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Introduction
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Generative models can be broadly categorized based on the type of data they generate --  
discrete or continuous.

For discrete data (e.g. a sequence of words, where each word belongs to a finite dictionary of 
tokens), the most common models are auto-regressive models. These include Recurrent Neural 
Networks (RNNs) and Transformer-based Language Models (LMs).

For continuous data (e.g. an image represented as a grid of pixels with continuous values in a 
RGB color space [0,255]3), the primary generative models include:

Variational Autoencoders (VAEs): Stable and robust during training, but often produce less 
accurate results.

Generative Adversarial Networks (GANs): Capable of generating highly realistic outputs, but 
difficult to train.

Diffusion Models (DMs): Combine robustness in training with high-quality outputs. DMs have 
become the state-of-the-art for image generation in computer vision.
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Lecture approach
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In this lecture, we focus on Diffusion Models.

Our main goal is to derive the governing equations of diffusion models from fundamental 
statistical principles -- using only basic probabilistic tools such as Bayes’ theorem, the 
expectation of function of random variables, etc.

The lecture is self-contained. 

While the full derivation is lengthy, each step is sound and requires no additional computations 
beyond what is presented.
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Datasets 
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We will use the following datasets :

An artificial dataset of mixtures of two identical Gaussian distributions with random shifts. 
The data dimensionality is dx = N (all sequences have N continuous variables).

The MNIST image dataset with dimensionality dx = Nx × Ny × 3 (Nx pixel width, Ny pixel 
height, and each pixel has 3 color values).

<latexit sha1_base64="7z2ZSjP1IHedb1kLfJNxzmlimVE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AELpo2f</latexit>x1
<latexit sha1_base64="2iWBZqiRUX7MOEe6vww0rdIbovk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpl262YTdiVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VO/2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadog3BW355lbSqFa9Wqd1dluu1PI4CnMIZXIAHV1CHW2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AENKo2g</latexit>x2

<latexit sha1_base64="pcXA/rRtElfDFctw+PQaDmPy4Qg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9SX/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9Wrd1dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBoGo3c</latexit>xn

<latexit sha1_base64="uroeGBDjuliecNgIYVgW0Co8vAI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTKUw6HlfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74STm7nfeeTaiEQ94DTlQUxHSkSCUbTSveu6g2rNc70FyF/iF6QGBZqD6md/mLAs5gqZpMb0fC/FIKcaBZN8VulnhqeUTeiI9yxVNOYmyBenzsiZVYYkSrQthWSh/pzIaWzMNA5tZ0xxbFa9ufif18swug5yodIMuWLLRVEmCSZk/jcZCs0ZyqkllGlhbyVsTDVlaNOp2BD81Zf/kvaF69fd+t1lrVEv4ijDCZzCOfhwBQ24hSa0gMEInuAFXh3pPDtvzvuyteQUM8fwC87HN0vajSE=</latexit>...

<latexit sha1_base64="uroeGBDjuliecNgIYVgW0Co8vAI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTKUw6HlfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74STm7nfeeTaiEQ94DTlQUxHSkSCUbTSveu6g2rNc70FyF/iF6QGBZqD6md/mLAs5gqZpMb0fC/FIKcaBZN8VulnhqeUTeiI9yxVNOYmyBenzsiZVYYkSrQthWSh/pzIaWzMNA5tZ0xxbFa9ufif18swug5yodIMuWLLRVEmCSZk/jcZCs0ZyqkllGlhbyVsTDVlaNOp2BD81Zf/kvaF69fd+t1lrVEv4ijDCZzCOfhwBQ24hSa0gMEInuAFXh3pPDtvzvuyteQUM8fwC87HN0vajSE=</latexit>...

<latexit sha1_base64="7z2ZSjP1IHedb1kLfJNxzmlimVE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AELpo2f</latexit>x1
<latexit sha1_base64="2iWBZqiRUX7MOEe6vww0rdIbovk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpl262YTdiVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VO/2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadog3BW355lbSqFa9Wqd1dluu1PI4CnMIZXIAHV1CHW2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AENKo2g</latexit>x2

<latexit sha1_base64="pcXA/rRtElfDFctw+PQaDmPy4Qg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9SX/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9Wrd1dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBoGo3c</latexit>xn
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Generative process
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DDPM (Ho-Jain-Abbeel 2020) : Produce new data using a sequence of denoising steps.

<latexit sha1_base64="fQn5CRYEQh02HbAsE4cL/nkhnHA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbAbJHoMePEYwTwgWcLsZDYZMvtwplcMS37CiwdFvPo73vwbZ5M9aGJBQ1HVTXeXF0uh0ba/rcLa+sbmVnG7tLO7t39QPjxq6yhRjLdYJCPV9ajmUoS8hQIl78aK08CTvONNbjK/88iVFlF4j9OYuwEdhcIXjKKRuk+DFC+cWWlQrthVew6ySpycVCBHc1D+6g8jlgQ8RCap1j3HjtFNqULBJJ+V+onmMWUTOuI9Q0MacO2m83tn5MwoQ+JHylSIZK7+nkhpoPU08ExnQHGsl71M/M/rJehfu6kI4wR5yBaL/EQSjEj2PBkKxRnKqSGUKWFuJWxMFWVoIspCcJZfXiXtWtWpV+t3l5VGLY+jCCdwCufgwBU04Baa0AIGEp7hFd6sB+vFerc+Fq0FK585hj+wPn8ASBePcA==</latexit>xt�1
<latexit sha1_base64="e1iSNMXtjYL+L0QWZAzlIn9H22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2FZoQ9lst+3azSbsTsQS+h+8eFDEq//Hm//GTZuDtj4YeLw3w8y8IJbCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNlGiGW+xSEb6PqCGS6F4CwVKfh9rTsNA8k4wuc78ziPXRkTqDqcx90M6UmIoGEUrtZ/6Kc5K/XLFrbpzkFXi5aQCOZr98ldvELEk5AqZpMZ0PTdGP6UaBZN8VuolhseUTeiIdy1VNOTGT+fXzsiZVQZkGGlbCslc/T2R0tCYaRjYzpDi2Cx7mfif101weOWnQsUJcsUWi4aJJBiR7HUyEJozlFNLKNPC3krYmGrK0AaUheAtv7xK2rWqV6/Wby8qjVoeRxFO4BTOwYNLaMANNKEFDB7gGV7hzYmcF+fd+Vi0Fpx85hj+wPn8AWs9jv4=</latexit>xt

<latexit sha1_base64="/HYHGQR6p8R0q/T+MdmmRK+kv20=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgCGE3SPQY8OIxgnlAsoTZyWwyZPbhTK8YlvyEFw+KePV3vPk3ziZ70MSChqKqm+4uL5ZCo21/W4W19Y3NreJ2aWd3b/+gfHjU1lGiGG+xSEaq61HNpQh5CwVK3o0Vp4Eneceb3GR+55ErLaLwHqcxdwM6CoUvGEUjdZ8GKV44s9KgXLGr9hxklTg5qUCO5qD81R9GLAl4iExSrXuOHaObUoWCST4r9RPNY8omdMR7hoY04NpN5/fOyJlRhsSPlKkQyVz9PZHSQOtp4JnOgOJYL3uZ+J/XS9C/dlMRxgnykC0W+YkkGJHseTIUijOUU0MoU8LcStiYKsrQRJSF4Cy/vEratapTr9bvLiuNWh5HEU7gFM7BgStowC00oQUMJDzDK7xZD9aL9W59LFoLVj5zDH9gff4ARQmPbg==</latexit>xt+1
<latexit sha1_base64="iTiMsU2Pw0mf7oki6Iui9qWc9Hk=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4sewWqR4LXjxW6Be0S8mm2TY0ya5JVixL/4QXD4p49e9489+YbfegrQ8GHu/NMDMviDnTxnW/nbX1jc2t7cJOcXdv/+CwdHTc1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeY3GZ+55EqzSLZNNOY+gKPJAsZwcZK3adB2rz0ZsVBqexW3DnQKvFyUoYcjUHpqz+MSCKoNIRjrXueGxs/xcowwums2E80jTGZ4BHtWSqxoNpP5/fO0LlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhPe+CmTcWKoJItFYcKRiVD2PBoyRYnhU0swUczeisgYK0yMjSgLwVt+eZW0qxWvVqndX5Xr1TyOApzCGVyAB9dQhztoQAsIcHiGV3hzHpwX5935WLSuOfnMCfyB8/kDFxePUA==</latexit>xT�1

<latexit sha1_base64="zIK75BR+pBOWbZtumyyj7x0niR0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvHis0C9ol5JNs21sNlmSrFiW/gcvHhTx6v/x5r8x2+5BWx8MPN6bYWZeEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nffaRKMylaZhZTP8JjwUJGsLFS52mYtualYbniVt0F0DrxclKBHM1h+WswkiSJqDCEY637nhsbP8XKMMLpvDRINI0xmeIx7VsqcES1ny6unaMLq4xQKJUtYdBC/T2R4kjrWRTYzgibiV71MvE/r5+Y8MZPmYgTQwVZLgoTjoxE2etoxBQlhs8swUQxeysiE6wwMTagLARv9eV10qlVvXq1fn9VadTyOIpwBudwCR5cQwPuoAltIPAAz/AKb450Xpx352PZWnDymVP4A+fzBzp9jt4=</latexit>xT
<latexit sha1_base64="eTFaZDm7DrmKCEvNNwlwmPOPfZs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2A9oQ9lsp+3S3U3Y3Ygl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBLcWNf9dgobm1vbO8Xd0t7+weFR+fikbcJYM2yxUIS6G1CDgitsWW4FdiONVAYCO8H0NvM7j6gND9WDnUXoSzpWfMQZtZn0NHBLg3LFrboLkHXi5aQCOZqD8ld/GLJYorJMUGN6nhtZP6HaciZwXurHBiPKpnSMvZQqKtH4yeLWOblIlSEZhTotZclC/T2RUGnMTAZpp6R2Yla9TPzP68V2dOMnXEWxRcWWi0axIDYk2eNkyDUyK2YpoUzz9FbCJlRTZtN4shC81ZfXSbtW9erV+v1VpVHL4yjCGZzDJXhwDQ24gya0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDz4Fja4=</latexit>x0

<latexit sha1_base64="h5Cc43CpaEiSZfCj1Sex6Mcs3A8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2A9oQ9lsp+3S3U3Y3Ygl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBLcWNf9dgobm1vbO8Xd0t7+weFR+fikbcJYM2yxUIS6G1CDgitsWW4FdiONVAYCO8H0NvM7j6gND9WDnUXoSzpWfMQZtZn0NPBKg3LFrboLkHXi5aQCOZqD8ld/GLJYorJMUGN6nhtZP6HaciZwXurHBiPKpnSMvZQqKtH4yeLWOblIlSEZhTotZclC/T2RUGnMTAZpp6R2Yla9TPzP68V2dOMnXEWxRcWWi0axIDYk2eNkyDUyK2YpoUzz9FbCJlRTZtN4shC81ZfXSbtW9erV+v1VpVHL4yjCGZzDJXhwDQ24gya0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDz+Kja8=</latexit>x1 • • •• • •

<latexit sha1_base64="QNgrpphqOekLdfyflxFte2njtGE=">AAACFHicbVBNS8NAEN3Urxq/qh69LBahopSkSPVY8KIXqdAvaELZbLft0t0k7E6kJfRHePGvePGgiFcP3vw3Jm0P2vpg4PHeDDPzvFBwDZb1bWRWVtfWN7Kb5tb2zu5ebv+goYNIUVangQhUyyOaCe6zOnAQrBUqRqQnWNMbXqd+84EpzQO/BuOQuZL0fd7jlEAidXJno04NO5pLRxIYUCLiu4nj8X7BOneAjUDJ+HYqnJpmJ5e3itYUeJnYc5JHc1Q7uS+nG9BIMh+oIFq3bSsENyYKOBVsYjqRZiGhQ9Jn7YT6RDLtxtOnJvgkUbq4F6ikfMBT9fdETKTWY+klnenpetFLxf+8dgS9KzfmfhgB8+lsUS8SGAKcJoS7XDEKYpwQQhVPbsV0QBShkOSYhmAvvrxMGqWiXS6W7y/yldI8jiw6QseogGx0iSroBlVRHVH0iJ7RK3oznowX4934mLVmjPnMIfoD4/MHooCd3g==</latexit>

xT ⇠ N
�
0, I

�<latexit sha1_base64="z0Z8ODTlOot1scvB1pOQOMaacG4=">AAAB+XicbVDLSsNAFJ3UV42vqEs3g0Wom5IUqS4LblxWsA9oQ5hMJ+3QmUmYmZSW0D9x40IRt/6JO//GSZuFth64cDjnXu69J0wYVdp1v63S1vbO7l553z44PDo+cU7POipOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemGk/vc706JVDQWT3qeEJ+jkaARxUgbKXCcWeDCgaIcJtXZNbTtwKm4NXcJuEm8glRAgVbgfA2GMU45ERozpFTfcxPtZ0hqihlZ2INUkQThCRqRvqECcaL8bHn5Al4ZZQijWJoSGi7V3xMZ4krNeWg6OdJjte7l4n9eP9XRnZ9RkaSaCLxaFKUM6hjmMcAhlQRrNjcEYUnNrRCPkURYm7DyELz1lzdJp17zGrXG402lWS/iKIMLcAmqwAO3oAkeQAu0AQZT8AxewZuVWS/Wu/Wxai1Zxcw5+APr8wePKpGf</latexit>

x0 ⇠ p(x)

Probability of 
training/real data (what 

we want to estimate)

xT is sampled from a 
prior (unconditional) 

probability. xt-1 is produced with a linear combination of the 
current denoised data xt, an estimation of the 

noise nt and a pure random noise z.

Starting from pure noise x = xT, gradually remove noise to 
generate intermediate states xT-1, xT-2,… until reaching a clean 
data x = x0, which belongs to the training distribution p(x). 

Backward process

<latexit sha1_base64="Z6YCSl2QQSJCnUokfnpoxtG+NVc="></latexit>

xt�1 ⇠ p(xt�1|xt) = N (µdenoise(xt, nt),�
2
denoise(t)I)

xt�1 = axt xt � bnt nt + �2
denoise(t)z, z ⇠ N

�
0, I

�

Denoising Diffusion Probabilistic Models
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Forward process
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<latexit sha1_base64="fQn5CRYEQh02HbAsE4cL/nkhnHA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbAbJHoMePEYwTwgWcLsZDYZMvtwplcMS37CiwdFvPo73vwbZ5M9aGJBQ1HVTXeXF0uh0ba/rcLa+sbmVnG7tLO7t39QPjxq6yhRjLdYJCPV9ajmUoS8hQIl78aK08CTvONNbjK/88iVFlF4j9OYuwEdhcIXjKKRuk+DFC+cWWlQrthVew6ySpycVCBHc1D+6g8jlgQ8RCap1j3HjtFNqULBJJ+V+onmMWUTOuI9Q0MacO2m83tn5MwoQ+JHylSIZK7+nkhpoPU08ExnQHGsl71M/M/rJehfu6kI4wR5yBaL/EQSjEj2PBkKxRnKqSGUKWFuJWxMFWVoIspCcJZfXiXtWtWpV+t3l5VGLY+jCCdwCufgwBU04Baa0AIGEp7hFd6sB+vFerc+Fq0FK585hj+wPn8ASBePcA==</latexit>xt�1
<latexit sha1_base64="e1iSNMXtjYL+L0QWZAzlIn9H22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2FZoQ9lst+3azSbsTsQS+h+8eFDEq//Hm//GTZuDtj4YeLw3w8y8IJbCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNlGiGW+xSEb6PqCGS6F4CwVKfh9rTsNA8k4wuc78ziPXRkTqDqcx90M6UmIoGEUrtZ/6Kc5K/XLFrbpzkFXi5aQCOZr98ldvELEk5AqZpMZ0PTdGP6UaBZN8VuolhseUTeiIdy1VNOTGT+fXzsiZVQZkGGlbCslc/T2R0tCYaRjYzpDi2Cx7mfif101weOWnQsUJcsUWi4aJJBiR7HUyEJozlFNLKNPC3krYmGrK0AaUheAtv7xK2rWqV6/Wby8qjVoeRxFO4BTOwYNLaMANNKEFDB7gGV7hzYmcF+fd+Vi0Fpx85hj+wPn8AWs9jv4=</latexit>xt

<latexit sha1_base64="/HYHGQR6p8R0q/T+MdmmRK+kv20=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgCGE3SPQY8OIxgnlAsoTZyWwyZPbhTK8YlvyEFw+KePV3vPk3ziZ70MSChqKqm+4uL5ZCo21/W4W19Y3NreJ2aWd3b/+gfHjU1lGiGG+xSEaq61HNpQh5CwVK3o0Vp4Eneceb3GR+55ErLaLwHqcxdwM6CoUvGEUjdZ8GKV44s9KgXLGr9hxklTg5qUCO5qD81R9GLAl4iExSrXuOHaObUoWCST4r9RPNY8omdMR7hoY04NpN5/fOyJlRhsSPlKkQyVz9PZHSQOtp4JnOgOJYL3uZ+J/XS9C/dlMRxgnykC0W+YkkGJHseTIUijOUU0MoU8LcStiYKsrQRJSF4Cy/vEratapTr9bvLiuNWh5HEU7gFM7BgStowC00oQUMJDzDK7xZD9aL9W59LFoLVj5zDH9gff4ARQmPbg==</latexit>xt+1
<latexit sha1_base64="iTiMsU2Pw0mf7oki6Iui9qWc9Hk=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4sewWqR4LXjxW6Be0S8mm2TY0ya5JVixL/4QXD4p49e9489+YbfegrQ8GHu/NMDMviDnTxnW/nbX1jc2t7cJOcXdv/+CwdHTc1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeY3GZ+55EqzSLZNNOY+gKPJAsZwcZK3adB2rz0ZsVBqexW3DnQKvFyUoYcjUHpqz+MSCKoNIRjrXueGxs/xcowwums2E80jTGZ4BHtWSqxoNpP5/fO0LlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhPe+CmTcWKoJItFYcKRiVD2PBoyRYnhU0swUczeisgYK0yMjSgLwVt+eZW0qxWvVqndX5Xr1TyOApzCGVyAB9dQhztoQAsIcHiGV3hzHpwX5935WLSuOfnMCfyB8/kDFxePUA==</latexit>xT�1

<latexit sha1_base64="zIK75BR+pBOWbZtumyyj7x0niR0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvHis0C9ol5JNs21sNlmSrFiW/gcvHhTx6v/x5r8x2+5BWx8MPN6bYWZeEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nffaRKMylaZhZTP8JjwUJGsLFS52mYtualYbniVt0F0DrxclKBHM1h+WswkiSJqDCEY637nhsbP8XKMMLpvDRINI0xmeIx7VsqcES1ny6unaMLq4xQKJUtYdBC/T2R4kjrWRTYzgibiV71MvE/r5+Y8MZPmYgTQwVZLgoTjoxE2etoxBQlhs8swUQxeysiE6wwMTagLARv9eV10qlVvXq1fn9VadTyOIpwBudwCR5cQwPuoAltIPAAz/AKb450Xpx352PZWnDymVP4A+fzBzp9jt4=</latexit>xT
<latexit sha1_base64="eTFaZDm7DrmKCEvNNwlwmPOPfZs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2A9oQ9lsp+3S3U3Y3Ygl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBLcWNf9dgobm1vbO8Xd0t7+weFR+fikbcJYM2yxUIS6G1CDgitsWW4FdiONVAYCO8H0NvM7j6gND9WDnUXoSzpWfMQZtZn0NHBLg3LFrboLkHXi5aQCOZqD8ld/GLJYorJMUGN6nhtZP6HaciZwXurHBiPKpnSMvZQqKtH4yeLWOblIlSEZhTotZclC/T2RUGnMTAZpp6R2Yla9TPzP68V2dOMnXEWxRcWWi0axIDYk2eNkyDUyK2YpoUzz9FbCJlRTZtN4shC81ZfXSbtW9erV+v1VpVHL4yjCGZzDJXhwDQ24gya0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDz4Fja4=</latexit>x0

<latexit sha1_base64="h5Cc43CpaEiSZfCj1Sex6Mcs3A8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2A9oQ9lsp+3S3U3Y3Ygl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBLcWNf9dgobm1vbO8Xd0t7+weFR+fikbcJYM2yxUIS6G1CDgitsWW4FdiONVAYCO8H0NvM7j6gND9WDnUXoSzpWfMQZtZn0NPBKg3LFrboLkHXi5aQCOZqD8ld/GLJYorJMUGN6nhtZP6HaciZwXurHBiPKpnSMvZQqKtH4yeLWOblIlSEZhTotZclC/T2RUGnMTAZpp6R2Yla9TPzP68V2dOMnXEWxRcWWi0axIDYk2eNkyDUyK2YpoUzz9FbCJlRTZtN4shC81ZfXSbtW9erV+v1VpVHL4yjCGZzDJXhwDQ24gya0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDz+Kja8=</latexit>x1 • • •• • •

Starting with clean data x = x0 from the training set, add noise to 
generate intermediate states x1, x2,… until reaching a high noise level 

x = xT, where the original structure is no longer recognizable.
Forward process

<latexit sha1_base64="z0Z8ODTlOot1scvB1pOQOMaacG4=">AAAB+XicbVDLSsNAFJ3UV42vqEs3g0Wom5IUqS4LblxWsA9oQ5hMJ+3QmUmYmZSW0D9x40IRt/6JO//GSZuFth64cDjnXu69J0wYVdp1v63S1vbO7l553z44PDo+cU7POipOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemGk/vc706JVDQWT3qeEJ+jkaARxUgbKXCcWeDCgaIcJtXZNbTtwKm4NXcJuEm8glRAgVbgfA2GMU45ERozpFTfcxPtZ0hqihlZ2INUkQThCRqRvqECcaL8bHn5Al4ZZQijWJoSGi7V3xMZ4krNeWg6OdJjte7l4n9eP9XRnZ9RkaSaCLxaFKUM6hjmMcAhlQRrNjcEYUnNrRCPkURYm7DyELz1lzdJp17zGrXG402lWS/iKIMLcAmqwAO3oAkeQAu0AQZT8AxewZuVWS/Wu/Wxai1Zxcw5+APr8wePKpGf</latexit>

x0 ⇠ p(x)

Probability of 
training/real data

<latexit sha1_base64="QNgrpphqOekLdfyflxFte2njtGE=">AAACFHicbVBNS8NAEN3Urxq/qh69LBahopSkSPVY8KIXqdAvaELZbLft0t0k7E6kJfRHePGvePGgiFcP3vw3Jm0P2vpg4PHeDDPzvFBwDZb1bWRWVtfWN7Kb5tb2zu5ebv+goYNIUVangQhUyyOaCe6zOnAQrBUqRqQnWNMbXqd+84EpzQO/BuOQuZL0fd7jlEAidXJno04NO5pLRxIYUCLiu4nj8X7BOneAjUDJ+HYqnJpmJ5e3itYUeJnYc5JHc1Q7uS+nG9BIMh+oIFq3bSsENyYKOBVsYjqRZiGhQ9Jn7YT6RDLtxtOnJvgkUbq4F6ikfMBT9fdETKTWY+klnenpetFLxf+8dgS9KzfmfhgB8+lsUS8SGAKcJoS7XDEKYpwQQhVPbsV0QBShkOSYhmAvvrxMGqWiXS6W7y/yldI8jiw6QseogGx0iSroBlVRHVH0iJ7RK3oznowX4934mLVmjPnMIfoD4/MHooCd3g==</latexit>

xT ⇠ N
�
0, I

�

xT samples from a 
prior probability

xt is computed with a linear 
combination of the current noisy data 

xt-1 and a pure random noise z.

<latexit sha1_base64="NEMR7VpUFyy1+c9Qw/eMSZ4JE54="></latexit>

xt ⇠ p(xt|xt�1) = N
�
µnoise(xt�1),�

2
noise(t)I

�

xt = cxt xt�1 + �2
noise(t)z, z ⇠ N

�
0, I

�

The denoising steps are learned from the forward pass, which consists in adding noise to the 
original data : 
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Outline

Xavier Bresson 10

Introduction

Vanilla diffusion models (DDPM)

Lower bound on data distribution

Noising process

Denoising process

Learning to denoise

Conclusion 
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Data distribution

Xavier Bresson 11

The goal is to estimate the prior data distribution p(x) from the sequence of noisy steps 
(forward process) and denoised steps (backward process).

We start by expressing the data distribution w.r.t. the intermediate states x1, x2,… : 

 <latexit sha1_base64="hwPpXpPzl2se/8dr8sWnEoXRuEs="></latexit>

log p(x) = log p(x0), with x = xt=0

= log

Z
p(x0, x1, ..., xT )dx1dx2...dxT , marginal integration

= log

Z
p(x0:T )dx1:T , with the sequence notation x0:T = x0, x1, ..., xT

= log

Z
dx1:T p(x0:T )

p(x1:T |x0)

p(x1:T |x0)
, where p(x1:T |x0) is the conditional

probability of having the sequence x1:T starting from the original data x0.
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<latexit sha1_base64="1QXhj5PpFLJmxfG1Hq/i0LV5rI4="></latexit>

log p(x) = logEx1:T⇠p(x1:T |x0)

h p(x0:T )

p(x1:T |x0)

i
, def of expectation:

Z

x
p(x)f(x)dx = Ex⇠p(x)[f(x)]

� Ex1:T⇠p(x1:T |x0)

h
log

p(x0:T )

p(x1:T |x0)

i
, Jensen’s inequality: '(E[f(x)]) � E['(f(x))], ' concave

with chain rule, we have

p(x0:T ) = p(xT ) p(x0|x1) ⇧
T
t=2 p(xt�1|xt), given the backward chain process

p(x1:T |x0) = p(x1|x0) ⇧
T
t=2 p(xt|xt�1, x0), given the forward chain process

� Ex1:T⇠p(x1:T |x0)

h
log

p(xT )p(x0|x1)

p(x1|x0)

i
+ Ex1:T⇠p(x1:T |x0)

h
log⇧T

t=2
p(xt�1|xt)

p(xt|xt�1, x0)

i

Data distribution

Xavier Bresson 12

Then, we decompose the data distribution in terms of forward and backward probabilities : 

<latexit sha1_base64="fQn5CRYEQh02HbAsE4cL/nkhnHA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbAbJHoMePEYwTwgWcLsZDYZMvtwplcMS37CiwdFvPo73vwbZ5M9aGJBQ1HVTXeXF0uh0ba/rcLa+sbmVnG7tLO7t39QPjxq6yhRjLdYJCPV9ajmUoS8hQIl78aK08CTvONNbjK/88iVFlF4j9OYuwEdhcIXjKKRuk+DFC+cWWlQrthVew6ySpycVCBHc1D+6g8jlgQ8RCap1j3HjtFNqULBJJ+V+onmMWUTOuI9Q0MacO2m83tn5MwoQ+JHylSIZK7+nkhpoPU08ExnQHGsl71M/M/rJehfu6kI4wR5yBaL/EQSjEj2PBkKxRnKqSGUKWFuJWxMFWVoIspCcJZfXiXtWtWpV+t3l5VGLY+jCCdwCufgwBU04Baa0AIGEp7hFd6sB+vFerc+Fq0FK585hj+wPn8ASBePcA==</latexit>xt�1
<latexit sha1_base64="e1iSNMXtjYL+L0QWZAzlIn9H22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2FZoQ9lst+3azSbsTsQS+h+8eFDEq//Hm//GTZuDtj4YeLw3w8y8IJbCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNlGiGW+xSEb6PqCGS6F4CwVKfh9rTsNA8k4wuc78ziPXRkTqDqcx90M6UmIoGEUrtZ/6Kc5K/XLFrbpzkFXi5aQCOZr98ldvELEk5AqZpMZ0PTdGP6UaBZN8VuolhseUTeiIdy1VNOTGT+fXzsiZVQZkGGlbCslc/T2R0tCYaRjYzpDi2Cx7mfif101weOWnQsUJcsUWi4aJJBiR7HUyEJozlFNLKNPC3krYmGrK0AaUheAtv7xK2rWqV6/Wby8qjVoeRxFO4BTOwYNLaMANNKEFDB7gGV7hzYmcF+fd+Vi0Fpx85hj+wPn8AWs9jv4=</latexit>xt

<latexit sha1_base64="/HYHGQR6p8R0q/T+MdmmRK+kv20=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgCGE3SPQY8OIxgnlAsoTZyWwyZPbhTK8YlvyEFw+KePV3vPk3ziZ70MSChqKqm+4uL5ZCo21/W4W19Y3NreJ2aWd3b/+gfHjU1lGiGG+xSEaq61HNpQh5CwVK3o0Vp4Eneceb3GR+55ErLaLwHqcxdwM6CoUvGEUjdZ8GKV44s9KgXLGr9hxklTg5qUCO5qD81R9GLAl4iExSrXuOHaObUoWCST4r9RPNY8omdMR7hoY04NpN5/fOyJlRhsSPlKkQyVz9PZHSQOtp4JnOgOJYL3uZ+J/XS9C/dlMRxgnykC0W+YkkGJHseTIUijOUU0MoU8LcStiYKsrQRJSF4Cy/vEratapTr9bvLiuNWh5HEU7gFM7BgStowC00oQUMJDzDK7xZD9aL9W59LFoLVj5zDH9gff4ARQmPbg==</latexit>xt+1
<latexit sha1_base64="iTiMsU2Pw0mf7oki6Iui9qWc9Hk=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4sewWqR4LXjxW6Be0S8mm2TY0ya5JVixL/4QXD4p49e9489+YbfegrQ8GHu/NMDMviDnTxnW/nbX1jc2t7cJOcXdv/+CwdHTc1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeY3GZ+55EqzSLZNNOY+gKPJAsZwcZK3adB2rz0ZsVBqexW3DnQKvFyUoYcjUHpqz+MSCKoNIRjrXueGxs/xcowwums2E80jTGZ4BHtWSqxoNpP5/fO0LlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhPe+CmTcWKoJItFYcKRiVD2PBoyRYnhU0swUczeisgYK0yMjSgLwVt+eZW0qxWvVqndX5Xr1TyOApzCGVyAB9dQhztoQAsIcHiGV3hzHpwX5935WLSuOfnMCfyB8/kDFxePUA==</latexit>xT�1

<latexit sha1_base64="zIK75BR+pBOWbZtumyyj7x0niR0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvHis0C9ol5JNs21sNlmSrFiW/gcvHhTx6v/x5r8x2+5BWx8MPN6bYWZeEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nffaRKMylaZhZTP8JjwUJGsLFS52mYtualYbniVt0F0DrxclKBHM1h+WswkiSJqDCEY637nhsbP8XKMMLpvDRINI0xmeIx7VsqcES1ny6unaMLq4xQKJUtYdBC/T2R4kjrWRTYzgibiV71MvE/r5+Y8MZPmYgTQwVZLgoTjoxE2etoxBQlhs8swUQxeysiE6wwMTagLARv9eV10qlVvXq1fn9VadTyOIpwBudwCR5cQwPuoAltIPAAz/AKb450Xpx352PZWnDymVP4A+fzBzp9jt4=</latexit>xT
<latexit sha1_base64="eTFaZDm7DrmKCEvNNwlwmPOPfZs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2A9oQ9lsp+3S3U3Y3Ygl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBLcWNf9dgobm1vbO8Xd0t7+weFR+fikbcJYM2yxUIS6G1CDgitsWW4FdiONVAYCO8H0NvM7j6gND9WDnUXoSzpWfMQZtZn0NHBLg3LFrboLkHXi5aQCOZqD8ld/GLJYorJMUGN6nhtZP6HaciZwXurHBiPKpnSMvZQqKtH4yeLWOblIlSEZhTotZclC/T2RUGnMTAZpp6R2Yla9TPzP68V2dOMnXEWxRcWWi0axIDYk2eNkyDUyK2YpoUzz9FbCJlRTZtN4shC81ZfXSbtW9erV+v1VpVHL4yjCGZzDJXhwDQ24gya0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDz4Fja4=</latexit>x0

<latexit sha1_base64="h5Cc43CpaEiSZfCj1Sex6Mcs3A8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2A9oQ9lsp+3S3U3Y3Ygl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBLcWNf9dgobm1vbO8Xd0t7+weFR+fikbcJYM2yxUIS6G1CDgitsWW4FdiONVAYCO8H0NvM7j6gND9WDnUXoSzpWfMQZtZn0NPBKg3LFrboLkHXi5aQCOZqD8ld/GLJYorJMUGN6nhtZP6HaciZwXurHBiPKpnSMvZQqKtH4yeLWOblIlSEZhTotZclC/T2RUGnMTAZpp6R2Yla9TPzP68V2dOMnXEWxRcWWi0axIDYk2eNkyDUyK2YpoUzz9FbCJlRTZtN4shC81ZfXSbtW9erV+v1VpVHL4yjCGZzDJXhwDQ24gya0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDz+Kja8=</latexit>x1 • • •• • •
<latexit sha1_base64="r2RXNEm2jIK6Mkvk9fsu2rHNLtU="></latexit>

p(xt�1|xt) Backward process (denoising step)

(First term) (Second term) 

<latexit sha1_base64="ZG7VgzqfqNkFLlLPzLZTUuTIdQ4="></latexit>

p(xt+1|xt) Forward process (noising step)
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<latexit sha1_base64="cD+0bWdqEQ0+Im5awoFxhsGrmX0="></latexit>

E
h
log⇧

T
t=2

p(xt�1|xt)

p(xt|xt�1, x0)

i
= E

h
log⇧

T
t=2

p(xt�1|xt)

p(xt�1|xt,x0) p(xt|x0)
p(xt�1|x0)

i
, Bayes theorem: p(a|b)p(b) = p(b|a)p(a)

Here: p(a|b, x0)p(b|x0) = p(b|a, x0)p(a|x0)

= E
h
log

⇣
⇧

T
t=2

p(xt�1|xt)

p(xt�1|xt, x0)
⇧

T
t=2

p(xt�1|x0)

p(xt|x0)

⌘i

= E
h
log

⇣
⇧

T
t=2

p(xt�1|xt)

p(xt�1|xt, x0)

p(x1|x0)

p(xT |x0)

⌘i
, terms cancel by recursion

= E
h
log⇧

T
t=2

p(xt�1|xt)

p(xt�1|xt, x0)

i
+ E

h
log

p(x1|x0)

p(xT |x0)

i
, as log(ab) = log a+ log b

Lower bound

Xavier Bresson 13

Let us develop the second term of the lower bound :

A key objective is to reformulate 
the denoising process p(xt-1|xt,x0) to 
be independent of the clean data x0 
with p(xt-1|xt) in order to generate 

new data where x0 is unknown.
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Lower bound

Xavier Bresson 14

Putting together the first term and second term of the lower bound :
<latexit sha1_base64="615P2Zn4s5gsvtHHV3ny30eFzVg="></latexit>

log p(x) � Ex1:T⇠p(x1:T |x0)

h
log

p(xT )p(x0|x1)

p(x1|x0)

i
+ Ex1:T⇠p(x1:T |x0)

h
log⇧T

t=2
p(xt�1|xt)

p(xt|xt�1, x0)

i

� Ex1:T⇠p(x1:T |x0)

h
log

p(xT )p(x0|x1)

p(x1|x0)

i
+ Ex1:T⇠p(x1:T |x0)

h
log⇧T

t=2
p(xt�1|xt)

p(xt�1|xt, x0)

i

+ Ex1:T⇠p(x1:T |x0)

h
log

p(x1|x0)

p(xT |x0)

i

� Ex1:T⇠p(x1:T |x0)

h
log

p(xT )p(x0|x1)

p(x1|x0)

p(x1|x0)

p(xT |x0)

i
+ Ex1:T⇠p(x1:T |x0)

h
log⇧T

t=2
p(xt�1|xt)

p(xt�1|xt, x0)

i

� Ex1:T⇠p(x1:T |x0)

h
log

p(xT )p(x0|x1)

p(xT |x0)

i
+ Ex1:T⇠p(x1:T |x0)

h
log⇧T

t=2
p(xt�1|xt)

p(xt�1|xt, x0)

i

� Ex1:T⇠p(x1:T |x0)

h
log p(x0|x1)

i
+ Ex1:T⇠p(x1:T |x0)

h
log

p(xT )

p(xT |x0)

i

+ Ex1:T⇠p(x1:T |x0)

h
log⇧T

t=2
p(xt�1|xt)

p(xt�1|xt, x0)

i(Term 1) (Term 2) 

(Term 3) 

(First term) (Second term) 

(previous slide) 
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<latexit sha1_base64="1BVshTE8B5Pflz3Iw2B6Y7qdtp0="></latexit>

Ex1:T⇠p(x1:T |x0)

h
log p(x0|x1)

i

= Ex1⇠p(x1|x0)

h
log p(x0|x1)

i
, function is independent of x2:T

Ex1:T⇠p(x1:T |x0)

h
log

p(xT )

p(xT |x0)

i

= ExT⇠p(xT |x0)

h
log

p(xT )

p(xT |x0)

i
, function is independent of x1:T�1

= �DKL

�
p(xT |x0), p(xT )

�
, definition of Kullback-Leibler divergence

DKL(p1, p2) = �
Z

x
p1(x) log

p2(x)

p1(x)
dx = �Ex⇠p1(x)

h
log

p2(x)

p1(x)

i

Lower bound

Xavier Bresson 15

Focusing on Term 1 and Term 2 :

(Term 1)

(Term 2)
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<latexit sha1_base64="XlqAuoAPckPSwQ/ui+dIsFc/MLQ="></latexit>

Ex1:T⇠p(x1:T |x0)

h
log⇧T

t=2
p(xt�1|xt)

p(xt�1|xt, x0)

i

= Ext�1,xt⇠p(xt�1,xt|x0)

h
log⇧T

t=2
p(xt�1|xt)

p(xt�1|xt, x0)

i
, function only dependends of xt�1, xt

=
TX

t=2

Ext�1,xt⇠p(xt�1,xt|x0)

h
log

p(xt�1|xt)

p(xt�1|xt, x0)

i
, as log⇧T

t=2 =
TX

t=2

log

=
TX

t=2

Z
dxt�1dxt p(xt�1, xt|x0) log

p(xt�1|xt)

p(xt�1|xt, x0)
, def of expectation

=
TX

t=2

Z
dxt�1dxt p(xt�1|xt, x0) p(xt|x0) log

p(xt�1|xt)

p(xt�1|xt, x0)
, Bayes: p(a, b|x0) = p(a|b, x0)p(b|x0)

=,�
TX

t=2

Ext⇠p(xt|x0) DKL

�
p(xt�1|xt, x0), p(xt�1|xt)

�
definition of Kullback-Leibler and expectation

with DKL

�
p(xt�1|xt, x0), p(xt�1|xt)

�
=

Z
dxt�1p(xt�1|xt, x0) log

p(xt�1|xt)

p(xt�1|xt, x0)

and Ext⇠p(xt|x0)DKL =

Z
dxtp(xt|x0)DKL

�
p(xt�1|xt, x0), p(xt�1|xt)

�

Lower bound

Xavier Bresson 16

Expanding Term 3 :

The KL distance is computed in the next slide.
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<latexit sha1_base64="8GOlftWanwPJgEkv+ZtBPQjcSZ4="></latexit>

Given that

p(xt�1|xt, x0) = N (µdenoise1(xt, x0),�
2(t)I), backward pass (denoising process) conditioned on xt, x0

�

p(xt�1|xt) = N (µdenoise2(xt),�
2(t)I), backward pass (denoising process) conditioned on xt

then the KL distance between these two distributions is

DKL

�
p(xt�1|xt, x0), p(xt�1|xt)

�
=

1

2�2(t)

��µdenoise1(xt, x0)� µdenoise2(xt)
��2
2

since DKL(p1, p2) =
1

2

h
log

⇣�2
2

�2
1

⌘
+

�2
1

�2
2

� 1 +
kµ2 � µ1k22

�2
2

i
,

for p1 = N (µ1,�
2
1I), p2 = N (µ2,�

2
2I),

which reduces to

DKL(p1, p2) =
kµ2 � µ1k22

2�2
for two Gaussians with same covariance.

Denoising probabilities

Xavier Bresson 17

The backward distributions are defined as Gaussian distributions : 
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<latexit sha1_base64="XxjMP5R5z3dBil4t6bmXtlAFQsw="></latexit>

log p(x) � Ex1⇠p(x1|x0)

h
log p(x0|x1)

i
�DKL

�
p(xT |x0), p(xT )

�

�
TX

t=2

Ext⇠p(xt|x0)DKL

�
p(xt�1|xt, x0), p(xt�1|xt)

�

1

2�2(t)

��µdenoise1(xt, x0)� µdenoise2(xt)
��2
2

with

p(xt�1|xt, x0) = N (µdenoise1(xt, x0),�
2(t)I), backward pass (denoising process)

p(xt�1|xt) = N (µdenoise2(xt),�
2(t)I), backward pass (denoising process)

Lower bound

Xavier Bresson 18

At this stage, the lower bound estimate of the prior data distribution p(x) is :

(Term 1) (Term 2) 

(Term 3) 
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Outline

Xavier Bresson 19

Introduction

Vanilla diffusion models (DDPM)

Lower bound on data distribution

Noising process

Denoising process

Learning to denoise

Conclusion 
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Noising process

Xavier Bresson 20

We design the noising probability (forward process) to be :
<latexit sha1_base64="cx0ZBC8YJFwUwGRvNp+mXBpm9DA="></latexit>

p(xt|xt�1) = N
�p

↵txt�1, (1� ↵t)I
�
,(

where parameters ↵t are the schedulers that control the noise level (explained later).(
Using the re-parameterization trick, a sample from p(xt|xt�1) can be expressed as:(
xt =

p
↵txt�1 +

p
1� ↵t✏t�1, ✏t�1 ⇠ N

�
0, I

�(
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<latexit sha1_base64="wzHRTW2Z94Ux8YDBmEY4J3dkmzo="></latexit>

p(xt|x0) = N
�p

↵̄tx0, (1� ↵̄t)I
�

with the forward probability : p(xt|xt�1) = N
�p

↵txt�1, (1� ↵t)I
�

By recursion, we have

xt =
p
↵txt�1 +

p
1� ↵t✏t�1, ✏t�1 ⇠ N

�
0, I

�
, w/ re-parameterization trick

xt =
p
↵t(

p
↵t�1xt�2 +

p
1� ↵t�1✏t�2) +

p
1� ↵t✏t�1, ✏t, ✏t�1 ⇠ N

�
0, I

�

xt =
p
↵t↵t�1xt�2 +

p
↵t

p
1� ↵t�1✏t�2 +

p
1� ↵t✏t�1| {z }

z

Mean of z is zero and the covariance is defined as:

E
⇥
zzT

⇤
=

⇥
(
p
↵t

p
1� ↵t�1)

2 + (
p
1� ↵t)

2
⇤
I =

⇥
1� ↵t↵t�1

⇤
I

xt =
p
↵t↵t�1xt�2 +

p
1� ↵t↵t�1✏t�2, ✏t�2 ⇠ N

�
0, I

�

After multiple recursions, we finally have

xt =
p
↵̄tx0 +

p
1� ↵̄t✏0, ✏0 ⇠ N

�
0, I

�
, with ↵̄t = ⇧t

i=1↵i

Noising process

Xavier Bresson 21

Let us prove that 
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<latexit sha1_base64="glSbNcR1vdGW2UmRfRo/OUib070="></latexit>

The noising process p(xt|x0) = N
�p

↵̄tx0, (1� ↵̄t)I
�
with sample

xt =
p
↵̄tx0 +

p
1� ↵̄t✏0, ✏0 ⇠ N

�
0, I

�

has an analytical form that only depends on the original clean data x0.

This means that no neural network is required to compute a noisy version of x0 (fast process).

For t = 0, xt=0 = x0 (original clean image) as ↵̄t=0 = 1 and

for t = T , xT = ✏T , ✏T ⇠ N
�
0, I

�
(Gaussian distribution) as ↵̄t=T = 0.

Parameters ↵t are called schedulers to transition smoothly from image to pure noise s.a.

↵t = {1, 1� �, 1� 2�, ..., , 1� t�, ..., 0}, where � =
T

Nt
is the time step and Nt the number of steps.

Noising process

Xavier Bresson 22

A few observations on the noising process
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Noising process

Xavier Bresson 23

Illustration :

<latexit sha1_base64="fQn5CRYEQh02HbAsE4cL/nkhnHA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbAbJHoMePEYwTwgWcLsZDYZMvtwplcMS37CiwdFvPo73vwbZ5M9aGJBQ1HVTXeXF0uh0ba/rcLa+sbmVnG7tLO7t39QPjxq6yhRjLdYJCPV9ajmUoS8hQIl78aK08CTvONNbjK/88iVFlF4j9OYuwEdhcIXjKKRuk+DFC+cWWlQrthVew6ySpycVCBHc1D+6g8jlgQ8RCap1j3HjtFNqULBJJ+V+onmMWUTOuI9Q0MacO2m83tn5MwoQ+JHylSIZK7+nkhpoPU08ExnQHGsl71M/M/rJehfu6kI4wR5yBaL/EQSjEj2PBkKxRnKqSGUKWFuJWxMFWVoIspCcJZfXiXtWtWpV+t3l5VGLY+jCCdwCufgwBU04Baa0AIGEp7hFd6sB+vFerc+Fq0FK585hj+wPn8ASBePcA==</latexit>xt�1
<latexit sha1_base64="e1iSNMXtjYL+L0QWZAzlIn9H22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2FZoQ9lst+3azSbsTsQS+h+8eFDEq//Hm//GTZuDtj4YeLw3w8y8IJbCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNlGiGW+xSEb6PqCGS6F4CwVKfh9rTsNA8k4wuc78ziPXRkTqDqcx90M6UmIoGEUrtZ/6Kc5K/XLFrbpzkFXi5aQCOZr98ldvELEk5AqZpMZ0PTdGP6UaBZN8VuolhseUTeiIdy1VNOTGT+fXzsiZVQZkGGlbCslc/T2R0tCYaRjYzpDi2Cx7mfif101weOWnQsUJcsUWi4aJJBiR7HUyEJozlFNLKNPC3krYmGrK0AaUheAtv7xK2rWqV6/Wby8qjVoeRxFO4BTOwYNLaMANNKEFDB7gGV7hzYmcF+fd+Vi0Fpx85hj+wPn8AWs9jv4=</latexit>xt

<latexit sha1_base64="/HYHGQR6p8R0q/T+MdmmRK+kv20=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgCGE3SPQY8OIxgnlAsoTZyWwyZPbhTK8YlvyEFw+KePV3vPk3ziZ70MSChqKqm+4uL5ZCo21/W4W19Y3NreJ2aWd3b/+gfHjU1lGiGG+xSEaq61HNpQh5CwVK3o0Vp4Eneceb3GR+55ErLaLwHqcxdwM6CoUvGEUjdZ8GKV44s9KgXLGr9hxklTg5qUCO5qD81R9GLAl4iExSrXuOHaObUoWCST4r9RPNY8omdMR7hoY04NpN5/fOyJlRhsSPlKkQyVz9PZHSQOtp4JnOgOJYL3uZ+J/XS9C/dlMRxgnykC0W+YkkGJHseTIUijOUU0MoU8LcStiYKsrQRJSF4Cy/vEratapTr9bvLiuNWh5HEU7gFM7BgStowC00oQUMJDzDK7xZD9aL9W59LFoLVj5zDH9gff4ARQmPbg==</latexit>xt+1
<latexit sha1_base64="iTiMsU2Pw0mf7oki6Iui9qWc9Hk=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4sewWqR4LXjxW6Be0S8mm2TY0ya5JVixL/4QXD4p49e9489+YbfegrQ8GHu/NMDMviDnTxnW/nbX1jc2t7cJOcXdv/+CwdHTc1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeY3GZ+55EqzSLZNNOY+gKPJAsZwcZK3adB2rz0ZsVBqexW3DnQKvFyUoYcjUHpqz+MSCKoNIRjrXueGxs/xcowwums2E80jTGZ4BHtWSqxoNpP5/fO0LlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhPe+CmTcWKoJItFYcKRiVD2PBoyRYnhU0swUczeisgYK0yMjSgLwVt+eZW0qxWvVqndX5Xr1TyOApzCGVyAB9dQhztoQAsIcHiGV3hzHpwX5935WLSuOfnMCfyB8/kDFxePUA==</latexit>xT�1

<latexit sha1_base64="zIK75BR+pBOWbZtumyyj7x0niR0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvHis0C9ol5JNs21sNlmSrFiW/gcvHhTx6v/x5r8x2+5BWx8MPN6bYWZeEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nffaRKMylaZhZTP8JjwUJGsLFS52mYtualYbniVt0F0DrxclKBHM1h+WswkiSJqDCEY637nhsbP8XKMMLpvDRINI0xmeIx7VsqcES1ny6unaMLq4xQKJUtYdBC/T2R4kjrWRTYzgibiV71MvE/r5+Y8MZPmYgTQwVZLgoTjoxE2etoxBQlhs8swUQxeysiE6wwMTagLARv9eV10qlVvXq1fn9VadTyOIpwBudwCR5cQwPuoAltIPAAz/AKb450Xpx352PZWnDymVP4A+fzBzp9jt4=</latexit>xT
<latexit sha1_base64="eTFaZDm7DrmKCEvNNwlwmPOPfZs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2A9oQ9lsp+3S3U3Y3Ygl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBLcWNf9dgobm1vbO8Xd0t7+weFR+fikbcJYM2yxUIS6G1CDgitsWW4FdiONVAYCO8H0NvM7j6gND9WDnUXoSzpWfMQZtZn0NHBLg3LFrboLkHXi5aQCOZqD8ld/GLJYorJMUGN6nhtZP6HaciZwXurHBiPKpnSMvZQqKtH4yeLWOblIlSEZhTotZclC/T2RUGnMTAZpp6R2Yla9TPzP68V2dOMnXEWxRcWWi0axIDYk2eNkyDUyK2YpoUzz9FbCJlRTZtN4shC81ZfXSbtW9erV+v1VpVHL4yjCGZzDJXhwDQ24gya0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDz4Fja4=</latexit>x0

<latexit sha1_base64="h5Cc43CpaEiSZfCj1Sex6Mcs3A8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2A9oQ9lsp+3S3U3Y3Ygl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBLcWNf9dgobm1vbO8Xd0t7+weFR+fikbcJYM2yxUIS6G1CDgitsWW4FdiONVAYCO8H0NvM7j6gND9WDnUXoSzpWfMQZtZn0NPBKg3LFrboLkHXi5aQCOZqD8ld/GLJYorJMUGN6nhtZP6HaciZwXurHBiPKpnSMvZQqKtH4yeLWOblIlSEZhTotZclC/T2RUGnMTAZpp6R2Yla9TPzP68V2dOMnXEWxRcWWi0axIDYk2eNkyDUyK2YpoUzz9FbCJlRTZtN4shC81ZfXSbtW9erV+v1VpVHL4yjCGZzDJXhwDQ24gya0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDz+Kja8=</latexit>x1 • • •• • •

<latexit sha1_base64="795LFZZlMZt0mAHxYsq92CJ8YeU=">AAAB+nicbVDLSsNAFJ3UV42vVJdugkWoC0tSpLosuHFZwT6gDWEynbRDJw9mbrQl7ae4caGIW7/EnX/jpM1CWw9cOJxzL/fe48WcSbCsb62wsbm1vVPc1ff2Dw6PjNJxW0aJILRFIh6Jrocl5SykLWDAaTcWFAcepx1vfJv5nUcqJIvCB5jG1AnwMGQ+IxiU5BqluDJxYTZxU7i05xe6rrtG2apaC5jrxM5JGeVousZXfxCRJKAhEI6l7NlWDE6KBTDC6VzvJ5LGmIzxkPYUDXFApZMuTp+b50oZmH4kVIVgLtTfEykOpJwGnuoMMIzkqpeJ/3m9BPwbJ2VhnAANyXKRn3ATIjPLwRwwQQnwqSKYCKZuNckIC0xApZWFYK++vE7atapdr9bvr8qNWh5HEZ2iM1RBNrpGDXSHmqiFCHpCz+gVvWkz7UV71z6WrQUtnzlBf6B9/gApmZKX</latexit>

p(xt|xt�1)

<latexit sha1_base64="1L/mDjdQ76mwJrqkzM1Buo7VJqQ=">AAAB9HicbVBNS8NAEN3Urxq/qh69LBahXkpSpHosePFYwX5AG8Jmu2mXbjZxd1JaYn+HFw+KePXHePPfmLQ5aOuDgcd7M8zM8yLBNVjWt1HY2Nza3inumnv7B4dHpeOTtg5jRVmLhiJUXY9oJrhkLeAgWDdSjASeYB1vfJv5nQlTmofyAWYRcwIylNznlEAqOVFl6sLT1LUuTdN0S2Wrai2A14mdkzLK0XRLX/1BSOOASaCCaN2zrQichCjgVLC52Y81iwgdkyHrpVSSgGknWRw9xxepMsB+qNKSgBfq74mEBFrPAi/tDAiM9KqXif95vRj8GyfhMoqBSbpc5McCQ4izBPCAK0ZBzFJCqOLprZiOiCIU0pyyEOzVl9dJu1a169X6/VW5UcvjKKIzdI4qyEbXqIHuUBO1EEWP6Bm9ojdjYrwY78bHsrVg5DOn6A+Mzx+Y85Ck</latexit>

p(xt|x0)

<latexit sha1_base64="/X0AteZv1GJf59UC/WZ4dHOsTa4="></latexit>

p(xt|xt�1) = N
�p

↵txt�1, (1� ↵t)I
�

xt =
p
↵txt�1 +

p
1� ↵t✏t�1, ✏t�1 ⇠ N

�
0, I

�

p(xt|x0) = N
�p

↵̄tx0, (1� ↵̄t)I
�

xt =
p
↵̄tx0 +

p
1� ↵̄t✏0, ✏0 ⇠ N

�
0, I

�
, with ↵̄t = ⇧t

i=1↵i

closed-form solution (no learning is required)

<latexit sha1_base64="D+i/9OwEr4eSIfl6dcTihAxFJHM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSpHosePFYoR9CGsJmu2mXbrJhdyMtsT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxLOlLbtb6uwsbm1vVPcLe3tHxwelY9PukqkktAOEVzIhwAryllMO5ppTh8SSXEUcNoLxrdzv/dIpWIibutpQr0ID2MWMoK1kVyUVCd++2ni25d+uWLX7AXQOnFyUoEcLb/81R8IkkY01oRjpVzHTrSXYakZ4XRW6qeKJpiM8ZC6hsY4osrLFifP0IVRBigU0lSs0UL9PZHhSKlpFJjOCOuRWvXm4n+em+rwxstYnKSaxmS5KEw50gLN/0cDJinRfGoIJpKZWxEZYYmJNimVTAjO6svrpFuvOY1a4/6q0qzncRThDM6hCg5cQxPuoAUdICDgGV7hzdLWi/VufSxbC1Y+cwp/YH3+ABdekHI=</latexit>

p(xT |x0)
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Outline
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Introduction

Vanilla diffusion models (DDPM)

Lower bound on data distribution

Noising process

Denoising process

Learning to denoise

Conclusion 
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Denoising process

Xavier Bresson 25

Returning to the backward distribution :
<latexit sha1_base64="S65whFEmDxTRKje2l4ZQfCCQLlo="></latexit>

p(xt�1|xt, x0) = N
�
µdenoise1(xt, x0),�

2(t)I
�(

=
p(xt|xt�1, x0)p(xt�1|x0)

p(xt|x0)
, Bayes theorem

with

p(xt|xt�1, x0) = p(xt|xt�1) = N
�p

↵txt�1, (1� ↵t)I
�

p(xt�1|x0) = N
�p

↵̄t�1x0, (1� ↵̄t�1)I
�

p(xt|x0) = N
�p

↵̄tx0, (1� ↵̄t)I
�

The backward probability p(xt�1|xt, x0) is defined as the product of three Gaussians.
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<latexit sha1_base64="DGdnV1XEE2DYWgGFc/rE9ShmNyM="></latexit>

p(xt�1|xt, x0) / exp
⇣
�

(xt �
p
↵txt�1)2

2(1� ↵t)
� (xt�1 �

p
↵̄t�1x0)2

2(1� ↵̄t�1)
+

(xt �
p
↵̄tx0)2

2(1� ↵̄t)

⌘

/ exp
⇣
� (xt � µdenoise1(xt, x0))2

2�2(t)

⌘

Solving the above quadratic equation provides the mean and the covariance of p(xt�1|xt, x0):

µdenoise1(xt, x0) =
(1� ↵̄t�1)

p
↵t

1� ↵̄t
xt +

(1� ↵t)
p
↵̄t�1

1� ↵̄t
x0

�2(t) =
(1� ↵t)(1� ↵̄t�1)

1� ↵̄t

Gaussian product

Xavier Bresson 26

The product of the three Gaussians can be written as :
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<latexit sha1_base64="BAXy/nGw2BgHDeAYLhd7E4Itip8="></latexit>

p(xt�1|xt) = N (µdenoise2(xt),�
2(t)I)

with

µdenoise2(xt) =
(1� ↵̄t�1)

p
↵t

1� ↵̄t
xt +

(1� ↵t)
p
↵̄t�1

1� ↵̄t
x̃0(xt)

where x̃0(xt) is the approximate denoised data x0 from xt.

Recall that p(xt�1|xt, x0) = N (µdenoise1(xt, x0),�
2(t)I)(

with

µdenoise1(xt, x0) =
(1� ↵̄t�1)

p
↵t

1� ↵̄t
xt +

(1� ↵t)
p
↵̄t�1

1� ↵̄t
x0

�2(t) =
(1� ↵t)(1� ↵̄t�1)

1� ↵̄t

Denoising process

Xavier Bresson 27

Finally, we arbitrarily design the one-step backward probability p(xt-1|xt) by analogy to 
the mean and the covariance of p(xt-1|xt,x0) :
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<latexit sha1_base64="cju/INctJY7GZEFXhvPwtNEW5bc="></latexit>
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The last equation makes it clear that the backward pass is a denoising process!

When the square error term is minimized then function x̃0(xt) has denoised xt

to be as close as possible to the original clean data x0.

Denoising loss
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Coming back to the KL term :
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Back to maximizing the lower bound
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Going back to the lower bound estimate of the prior data distribution p(x) :

(Term 1) (Term 2) 

(Term 3) 
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which is equivalent to Term 3 when t = 1 (ct can be ignored when optimizing) :
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Maximizing the lower bound
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Estimating Term 1 :
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Additionally, for Term 2 :

p(xT |x0) = p(xT ) = N (0, I) 8x0, which implies
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Finally, we have the lower bound :
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Maximizing the lower bound
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Combining Term 1 and Term 3, we have :
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Recall that the noisy process p(xt|x0) has a closed-form solution

and hence does not require any learning.

However, the denoising function x̃0(·) is unknown and needs to be learned

with a network x✓(·) = x̃0(·), where ✓ are the learnable parameters.
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is simplified by dropping the weight coe�cients, and the loss to optimize is :
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MSE loss
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Learning to denoise images :
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Noise prediction
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Instead of predicting the denoised image, an equivalent approach is to predict the noise 
added to the clean image :

<latexit sha1_base64="IlGMZP0qrEVI0jVaiy1yu7OjCT4="></latexit>
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where ✏✓(xt) is the approximated noise ✏0 added to x0 to produce the noisy image xt.



35

<latexit sha1_base64="n+Px7bpv4xP7Gbwz2CrMLucXTGY="></latexit>

DKL

�
p(xt�1|xt, x0), p(xt�1|xt)

�
=

1

2�2(t)

��µdenoise1(xt, x0)� µdenoise2(xt)
��2
2

with µdenoise1(xt, x0) =
1

p
↵t

xt �
1� ↵tp
1� ↵̄t

p
↵t

✏0

and µdenoise2(xt) =
1

p
↵t

xt �
1� ↵tp
1� ↵̄t

p
↵t

✏✓(xt)

We now have

DKL

�
p(xt�1|xt, x0), p(xt�1|xt)

�
=

1

2�2(t)

(1� ↵t)2↵̄t�1

(1� ↵̄t)2
��✏✓(xt)� ✏0

��2
2

Denoising loss
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As previously, considering the KL term :
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And the final loss is (dropping the weight coe�cients) :
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When the square error term is minimized then function ✏✓(xt)

predicts the noise ✏0 that was added to the original clean data x0.

MSE loss
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Learning to predict noise :
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Training steps
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Training a diffusion model to denoise images :
<latexit sha1_base64="uPH5cv9suSe/oi5Jel1fpYG0hRQ="></latexit>

Sample a batch of training data.(
Draw random time steps for the batch :

t ⇠ Uniform([1, ..., T ])

Produce noisy samples :
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Compute the MSE loss :
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2
, with the network

"✓(x) = Transformer/UNet✓(x) 2 Rb⇥dx , x 2 Rb⇥dx

Backpropagation :

Compute gradient of the loss and update net parameters ✓.
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Generative steps
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Inference : Generate new data
<latexit sha1_base64="ow4JObLdbv8RMTnc1TO7lG4pf0k="></latexit>
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Lab 1 : DDPM for mixture of Gaussians
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DDPM with Transformers for artificial 1D dataset.
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Lab 2 : DDPM for images
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DDPM with CNNs (UNet) for 2D MNIST images.
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Conclusion
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DDPM (Vanilla Diffusion Model)

Surprisingly simple idea!

Forward process: Gradually add noise to clean data using a closed-form expression -- 
this step is fast and analytically tractable.

Reverse process: Train a network to denoise the data step-by-step, learning the 
reverse of the noising process.

Generation: Start from pure Gaussian noise and iteratively apply the denoising 
network to generate new samples.

The process is stochastic, so different outputs can be produced from the same initial 
noise due to the inherent randomness in the model. 

Most of the math (statistics and algebra) is focused on deriving the correct scaling 
relationships between the clean image, the denoised prediction, and the added noise.
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Conclusion

Generative models trained on massive datasets are also known as foundation models.

They have revolutionized text and image processing, powering breakthrough tools like 
ChatGPT and Stable Diffusion, and driving the rapid growth of the Generative AI (GenAI) 
industry.

As these models continue to evolve, especially in their reasoning capabilities, they are 
becoming increasingly powerful tools -- that will assist us across a wide spectrum of tasks 
and domains.
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Questions?
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