
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k-d tree search #2
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Running the NN search process

Worst case scenario
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k-d tree search #2
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Running the NN search process

Worst case scenario O(d.n)



22

k-d tree complexity
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Suppose k=1 (i.e. nearest neighbor) 

Training / building k-d tree (assume d large enough, i.e. d ≥ log2n)

Space/memory complexity : 

Time/speed complexity (average case) :

Inference / NN search

Time/speed complexity (best case) : 

Time/speed complexity (worst case, like NN) : 

Time/speed complexity (average case) : 

<latexit sha1_base64="4edVQzyRIUhBDHzXYf1R7aPpsqk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY8OLNCvYD2qVks9k2NpssSVYopf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZFyScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3QBrypmgLcMMp91EURwHnHaC8U3md56o0kyKBzNJqB/joWARI9hYqX1XDcV5aVCuuDV3DrRKvJxUIEdzUP7qh5KkMRWGcKx1z3MT40+xMoxwOiv1U00TTMZ4SHuWChxT7U/n187QmVVCFEllSxg0V39PTHGs9SQObGeMzUgve5n4n9dLTXTtT5lIUkMFWSyKUo6MRNnrKGSKEsMnlmCimL0VkRFWmBgbUBaCt/zyKmlf1LzLWv2+Xmlc5HEU4QROoQoeXEEDbqEJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcreI4r</latexit>

O(dn)
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O(d log2 n)

<latexit sha1_base64="Q6+CjJBvO6ywHSv3aOpml5SSwyA="></latexit>X
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dimension in each region
(features are pre-ordered)

<latexit sha1_base64="TcbnvN/dWjvqNBt8HNUeigQ8yyQ="></latexit>

O(2p) ! O(n) with p = O(log2 n)

#nodes in the tree ( Space complexity for data :          )
<latexit sha1_base64="wmLg9I8jSUuZyHhJear2clBRrpM=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCF29WMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut7O2vrG5tV3aKe/u7R8cVo6O21pmilCfSC5VN8Saciaob5jhtJsqipOQ0044vp35nSeqNJPi0UxSGiR4KFjMCDZW8u9rIroYVKpu3Z0DrRKvIFUo0BpUvvqRJFlChSEca93z3NQEOVaGEU6n5X6maYrJGA9pz1KBE6qDfH7sFJ1bJUKxVLaEQXP190SOE60nSWg7E2xGetmbif95vczEN0HORJoZKshiUZxxZCSafY4ipigxfGIJJorZWxEZYYWJsfmUbQje8surpH1Z967qjYdGtekWcZTgFM6gBh5cQxPuoAU+EGDwDK/w5gjnxXl3Phata04xcwJ/4Hz+APVTjhU=</latexit>

O(nd)

tree depth

<latexit sha1_base64="IEB2dMtP/DgWWtAvGmeWPkPQin4="></latexit>

O(p) ! O(log2 n) with p = O(log2 n)
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Number of nodes
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How many nodes in kd trees?

Given n the number of (training) data points, the number V of nodes is O(n).

The depth of the tree is O(log2n). 
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Number of features
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Why do we need the number of features d ≥ log2n?

More importantly, not all features are expressive, i.e. able to provide a clear partitioning of 
the feature space. But again, no theoretical results to select the best features.
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Notation
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Note that the “k” in the name “k”-d tree means the number of data features.

Note that the “d” in the name k-”d” tree means “dimension”.

In our lecture, we usually call the number of data features d and the number of nearest 
neighbors k.
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k-d tree with k nearest neighbors
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Search process for a number k > 1 of nearest neighbors
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k-d tree with k nearest neighbors
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Search process for a number k > 1 of nearest neighbors
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Summary
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kNN is slow because it does a lot of unnecessary distance computations.

k-d tree partitions the feature space so we can discard space partitions that are further 
away than our closest k neighbors.

Pros : 

Exact kNN, but approximation can be used e.g. no backtracking in parent nodes.

Easy to implement.

Average inference complexity is O(d.log2n), compared to O(d.n) with kNN.

Cons : 

Cuts are axis-aligned which does not generalize well to higher dimensions.

[Not included] Ball tree partitions the manifold of data points (assumption),                      
as opposed to the whole space. This performs much better in higher dimensions.
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Motivation

Xavier Bresson 30

kNN requires to store the full training set to make a prediction.

When n becomes large, it becomes intractable.  

Real-world assumption : Most data are not random and usually concentrate in regions with 
the same predicted target e.g. class or regression value. 

This enables faster nearest neighbor search with k-d tree data structure.

However, the ultimate goal is not to find the closest data points, but to solve a classification 
or a regression problem.

The data identity, i.e. data features, is irrelevant for the classification/regression task. 

What is critical is to identify areas where all points have the same class label.

For example, if a test point falls into a cluster of 1,000 points with all positive class 
label, then we know that its kNN will all be positive before computing the distances to 
the 1,000 points. 
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Decision tree
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Decision tree leverages the idea that a data point has the same class label or same 
regression value when it falls into a cluster of same label or same regression value.

Major advantage : There is no need to load to memory the full training set for inference. 

Instead, we can build and load a tree structure that recursively splits the feature space into 
regions with similar label/value. 
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Construction
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Decision tree construction / training stage

Start from the root node of the tree that represents the entire dataset.

Split this set into two halves with approximatively the same size by cutting along a feature 
dimension e.g. x1 with a threshold value t1. This produces two sets of data points R and L.

Threshold t1 and dimension x1 are chosen such that the resulting children nodes R and L are 
purer than their parent node S w.r.t. class label or regression value.

If all points in R have the same e.g. positive class label and all points in L have also the same 
negative class label, then the decision tree is done.

If not, the current leaf nodes are split again until all leaves are pure, i.e. all data points in the 
node have the same label. 
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Inference
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Inference with decision tree

Once the tree is constructed, there is no need to keep in memory the training set.

What we need to store

The tree structure which has a depth of log2n ≤ 30.

Class probability/regression value in the final leaf nodes.

If pure classes, only class label is stored.

Decision tree does not require any distance computation.

The cut is based on feature value.

Hence, inference is very fast with O(log2n), independent of feature dimension d.
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Inference

Xavier Bresson 34

Inference with decision tree

class probability class label 
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Optimal decision tree
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Q: Can we build a decision tree that is 

Maximally compact, i.e. small depth.

Only has pure leaves.

Yes in theory, if no two data points have same features but different labels.

No in practice, as finding a minimum size tree is NP-hard.

But there exists a greedy algorithm that can approximate effectively small decision trees.

We split the data recursively by minimizing a function that measures label purity in 
the children’s nodes.
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Purity function
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<latexit sha1_base64="Iy2UUiiTjzVOtspCLYbZGCc++Co="></latexit>

Define

S : {(xi, yi)
n
i=1}, xi 2 Rd, yi = {1, ..., c}, c is the number of classes

Sk = {(x, y) : y = k}, sk ⇢ S, S = S1 [ ... [ Sc

pk =
|Sk|
|S| fraction of data with label k

We want pure leaf nodes, i.e. 

The worst case is when all leaves are random prediction, i.e. 

To avoid the worst case, we will maximize the KL distance between the random prediction and 
the best candidate p obtained by splitting

<latexit sha1_base64="nO9lPCmT/4Lrb+q2k35jfqxhvsw="></latexit>

pk = 1 for a specific k and pk0 = 0, 8k0 6= k
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pk =
1

c
, 8k

<latexit sha1_base64="HkJ71qJoYXKgJ7fFmfgWc4hUym0="></latexit>

max
p

KL(p, q) =
cX

k=1

pk log
pk
qk

, with qk =
1

c
, 8k
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Entropy
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Maximizing the KL distance reduces to minimizing the entropy :

<latexit sha1_base64="HuIgqeP1PoIpM/bEbneQGQ2UqYI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsN+3SzSbsToRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbjO/88S1EbF6xGnC/YiOlAgFo2ilh6Q0KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0Z1SjYJLPS/3U8ISyCR3xnqWKRtz4s8Wlc3JhlSEJY21LIVmovydmNDJmGgW2M6I4NqteJv7n9VIMb/yZUEmKXLHlojCVBGOSvU2GQnOGcmoJZVrYWwkbU00Z2nCyELzVl9dJu1b1rqr1+3qlUcvjKMIZnMMleHANDbiDJrSAQQjP8ApvzsR5cd6dj2VrwclnTuEPnM8fDMKNAQ==</latexit>p
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H(p)

<latexit sha1_base64="8ZkcBi5RhgC6lhK3nA4F1kTFZ/g="></latexit>
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pk log
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, with qk =
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c
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X
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=
X

pk log pk + pk log c

=
X

pk log pk + log c
X

pk, with
X

pk = 1

=
X

pk log pk + log c
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p

KL(p, q) = max
p

X
pk log pk + log c

= min
p

�
X

pk log pk

= min
p

H(p) Entropy
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Entropy of binary tree
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Entropy of binary tree :

<latexit sha1_base64="GbeaAL52oOz3HTk15G1sS1QdhO8="></latexit>

H(L,R) = p(L)H(L) + p(R)H(R)

=
|L|
|S|H(L) +

|R|
|S|H(R)

<latexit sha1_base64="Q8aDKqH64RSKW/Cad6UVEFPcRsI=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRmKCF9ISgh5JvHDEaIEEGrJdtrBhu212tyak4Td48aAxXv1B3vw3bqEHBV8yyct7M5mZ58ecKW3b31Zha3tnd6+4Xzo4PDo+KZ+edVWUSEJdEvFI9n2sKGeCupppTvuxpDj0Oe35s7vM7z1RqVgkHvU8pl6IJ4IFjGBtJLddfbgujcoVu2YvgTaJk5MK5OiMyl/DcUSSkApNOFZq4Nix9lIsNSOcLkrDRNEYkxme0IGhAodUeeny2AW6MsoYBZE0JTRaqr8nUhwqNQ990xliPVXrXib+5w0SHdx6KRNxoqkgq0VBwpGOUPY5GjNJieZzQzCRzNyKyBRLTLTJJwvBWX95k3TrNadZa9w3Kq16HkcRLuASquDADbSgDR1wgQCDZ3iFN0tYL9a79bFqLVj5zDn8gfX5AzlwjZs=</latexit>

H(S)
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Information gain
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Definition : The information that is gained by splitting a set of data points.

In the case of decision tree, the splitting is controlled by a specific feature value, i.e. xi < ti.

The entropy of the subsets S1,…,Sc is defined as

Finally, the information gain (IG) is the difference between the entropy of the original set S 
and the weighted sum of the entropy of the subset Sk. 

<latexit sha1_base64="tSwnXzWuirttquI/+B+xXNtB6c8="></latexit>

H(S1, ..., Sc) =
cX

k=1

p(Sk)H(Sk)

=
cX

k=1

|Sk|
|S| H(Sk)

<latexit sha1_base64="TrY1pvjhvch4gRTfDBIug9dSGa8="></latexit>

IG(S, S1, ..., Sc) = H(S)�H(S1, ..., Sc)

= H(S)�
cX

k=1

p(Sk)H(Sk)
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Feature and threshold selection
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Goal is to find subsets maximizing the information gain, achieving the purest possible subsets. 

Identifying the purest subsets is to find a feature xi  and a threshold value ti. 

Decision tree construction (pseudo-code)

While leaf nodes are not pure (or ≥ threshold)

Loop over (remaining) feature dimensions, i.e. x1,x2,…,xd  (we suppose d ≥ log2n)

Loop over n thresholds (e.g. middle points between two consecutive points,            
such as ti=(xi+1-xi)/2)

Compute information gain for R and L

Save (dimension, threshold value) with maximum information gain.

Split space with best (dimension, threshold value) and remove dimension xi from 
loop.

Complexity is O(n.d), but approximations are used in practice for speed-up.
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Regression tree
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It is straightforward to extend decision tree to other tasks s.a. regression as long as a purity 
function can be defined for the new task :

<latexit sha1_base64="rGtW0UTPSe1NHJ/bvYDx+QOZ1Zs="></latexit>

H(S) = �
X

pk log pk ! L(S) =
1

|S|
X

(x,y)2S

(y � ȳS)
2
(variance)

with ȳS =
1

|S|
X

(x,y)2S

y (mean)

Classification task Regression task

Regression function (blue) 
learned with regression tree

(mean value in each leaf node)

True regression 
function (black)
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<latexit sha1_base64="Q6+CjJBvO6ywHSv3aOpml5SSwyA="></latexit>X

p

O
� n

2p
⇥ 2p

�
= O(pn) ! O(n log2 n)

<latexit sha1_base64="TcbnvN/dWjvqNBt8HNUeigQ8yyQ="></latexit>

O(2p) ! O(n) with p = O(log2 n)

Complexity
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Training / building decision tree (assume d large enough, i.e. d ≥ log n)

Space/memory complexity : 

Time/speed complexity (average case) :

Inference / NN search

Time/speed complexity :

#nodes in the tree

time required to compute 
purity in each region

<latexit sha1_base64="wuYBHcq5+53z+6H78PGk0mkQ1Qc=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEhlqZKqAsZKLGwUiT6kJooc12mtOnZkO6Aq6srCr7AwgBArf8DG3+C0GaDlSFc6Pude+d4TJowq7Tjf1srq2vrGZmmrvL2zu7dvHxx2lEglJm0smJC9ECnCKCdtTTUjvUQSFIeMdMPxVe5374lUVPA7PUmIH6MhpxHFSBspsGECPehJOhxpJKV4MC94U/WYGAZ1yM9gObArTs2ZAS4TtyAVUKAV2F/eQOA0JlxjhpTqu06i/QxJTTEj07KXKpIgPEZD0jeUo5goP5tdMoWnRhnASEhTXMOZ+nsiQ7FSkzg0nTHSI7Xo5eJ/Xj/V0aWfUZ6kmnA8/yhKGdQC5rHAAZUEazYxBGFJza4Qj5BEWJvw8hDcxZOXSadec89rjdtGpVkv4iiBY3ACqsAFF6AJrkELtAEGj+AZvII368l6sd6tj3nrilXMHIE/sD5/AOKHl9g=</latexit>

p ! O(log2 n)
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Number of nodes
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How many nodes in decision trees?

Given n the number of (training) data points, the number V of nodes is O(n).

The depth of the tree is O(log2n). 
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General vs. specific/heuristic algorithm
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General algorithm : 

kd/decision tree construction : Split recursively in half along some selected feature 
dimensions. Stop at the depth = log2n, n is the number of data points. 

Inference time is guaranteed to be O(d log2n) kd-tree, O(log2n) decision tree.

Question : How do we select the best features for kd-trees? Unfortunately, no theory to 
pick the optimal features. In practice, we select the features with maximum data 
variance.

Question : Do we have enough features to build a tree? We need at least d ≥ log2n 
features to build the tree. More importantly, we need expressive features to distinguish 
distinct classes.

Question : Does this algorithm guarantee to have trees with minimum depth? No, there 
may be better trees with smaller depth than log2n.
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General vs. specific/heuristic algorithm
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kd/decision tree techniques are general-purpose algorithms, designed independently of the 
dataset! 

It means that, for a specific dataset, there is no guarantee they will be optimal. In fact, 
there is almost no chance they will provide the best possible kd-tree or decision tree.

For a specific small dataset, it is possible to identify manually by trial-and-error the 
optimal tree, but this approach is not scalable to larger datasets.

Example: Classification task of flower data, with n = 150, d = 15, depth = log2n = 8.

General algorithm requires at least 8 levels to decide, when humans can actually design 
a smaller and optimal decision tree with 4 levels.  
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Bagging
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Decision trees have great advantages at inference

Speed complexity is very fast, i.e. O(log2n) ≤ 30

Memory complexity is low, i.e. O(n) independent of d

However, these techniques have high variance performance.

This means that the quality of the classification/regression solutions vary 
significantly (see next slide).

They are known as weak learners (classifiers or regressors).
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Bias and variance (lecture 5)
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Quality of predictive models are evaluated by their bias-variance properties.

For example, let assume that the task of the model is to predict the red center of the target 
below 

Low variance and low bias
The perfect model!

High variance and low bias
The model is able to find the 
correct solution on average.

Low variance and high bias
The model favors some 

solutions, far from the true 
ones.

High variance and high bias
The worst model

The model has not only bad 
bias but also large variance.
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Variance

̅f

{ fS }

<latexit sha1_base64="mzLXHK50+9mm0jbYkstqo7Pl60k="></latexit>

E(x,y)

⇥
(fS(x)� y)2

⇤

= E(x,y)

⇥
(fS(x)� f̄(x) + f̄(x)� y)2

⇤
, with f̄(x) =

Z

S0⇢S⇤
fS0(x)p(S0)dS0

= E(x,y)

⇥
(fS(x)� f̄(x))2

⇤
+ E(x,y)

⇥
(f̄(x)� y)2

⇤

Bias and variance (lecture 5)
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Long history of analysis of the bias-variance trade-off (but recently questioned by deep learning).

It is highly challenging to design the perfect model (i.e. low bias and low variance).

Formalization data

target
Assumption: no noisePredictive model

Average predictor

Error between prediction model 
and average over all predictors

Variance

Error between average 
predictor and target

Bias2

True data distribution

Mean over 
data points

Bias
̅f

y
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Reducing variance
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Decision trees have low bias but high variance, i.e. solutions vary around the true solution.

Goal : Design a technique that reduces variance, i.e. 

Most common idea is to take the average of multiple solutions, a.k.a. ensemble technique :

<latexit sha1_base64="FfQKEmQqwMCZD6ucfpbGumeefJw="></latexit>

min E(x,y)

⇥
(fS(x)� f̄(x))2

⇤

<latexit sha1_base64="Y+a+L55tvrlRX6AmuOTC7IITubQ="></latexit>

fS(x) ⇡ f̂(x) =
1

m

mX

j=1

fSj (x) ! f̄(x) as m ! 1

where {S1, ..., Sm} ⇢ S⇤ (true data distribution)
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Reducing variance
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Why averaging classifiers reduces variance ? 

Because of the law of large numbers :

 The law of large numbers states for i.i.d. (independent and identically distributed)       
random variable xi with mean    :

Apply to learners : Assume we have m training datasets S1,…,Sm sampled from S*, the 
true data distribution.

Train a learner on each training set and average the result:

<latexit sha1_base64="nOdTILUR2vDYGAohPMuHCzPoYs0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWMF+wFtKJvttl262cTdiVhC/4QXD4p49e9489+4aXPQ1gcDj/dmmJkXxFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJRoxpsskpHuBNRwKRRvokDJO7HmNAwkbweTm8xvP3JtRKTucRpzP6QjJYaCUbRSpxdQnT7Niv1S2a24c5BV4uWkDDka/dJXbxCxJOQKmaTGdD03Rj+lGgWTfFbsJYbHlE3oiHctVTTkxk/n987IuVUGZBhpWwrJXP09kdLQmGkY2M6Q4tgse5n4n9dNcHjtp0LFCXLFFouGiSQYkex5MhCaM5RTSyjTwt5K2JhqytBGlIXgLb+8SlrVindZqd3VyvVqHkcBTuEMLsCDK6jDLTSgCQwkPMMrvDkPzovz7nwsWtecfOYE/sD5/AHZL4/O</latexit>

x̄
<latexit sha1_base64="k7Ce2MqYdmFNS435bINH7vYM5JE="></latexit>

1

m

mX

i=1

xi ! x̄ as m ! 1

<latexit sha1_base64="GJpOyExZki/dqvaa+U/yOLuToS8="></latexit>

f̂ =
1

m

mX

j=1

fSj ! f̄ as m ! 1
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Bagging

Xavier Bresson 52

Averaging several classifiers/regressors will decrease the variance and make the ensemble 
classifier/regressor more accurate.

But we do not have access to more training sets {S1,..,Sm} than the original set S.

Because we do not know the true distribution S*.

How do we create new training sets? 

Solution is bagging.

Bagging algorithm

Sample m datasets S1,..,Sm from original S with replacement.

For each training set Sj, train a classifier fSj.

Final/ensemble classifier is 
<latexit sha1_base64="FpXhZZpXdyZE54fgmsoijfNj8LE=">AAACGXicbVDLSgMxFM3UV62vqks3wSLUTZkpRd0UCm5cVrQP6NQhk2batMnMkGTEEuY33Pgrblwo4lJX/o3pY6GtBwKHc87l5h4/ZlQq2/62Miura+sb2c3c1vbO7l5+/6Apo0Rg0sARi0TbR5IwGpKGooqRdiwI4j4jLX90OfFb90RIGoW3ahyTLkf9kAYUI2UkL2+7A6R0kBYfTmEVuoFAWDup5il0ZcI9Paw66R2HgadvvOEk5eULdsmeAi4TZ04KYI66l/90exFOOAkVZkjKjmPHqquRUBQzkubcRJIY4RHqk46hIeJEdvX0shSeGKUHg0iYFyo4VX9PaMSlHHPfJDlSA7noTcT/vE6igouupmGcKBLi2aIgYVBFcFIT7FFBsGJjQxAW1PwV4gEy7ShTZs6U4CyevEya5ZJzVqpcVwq18ryOLDgCx6AIHHAOauAK1EEDYPAInsEreLOerBfr3fqYRTPWfOYQ/IH19QNPup/U</latexit>

f̂(x) =
1

m

mX

j=1

fSj (x)
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Sampling with replacement
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What is sampling with replacement?

When a data is selected, it continues to be part of the set and can be sampled again 
(unlike sampling without replacement, once a data is selected then it is removed from 
the set and cannot be sampled again). 

Sampling with replacement Sampling without replacement
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Sampling with replacement

Xavier Bresson 54

When we sample without replacement, two samples are not independent, i.e. not i.i.d. 

For example, let us consider a set of 𝑛 balls numbered from 1 to 𝑛. If we first sample 
the ball number 3, then the next sampled ball will depend on the first ball as the 
remaining set of balls is {1,2,4,5,6}.

However, when we sample with replacement, two samples are independent, i.e. a sample 
does not affect another sample, i.e. they are i.i.d.

Based on the example above, if we first sample the ball number 3 and we replaced this 
ball in the set, then the next sampled ball will not depend on the first ball as the set of 
balls is the unchanged original set {1,2,3,4,5,6}.
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Bagging
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As sampling with replacement produces i.i.d. data, then training sets Sj are i.i.d. 

Applying the law of large numbers guarantees the following asymptotic result : 

As a result, in practice, bagging reduces the variance quite effectively.

We say that bagging reduces the variance without increasing the error of an unbiased 
classifier.

Unbiased classifier produces the correct solution in average.

<latexit sha1_base64="mPxIKr052/HW4uVSE6SXhe2f0J0="></latexit>

f̂ =
1

m

mX

j=1

fSj ! f̄
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Bagging
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Advantages

Easy to implement

Easy to reduces variance for high variance classifiers/regressors.

Bagging also provides an error estimate of the test error (for free).

During sampling Sj, some training data xk will not be selected and hence can act as 
a test data for the ensemble of classifiers. 
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Random forest
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One of the most popular and useful bagging algorithms is random forest.

Random forest is an ensemble of decision trees.

Algorithm

Sample m training datasets S1,…,Sm from S with replacement.

For each Sj, train a decision tree fSj with one important modification :

Only consider a randomly small number of k of splits with k ≤ d features. 

Goal is to make sure that all classifiers fSj are all very different. As such, they will 
make different errors at test time, but averaging will correct most of the errors.

Final classifier is 

Hyper-parameters 

           is a good heuristic

m is as large as computational resource permits

<latexit sha1_base64="FpXhZZpXdyZE54fgmsoijfNj8LE=">AAACGXicbVDLSgMxFM3UV62vqks3wSLUTZkpRd0UCm5cVrQP6NQhk2batMnMkGTEEuY33Pgrblwo4lJX/o3pY6GtBwKHc87l5h4/ZlQq2/62Miura+sb2c3c1vbO7l5+/6Apo0Rg0sARi0TbR5IwGpKGooqRdiwI4j4jLX90OfFb90RIGoW3ahyTLkf9kAYUI2UkL2+7A6R0kBYfTmEVuoFAWDup5il0ZcI9Paw66R2HgadvvOEk5eULdsmeAi4TZ04KYI66l/90exFOOAkVZkjKjmPHqquRUBQzkubcRJIY4RHqk46hIeJEdvX0shSeGKUHg0iYFyo4VX9PaMSlHHPfJDlSA7noTcT/vE6igouupmGcKBLi2aIgYVBFcFIT7FFBsGJjQxAW1PwV4gEy7ShTZs6U4CyevEya5ZJzVqpcVwq18ryOLDgCx6AIHHAOauAK1EEDYPAInsEreLOerBfr3fqYRTPWfOYQ/IH19QNPup/U</latexit>

f̂(x) =
1

m

mX

j=1

fSj (x)

<latexit sha1_base64="5P5QHk8gm3/RnTz6j8rrw7cRcKQ=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lKUS9CwYvHCrYV2lA2m027dLMbdydCCf0ZXjwo4tVf481/46bNQVsfDDzem2FmXpAIbsB1v53S2vrG5lZ5u7Kzu7d/UD086hqVaso6VAmlHwJimOCSdYCDYA+JZiQOBOsFk5vc7z0xbbiS9zBNmB+TkeQRpwSs1J9cD8yjhiycVYbVmlt358CrxCtIDRVoD6tfg1DRNGYSqCDG9D03AT8jGjgVbFYZpIYlhE7IiPUtlSRmxs/mJ8/wmVVCHCltSwKeq78nMhIbM40D2xkTGJtlLxf/8/opRFd+xmWSApN0sShKBQaF8/9xyDWjIKaWEKq5vRXTMdGEgk0pD8FbfnmVdBt176LevGvWWo0ijjI6QafoHHnoErXQLWqjDqJIoWf0it4ccF6cd+dj0Vpyiplj9AfO5w8Uv5EV</latexit>

k =
p
d
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Random forest
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Example with two-moon binary classification 
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Boosting
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Let us consider the case where classifiers/regressors have 
high bias, i.e. these prediction models have large errors on 
the training set. 

An example of such high-bias models are decision trees 
with limited depth, e.g. value 4.

Q: Can we design an ensemble method that combines a large 
number of weak learners to generate a strong learner with 
low bias? 

Yes, this class of algorithms is called boosting.

Boosting reduces bias.
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Boosting
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Vanilla boosting algorithm

Assume we have an ensemble classifier at step t = T, i.e.

Prediction error is defined with a loss function as L(f) as

We would like to add a new (weak) learner f to FT to decrease the prediction error as 
much as possible. The weak learner f is selected by minimizing the following loss :

After we found the new learner ft+1, we simply add it to FT :

<latexit sha1_base64="zVjkc7MfIsRScBg16DlpXMV2KAQ="></latexit>

L(f) =
1

n

nX

i=1

`(f(xi), yi)

<latexit sha1_base64="SQDm+1fzBD5uL+imfQYr0toqYZE="></latexit>

ft+1 = argmin
f2H

L(FT + ↵f), ↵ > 0 and small

<latexit sha1_base64="n4pEdr0iJ3ql8g3Zg6Brvw68434=">AAACDHicbVDLSsNAFL2prxpfVZduBosgFEpSiroRCoK4rNAXtCFMppN26OTBzEQooR/gxl9x40IRt36AO//GSZuFth4YOJxzLnfu8WLOpLKsb6Owtr6xuVXcNnd29/YPSodHHRklgtA2iXgkeh6WlLOQthVTnPZiQXHgcdr1JjeZ332gQrIobKlpTJ0Aj0LmM4KVltxS+dZNWxV7hq5RxmaoggaYx2OMfDdV2jBNpFNW1ZoDrRI7J2XI0XRLX4NhRJKAhopwLGXftmLlpFgoRjidmYNE0hiTCR7RvqYhDqh00vkxM3SmlSHyI6FfqNBc/T2R4kDKaeDpZIDVWC57mfif10+Uf+WkLIwTRUOyWOQnHKkIZc2gIROUKD7VBBPB9F8RGWOBidL9mboEe/nkVdKpVe2Lav2+Xm7U8jqKcAKncA42XEID7qAJbSDwCM/wCm/Gk/FivBsfi2jByGeO4Q+Mzx8Suphr</latexit>

FT+1 = FT + ↵ft+1

H: hypothesis space

<latexit sha1_base64="gp0VPBY6JWbRehzv/z3hwpuYjHM=">AAACHnicbVDJSgNBEO1xjXGLevTSGIQIEmZCXC6RgCAeI2SDTBx6Oj1Jk56F7hoxDPkSL/6KFw+KCJ70b+wsoCY+KHi8V0VVPTcSXIFpfhkLi0vLK6uptfT6xubWdmZnt67CWFJWo6EIZdMligkesBpwEKwZSUZ8V7CG278c+Y07JhUPgyoMItb2STfgHqcEtORkTq6cau7+CJewrWLfSaBkDW+r2CYi6hEHsOeAto/tH+XCTKedTNbMm2PgeWJNSRZNUXEyH3YnpLHPAqCCKNWyzAjaCZHAqWDDtB0rFhHaJ13W0jQgPlPtZPzeEB9qpYO9UOoKAI/V3xMJ8ZUa+K7u9An01Kw3Ev/zWjF45+2EB1EMLKCTRV4sMIR4lBXucMkoiIEmhEqub8W0RyShoBMdhWDNvjxP6oW8dZov3hSz5cI0jhTaRwcohyx0hsroGlVQDVH0gJ7QC3o1Ho1n4814n7QuGNOZPfQHxuc3dJWfhw==</latexit>

FT (x) =
TX

t=1

↵tft(x), ↵t > 0
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Gradient boosting
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How do we solve the optimization problem?

We use a first-order Taylor approximation of L : 

<latexit sha1_base64="IxDnNzEZ+dVlhVaCefiNl+5X91w="></latexit>

ft+1 = argmin
f2H

L(FT + ↵f)

<latexit sha1_base64="W7m6Bcmnu45n2/7+pR0fDJ157uc="></latexit>

L(F + ↵f) ⇡ L(F ) + ↵hrL(F ), fi

⇡ L(F ) + ↵
nX

i=1

@L

@F (xi)
.f(xi)

gradient

<latexit sha1_base64="NWIP2zsXOKvrdLfnLIlKzCYcZgw="></latexit>

Example with MSE : L(F (xi)) =
1

2

�
F (xi)� yi

�2

@L

@F (xi)
=

�
F (xi)� yi

�
.
@(F (xi)� yi)

@F (xi)
= F (xi)� yi
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Gradient boosting
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Optimization problem :

At last, we need an algorithm that computes f ∈ H, H is known as the hypothesis space, i.e. 
a space of solutions for the task at hand.

As the goal of boosting is to reduce the bias of predictors, the space H is supposed to 
contain high-bias models s.a. decision trees with limited depth.

Another major advantage of gradient boosting is that solution f does not have to be exact, 
i.e. any approximation f can used as long as the dot product is negative (see next slides for 
justification) :

<latexit sha1_base64="mtJwSQ6AwLTmYB8nAEe8BFp0zqA="></latexit>

argmin
f2H

L(FT + ↵f) ⇡ argmin
f2H

L(F ) + ↵hrL(F ), fi

⇡ argmin
f2H

nX

i=1

@L

@F (xi)
.f(xi)

<latexit sha1_base64="zwx3GGYPYPMDvJxrEepnV3qH33o="></latexit> nX

i=1

@L

@F (xi)
.f(xi) < 0
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Step-by-step optimization :
<latexit sha1_base64="dDXEvQPOYWct8HCJSZlNh98Icic="></latexit>

Suppose L(F ) =
1

2

�
F � y

�2
, then

@L

@F
= F � y

Then argmin
f2H

h @L
@F

, fi , argmax
f2H

h� @L

@F
, fi

Find candidate f that best 
aligns to – gradient, which 

always points to the solution y.
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Gradient boosting
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Step-by-step optimization :
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<latexit sha1_base64="LF9CQHPl7ff8/9Sq/b4NCFFAaBo="></latexit>

Input: L,↵, {(xi, yi)},A (predictor)

F0 = 0

For t = 0 : T

gi =
@L(Ft(xi), yi)

@F (xi)
(gradient)

ft+1 = argmin
f2H

nX

i=1

gi.f(xi), with f = A({(xi, yi)})

if
nX

i=1

gi.ft+1(xi) < 0 then

Ft+1 = Ft + ↵ft+1

else

return Ft

Gradient boosting (AnyBoost)
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Pseudo-code
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Summary

Xavier Bresson 67

Boosting is a powerful technique to turn weak learners into a strong learner.

Class of boosting algorithms 

Gradient boosting 

Classification and regression tasks 

Weak learners are regression trees of depth e.g. 4

Adaptative boosting (AdaBoost)

Specific case of binary classification (cannot be applied directly to multi-class, regression)

Specific case of exponential loss, i.e. 

Step size α can be computed optimally (closed-form solution)

Training error decreases exponentially, O(log n) convergence (can be proved)

A hybrid algorithm that combines advantages of bagging and boosting can be designed :

Stochastic gradient boosting : sub-sample with replacement + low-depth trees

<latexit sha1_base64="E7zHR0k3ty4XcO6i2+uYwhOu1Sc=">AAACDHicbVDLSgMxFM34rOOr6tJNsAjtwmGmFHVTKAjFhYsK9gF9DJk004ZmMkOSEcswH+DGX3HjQhG3foA7/8b0sdDWA4HDOedyc48XMSqVbX8bK6tr6xubmS1ze2d3bz97cNiQYSwwqeOQhaLlIUkY5aSuqGKkFQmCAo+Rpje6mvjNeyIkDfmdGkekG6ABpz7FSGnJzeZu8tVCuSPjwE1o2Ul7HJJecjZ2qVXNP7i0kJqmTtmWPQVcJs6c5MAcNTf71emHOA4IV5ghKduOHalugoSimJHU7MSSRAiP0IC0NeUoILKbTI9J4alW+tAPhX5cwan6eyJBgZTjwNPJAKmhXPQm4n9eO1b+ZTehPIoV4Xi2yI8ZVCGcNAP7VBCs2FgThAXVf4V4iATCSvc3KcFZPHmZNIqWc26Vbku5SnFeRwYcgxOQBw64ABVwDWqgDjB4BM/gFbwZT8aL8W58zKIrxnzmCPyB8fkDSNSZLw==</latexit>

L(F ) =
nX

i=1

e�yi.F (xi)
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Conclusion
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kNN is a simple and expressive learning technique but time and memory consuming.  

k-d tree speeds up kNN by discarding far away data points.

Decision tree improves the memory complexity (no loading of data points required) and speeds 
up inference with tree structure.

Bagging is an ensemble method that combines a large number of weak learners with high 
variance to generate a strong learner with low variance. 

Boosting is an ensemble method that combines a large number of weak learners with high bias 
to generate a strong learner with low bias. 

Bagging/boosting are universal, i.e. agnostic of the algorithm used.

Use these ensemble techniques to boost your algorithm accuracy by a few percentage,         
e.g. to win Kaggle competitions J.
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Material used for preparation
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Prof Kilian Weinberger, CS4780 Cornell, Machine Learning, 2018

https://www.cs.cornell.edu/courses/cs4780/2018fa 

Prof Min-Yen Kan, CS3244 NUS, Machine Learning, 2022

https://knmnyn.github.io/cs3244-2210 

https://www.cs.cornell.edu/courses/cs4780/2018fa
https://knmnyn.github.io/cs3244-2210
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