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Course lectures 

Introduction to Graph Machine Learning
Part 1: GML without feature learning 
(before 2014)

Introduction to Graph Science
Graph Analysis Techniques without 
Feature Learning

Graph clustering
Classification
Recommendation
Dimensionality reduction

Part 2 : GML with shallow feature learning 
(2014-2016)

Shallow graph feature learning

Part 3 : GML with deep feature learning, 
a.k.a. GNNs (after 2016)

Graph Convolutional Networks 
(spectral and spatial)
Weisfeiler-Lehman GNNs
Graph Transformer & Graph 
ViT/MLP-Mixer
Benchmarking GNNs
Molecular science and generative GNNs
GNNs for combinatorial optimization
GNNs for recommendation
GNNs for knowledge graphs
Integrating GNNs and LLMs
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Outline
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Data clustering
Standard k-means
Kernel k-means

EM approach
Spectral approach

Graph clustering
Balanced cuts
Metis
Normalized cut
Product cut
Louvain algorithm

Conclusion
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Data clustering
Standard k-means
Kernel k-means

EM approach
Spectral approach

Graph clustering
Balanced cuts
Metis
Normalized cut
Product cut
Louvain algorithm

Conclusion
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Unsupervised data clustering
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Unsupervised learning aims at designing predictive algorithms without data labels, i.e. no 
prior information about data classes or data properties to regress. 

Instead, these algorithms rely on general assumptions on the data distribution s.a. linearly 
separable data, or the task at hand e.g. identifying well-separated clusters.

This lecture exclusively focuses on unsupervised algorithms for data clustering and graph 
partitioning.

k-means[1] is the most popular unsupervised data clustering algorithm.

Ncut[2] and Metis[3] are the most prominent techniques for unsupervised graph partitioning. 

We will reveal their underlying relationship and similarities.

[1] Lloyd, Least square quantization in PCM, 1957
[2] Shi, Malik, Normalized cuts and image segmentation, 2000
[3] Karypis, Kumar, A fast and high quality multilevel scheme for partitioning irregular graphs, 1998
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Standard k-means
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Given n data points V = {𝑥𝑖}!"#$ ∈ Rd, k-means technique partitions the dataset into k clusters 
{S1,…,Sk} with their means {m1,…,mk} ∈ Rd that minimize the least-squares objective, 
where the number k of clusters is arbitrary selected, i.e. not estimated : 

qth cluster
qth mean

Distance between data xi
and its mean mq

+

xi
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EM algorithm
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Expectation-maximization (EM) technique[1,2]

Initialization 

Randomly select initial means {m1,…,mk} ∈ Rd to be a data point in V (efficient). 

Good initialization with k-means++[3] (with some guarantee w.r.t. optimal solution).

Iterate until convergence : l = 0,1,2,…

Cluster update (expectation step)  

Mean update (maximization step)

Voronoi’s cells

[1] Lloyd, Least square quantization in PCM, 1957
[2] Forgy, Cluster analysis of multivariate data: efficiency versus interpretability of classifications, 1965
[3] Bradley, Fayyad, Refining Initial Points for k-Means Clustering, 1998

<latexit sha1_base64="loCfGPPMxZ9nJlc/Q6O1sXZHoC8="></latexit>

Sl+1
q = {xi 2 V s.t. kxi �ml

qk22  kxi �ml
q0k22, 8q0 6= q}

xi

<latexit sha1_base64="FvD151eyqLNyo+0pOy85z6YMyEU=">AAACGXicbVC7TsMwFL0pr1JeBRYQi0WFxEKVRBUwVmJhLBJ9SG2oHNdprdpJsB1EFfobLPwKCwMIMcLE3+A+Bmg50pWPzz1X9j1+zJnStv1tZRYWl5ZXsqu5tfWNza389k5NRYkktEoiHsmGjxXlLKRVzTSnjVhSLHxO637/YtSv31GpWBRe60FMPYG7IQsYwdpIUX4PWvAACO6hDcycJ6aE4Sncon0Ywg1wo4w8bXDNzW3nC3bRHgPNE2dKCjBFpZ3/bHUikggaasKxUk3HjrWXYqkZ4XSYayWKxpj0cZc2DQ2xoMpLx5sN0ZFROiiIpKlQo7H6eyLFQqmB8I1TYN1Ts72R+F+vmejg3EtZGCeahmTyUJBwpCM0igl1mKRE84EhmEhm/opID0tMtAkzZ0JwZleeJzW36JwWS1elQtmdxpGFAziEY3DgDMpwCRWoAoFHeIZXeLOerBfr3fqYWDPWdGYX/sD6+gE1/5Zy</latexit>

kxi �ml
q0k22

<latexit sha1_base64="5VGMR1NakZ5OGVCWsNRBze4sx+M=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEN5YkFHVZcOOygn1Ak4bJdNIOnUzizEQsacFfceNCEbd+hzv/xmmbhbYeuHA4517uvSdIGJXKsr6Nwsrq2vpGcbO0tb2zu2fuHzRlnApMGjhmsWgHSBJGOWkoqhhpJ4KgKGCkFQyvp37rgQhJY36nRgnxItTnNKQYKS355pE7ho8+hecw8u+7DLpj3+k6vlm2KtYMcJnYOSmDHHXf/HJ7MU4jwhVmSMqObSXKy5BQFDMyKbmpJAnCQ9QnHU05ioj0stn5E3iqlR4MY6GLKzhTf09kKJJyFAW6M0JqIBe9qfif10lVeOVllCepIhzPF4UpgyqG0yxgjwqCFRtpgrCg+laIB0ggrHRiJR2CvfjyMmk6FfuiUr2tlmtOHkcRHIMTcAZscAlq4AbUQQNgkIFn8ArejCfjxXg3PuatBSOfOQR/YHz+ABJxlDs=</latexit>

kxi �ml
qk22

<latexit sha1_base64="6zydWFcKfdr5vFYFxZiYTutrY4M=">AAAB73icbVDLTgJBEOz1ifhCPXqZSEw8kV1C1COJF48Y5ZHASmaHASbMzi4zvSZkw0948aAxXv0db/6NA+xBwUo6qVR1p7sriKUw6Lrfztr6xubWdm4nv7u3f3BYODpumCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGNzO/+cS1EZF6wEnM/ZAOlOgLRtFKrfvu+DGVU9ItFN2SOwdZJV5GipCh1i18dXoRS0KukElqTNtzY/RTqlEwyaf5TmJ4TNmIDnjbUkVDbvx0fu+UnFulR/qRtqWQzNXfEykNjZmEge0MKQ7NsjcT//PaCfav/VSoOEGu2GJRP5EEIzJ7nvSE5gzlxBLKtLC3EjakmjK0EeVtCN7yy6ukUS55l6XKXaVYLWdx5OAUzuACPLiCKtxCDerAQMIzvMKbM3ZenHfnY9G65mQzJ/AHzucPz66PyA==</latexit>

Sl
q

<latexit sha1_base64="NpvIoQbOca6L863lcpoQnFQzcuA=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ6KrulqMeCF48V7Qe0a8mm2TY0m6xJVijL/gwvHhTx6q/x5r8xbfegrQ8GHu/NMDMviDnTxnW/nZXVtfWNzcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G11O//USVZlLcm0lM/QgPBQsZwcZK3bt++niWPaQ8Q/1S2a24M6Bl4uWkDDka/dJXbyBJElFhCMdadz03Nn6KlWGE06zYSzSNMRnjIe1aKnBEtZ/OTs7QqVUGKJTKljBopv6eSHGk9SQKbGeEzUgvelPxP6+bmPDKT5mIE0MFmS8KE46MRNP/0YApSgyfWIKJYvZWREZYYWJsSkUbgrf48jJpVSveRaV2WyvXq3kcBTiGEzgHDy6hDjfQgCYQkPAMr/DmGOfFeXc+5q0rTj5zBH/gfP4A+8+RBQ==</latexit>

Sl
q0

<latexit sha1_base64="7EIHOt4AUVIcXgqbiTb2X3TK9U4=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmL0RHYJQY8kXjxiIh8JrKRbutDQdpe2a0I2/AkvHjTGq3/Hm//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfDv3209UaRbJBzONqS/wULKQEWys1BH9dHI5e+T9YsktuwugdeJlpAQZGv3iV28QkURQaQjHWnc9NzZ+ipVhhNNZoZdoGmMyxkPatVRiQbWfLu6doQurDFAYKVvSoIX6eyLFQuupCGynwGakV725+J/XTUx446dMxomhkiwXhQlHJkLz59GAKUoMn1qCiWL2VkRGWGFibEQFG4K3+vI6aVXKXq1cva+W6pUsjjycwTlcgQfXUIc7aEATCHB4hld4cybOi/PufCxbc042cwp/4Hz+AAH8j+k=</latexit>

ml
q0

<latexit sha1_base64="iplLkCmEETtWQoENn3gJ81E++7Q=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPAi8cI5gHJGmYns8mQeawzs0JY8hFePCji1e/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2E9WGKXlvJwkNBR5KFjOCrZPaop89Th94v1T2K/4caJUEOSlDjka/9NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfZSQxNMxnhIu45KLKgJs/m5U3TulAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y4GTFNi+cQRTDRztyIywhoT6xIquhCC5ZdXSataCS4rtbtauV7N4yjAKZzBBQRwBXW4hQY0gcAYnuEV3rzEe/HevY9F65qXz5zAH3ifP5+0j7g=</latexit>

ml
q

<latexit sha1_base64="KWFOlICjYzsSHN4vi2OE9PggiT4="></latexit>

ml+1
q =

P
xi2Sl+1

q
xi

|Sl+1
q |

2 Rd



8

Lab 1 : Standard k-means

Xavier Bresson 8

Run code01.ipynb and analyze k-means result on 

Linearly separable data points

Non-linear data points

Linearly separable data points Non-linear data points
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Algorithm properties
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Advantages of the EM algorithm

Monotonic : Ll+1 ≤ Ll for all iterations.

Convergence (to local minimizer) is guaranteed.

Speed complexity is O(n.d.k.ni),

where n is the number of data points, d is the data dimension, k is the number 
of clusters and ni is the number of iterations to convergence.

Easy to implement and GPU friendly. 

Several extensions exist : k-medians[1], k-planes[2], other distances

k-means shares interesting connections with other important algorithms s.a. 
Gaussian Mixture Model (GMM)[3], PCA[4].

El

l
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medianq

[1] Jain, Dubes, Algorithms for Clustering Data. Prentice-Hall, 1988 
[2] Bradley, Mangasarian, k-plane Clustering, 2000
[3] Murphy, Machine learning : a probabilistic perspective, 2012
[4] Pearson, On Lines and Planes of Closest Fit to Systems of Points in Space, 1901
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Algorithm properties
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Limitations of the EM algorithm

k-means problem is NP-hard combinatorial (as all clustering problems!).

Initialization is thus critical for good performance :

Requires a good initial guess[1] 

Alternatively, restart several times with different initializations, and pick the 
solution with the lowest loss value.

Assumption: Standard k-means assume that data points are linearly separable, s.a. 
dataset follows a GMM, i.e. clusters are linearly separable and spherical. 

Standard k-means does not work for non-linear separable data.

Solution : Non-linear k-means, a.k.a. kernel k-means.

[1] Bradley, Fayyad, Refining Initial Points for k-Means Clustering, 1998 Linearly separable 
data points

Non-linear 
data points
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Outline
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Data clustering
Standard k-means
Kernel k-means

EM approach
Spectral approach

Graph clustering
Balanced cuts
Metis
Normalized cut
Product cut
Louvain algorithm

Conclusion
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Higher dimensional projection

Xavier Bresson 12

To separate non-linear data points, a common technique involves lifting the original data 
features to higher-dimensional spaces where the data points become linearly separable[1,2]. 

This process is achieved using a so-called non-linear feature function, denoted as 𝜙(.) :

Rd

)
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<latexit sha1_base64="JXisclLdFrjQac3u7O1Qky7bwkI=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSlqMuCG5dV7AOaGCaTSTt0MgkzE2kJ+RU3LhRx64+482+ctFlo64GBwzn3cs8cP2FUKsv6Niobm1vbO9Xd2t7+weGReVzvyzgVmPRwzGIx9JEkjHLSU1QxMkwEQZHPyMCf3hT+4IkISWP+oOYJcSM05jSkGCkteWZ95lGHcidCauL72X3+GHhmw2paC8B1YpekAUp0PfPLCWKcRoQrzJCUI9tKlJshoShmJK85qSQJwlM0JiNNOYqIdLNF9hyeayWAYSz04wou1N8bGYqknEe+niwyylWvEP/zRqkKr92M8iRVhOPloTBlUMWwKAIGVBCs2FwThAXVWSGeIIGw0nXVdAn26pfXSb/VtC+b7bt2o9Mq66iCU3AGLoANrkAH3IIu6AEMZuAZvII3IzdejHfjYzlaMcqdE/AHxucPZE6UoQ==</latexit>

xi 2 Rd

<latexit sha1_base64="e75Og7CcIJt9T45Bci9OaNZ72Fg=">AAACBHicbVDLSsNAFJ3UV62vqMtugkWsm5KUoi4LblxWsQ9oYphMJu3QySTMTMQSsnDjr7hxoYhbP8Kdf+OkzUJbD1w4nHMv997jxZQIaZrfWmlldW19o7xZ2dre2d3T9w96Iko4wl0U0YgPPCgwJQx3JZEUD2KOYehR3Pcml7nfv8dckIjdymmMnRCOGAkIglJJrl614zGpP7jk1CbMDqEce156k92l/knm6jWzYc5gLBOrIDVQoOPqX7YfoSTETCIKhRhaZiydFHJJEMVZxU4EjiGawBEeKspgiIWTzp7IjGOl+EYQcVVMGjP190QKQyGmoac68zPFopeL/3nDRAYXTkpYnEjM0HxRkFBDRkaeiOETjpGkU0Ug4kTdaqAx5BBJlVtFhWAtvrxMes2GddZoXbdq7WYRRxlUwRGoAwucgza4Ah3QBQg8gmfwCt60J+1Fe9c+5q0lrZg5BH+gff4AmQmYCA==</latexit>

�(xi) 2 Rd0

[1] Aizerman et-al, Theoretical foundations of the potential function method in pattern recognition learning, 1964
[2] Guyon, Boser, Vapnik, Automatic capacity tuning of very large VC-dimension classifiers, 1993
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Non-linear k-means

Xavier Bresson 13

We update the original loss function of linear k-means by incorporating :

The non-linear mapping : 𝑥	 ∈ R% 	→ 𝜙(𝑥) ∈ R%!	, with d& ≫ d	

Weights 𝜃! ∈ R'	which control the importance of each data sample.

We will introduce two approaches to minimize the non-linear k-means loss

EM approach

Spectral approach

<latexit sha1_base64="KdbKOXTlAv9IARk7GrO44yTGwGA="></latexit>

Lnl-k-means({mq}kq=1, {Sq}kq=1) =
1

kn

kX

q=1

X

i2Sq

✓ik�(xi)�mqk22

Weight contribution
for data xi

<latexit sha1_base64="mruBpeVvntto264xbjFPPCqeFME=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSirosuHFZwT6gCWEynTRDJ5MwM1FLKLjxV9y4UMStP+HOv3HSZqGtBy4czrmXe+/xE0alsqxvo7Syura+Ud6sbG3v7O6Z+wddGacCkw6OWSz6PpKEUU46iipG+okgKPIZ6fnjq9zv3REhacxv1SQhboRGnAYUI6Ulzzx68Ch0BB2FCgkR30MnCWlNi2cVz6xadWsGuEzsglRBgbZnfjnDGKcR4QozJOXAthLlZkgoihmZVpxUkgThMRqRgaYcRUS62eyHKTzVyhAGsdDFFZypvycyFEk5iXzdGSEVykUvF//zBqkKLt2M8iRVhOP5oiBlUMUwDwQOqSBYsYkmCAuqb4U4RAJhpWPLQ7AXX14m3UbdPq83b5rVVqOIowyOwQmoARtcgBa4Bm3QARg8gmfwCt6MJ+PFeDc+5q0lo5g5BH9gfP4A8qOXBQ==</latexit>

xi ! �(xi)
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Outline

Xavier Bresson 14

Data clustering
Standard k-means
Kernel k-means

EM approach
Spectral approach

Graph clustering
Balanced cuts
Metis
Normalized cut
Product cut
Louvain algorithm

Conclusion
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Indicator function of clusters 

Xavier Bresson 15

We introduce an indicator matrix F representing the clusters Sq :

F makes easy to use GPU for representing clusters.

Later, F will simplify the transition from combinatorial optimization to continuous 
optimization 

<latexit sha1_base64="hrY7GsTQX0fC445IGnkDjyXX4fo="></latexit>

F =

2

6666664

1 0 0
1 0 0
1 0 0
0 1 0
0 1 0
0 0 1

3

7777775
2 {0, 1}n⇥k <latexit sha1_base64="VodECwMcihG8EOC8yMTtiHycmEA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsN+3SzSbsToRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbjO/88S1EbF6xGnC/YiOlAgFo2ilB1UalCtu1V2ArBMvJxXI0RyUv/rDmKURV8gkNabnuQn6M6pRMMnnpX5qeELZhI54z1JFI2782eLSObmwypCEsbalkCzU3xMzGhkzjQLbGVEcm1UvE//zeimGN/5MqCRFrthyUZhKgjHJ3iZDoTlDObWEMi3srYSNqaYMbThZCN7qy+ukXat6V9X6fb3SqOVxFOEMzuESPLiGBtxBE1rAIIRneIU3Z+K8OO/Ox7K14OQzp/AHzucPCbiM/w==</latexit>n

<latexit sha1_base64="/n8nEJKBtYAVuxMaizwscki5HXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUnAxKZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyvedaXWrJXr1TyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwB0KOM6A==</latexit>

k

𝐹",$ =	Indicator 
function of the set Sq

<latexit sha1_base64="/L0s54arX0F/AGdU7vjhoPJgEa0=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0lKUY8FLx4rmrbQhrLZbtqlm03Y3Qgh9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5QcKZ0o7zbVU2Nre2d6q79t7+weFR7fikq+JUEuqRmMeyH2BFORPU00xz2k8kxVHAaS+Y3RZ+74lKxWLxqLOE+hGeCBYygrWRvIeRa9ujWt1pOAugdeKWpA4lOqPa13AckzSiQhOOlRq4TqL9HEvNCKdze5gqmmAywxM6MFTgiCo/Xxw7RxdGGaMwlqaERgv190SOI6WyKDCdEdZTteoV4n/eINXhjZ8zkaSaCrJcFKYc6RgVn6Mxk5RonhmCiWTmVkSmWGKiTT5FCO7qy+uk22y4V43WfavebpZxVOEMzuESXLiGNtxBBzwgwOAZXuHNEtaL9W59LFsrVjlzCn9gff4AO2KNnA==</latexit>

S1

<latexit sha1_base64="OgKawmFF0mRY9nU2VOiKBgzdbPo=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0lKUY8FLx4rmrbQhrLZbtqlm03Y3Qgh9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5QcKZ0o7zbVU2Nre2d6q79t7+weFR7fikq+JUEuqRmMeyH2BFORPU00xz2k8kxVHAaS+Y3RZ+74lKxWLxqLOE+hGeCBYygrWRvIdR07ZHtbrTcBZA68QtSR1KdEa1r+E4JmlEhSYcKzVwnUT7OZaaEU7n9jBVNMFkhid0YKjAEVV+vjh2ji6MMkZhLE0JjRbq74kcR0plUWA6I6ynatUrxP+8QarDGz9nIkk1FWS5KEw50jEqPkdjJinRPDMEE8nMrYhMscREm3yKENzVl9dJt9lwrxqt+1a93SzjqMIZnMMluHANbbiDDnhAgMEzvMKbJawX6936WLZWrHLmFP7A+vwBPOiNnQ==</latexit>

S2

<latexit sha1_base64="OIqK5LDa/jukFGbSINgakR5wAkI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaRqEcSLx4xyCOBDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzTRGP6QjyYecUWOlRqN/1S+W3LK7AFknXkZKkKHeL371BhFLQpSGCap113Nj46dUGc4Ezgq9RGNM2YSOsGuppCFqP12cOiMXVhmQYaRsSUMW6u+JlIZaT8PAdobUjPWqNxf/87qJGd76KZdxYlCy5aJhIoiJyPxvMuAKmRFTSyhT3N5K2JgqyoxNp2BD8FZfXietStm7LlcfqqVaJYsjD2dwDpfgwQ3U4B7q0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz/UaY12</latexit>

S3
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Non-linear k-means loss

Xavier Bresson 16

Matrix formulation of the non-linear k-means loss[1] w.r.t. the indicator matrix F :
<latexit sha1_base64="MjK74go50aav03lMk6bWWkYJAjE="></latexit>

Lnl-k-means({mq}kq=1, {Sq}kq=1) =
1

kn

kX

q=1

X

i2Sq

✓ik�(xi)�mqk22

=
1

kn

kX

q=1

X

i2Sq

✓iDiq, with Diq = k�(xi)�mqk22

=
1

kn
tr(FT⇥D) = Lnl-k-means(F )

with F 2 {0, 1}n⇥k

⇥ = diag(✓1, ..., ✓n) 2 Rn⇥n

D 2 Rn⇥k

[1] Scholkopf, Smola, Muller, Nonlinear component analysis as a kernel eigenvalue problem, 1998 (10,000 citations as of 2023)
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Distance metric

Xavier Bresson 17

Distance Diq between data xi and its mean mq :
<latexit sha1_base64="K7dzfw8TfDQunjerS7I0L6M4ayg="></latexit>

Diq = k�(xi)�mqk22 = (�(xi)�mq)
T (�(xi)�mq)

= �(xi)
T�(xi)� 2�(xi)

Tmq +mT
q mq

= Kii � 2Aiq +Bqq 2 R
with

Kii = �(xi)
T�(xi)

Aiq = �(xi)
Tmq

Bqq = mT
q mq

and

@Lnl-k-means

@mq
= 0 ) mq =

P
i2Sq

✓i�(xi)P
i2Sq

✓i
2 Rd0
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Distance metric

Xavier Bresson 18

Matrix formulation of metric distance D :
<latexit sha1_base64="sL7w6dbOr6mzNso8+RzKghUbYHA="></latexit>

• Point-wise distance metric : Diq = Kii � 2Aiq +Bqq 2 R

• First term : Kii = (�(x)�(x)T )ii, �(x) 2 Rn⇥d0
) K = �(x)�(x)T 2 Rn⇥n

• Second term :

Aiq = �(xi)
Tmq = �(xi)

T

P
j2Sq

✓j�(xj)P
j2Sq

✓j
=

P
j2Sq

✓j�(xi)T�(xj)P
j2Sq

✓j
=

P
j2Sq

✓jKijP
j2Sq

✓j

) A = �(x)MT 2 Rn⇥k = �(x)�(x)T⇥FZ = K⇥FZ 2 Rn⇥k,

with M = ZFT⇥�(x) 2 Rk⇥d0
and Z�1 = diag(1Tn⇥F ) 2 Rk⇥k

• Third term : Bqq = (MMT )qq ) B = ZFT⇥�(x)(ZFT⇥�(x))T

= ZFT⇥�(x)�(x)T⇥FZ = ZFT⇥K⇥FZ

• Finally, matrix-based distance metric :

D = diag(K)1Tk � 2K⇥FZ + 1ndiag(ZFT⇥K⇥FZ) 2 Rn⇥k
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EM algorithm

Xavier Bresson 19

Initialization 

Random initial indicator Fl=0 of clusters. 

Iterate until convergence : l = 0,1,2,…

Cluster update (expectation step)  

Mean update (maximization step)

No explicit mean update required! It is implicitly done when computing D.

<latexit sha1_base64="X71MZuFHQg0V6U6IiZ6WSR3QKMg="></latexit>

Sl+1
q = {xi 2 V s.t. Dl

iq  Dl
iq0 , 8q0 6= q}, Dl

iq = dist(xi,mq) = kxi �ml
qk22

m

F l+1
iq =

⇢
1 if Dl

iq = minq0 Dl
iq0

0 otherwise

Equivalently, Sl+1
q = {xi 2 V s.t. F l+1

iq = 1}
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Kernel trick

Xavier Bresson 20

Non-linear mapping ϕ(/) enables the separation of non-linear data points.

However, it comes with the price to apply k-means in a larger feature space than the 
original one. This leads to an increased complexity of O(nkd&nc) with d& ≫ d. 

To address this issue, the kernel trick was developed, which avoids the explicit use of the 
mapping ϕ.

Observe that computing the distance D uses the quadratic matrix ϕϕT, rather than ϕ 
individually, thus the precise expression of ϕ becomes irrelevant.

We define the kernel operator/matrix K = ϕϕT with standard definitions as follows :

<latexit sha1_base64="t33pmjaaYxLRg3N5Hcg02w4gcNA="></latexit>

K(xi, xj) = xT
i xj (linear kernel for linear k-means)

K(xi, xj) = �(xi)
T�(xj) = exp(�kxi � xjk22/�2) (Gaussian kernel)

K(xi, xj) = (axT
i xj + b)c (Polynomial kernel)

Time consuming

Efficient kernel 
computation 

[1] Aizerman et-al, Theoretical foundations of the potential function method in pattern recognition learning, 1964
[2] Guyon, Boser, Vapnik, Automatic capacity tuning of very large VC-dimension classifiers, 1993
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Algorithm properties

Xavier Bresson 21

Advantages 

Similar to standard k-means, algorithm is monotonous and guaranteed to converge.

Distance computation relies on linear algebra, i.e. matrix-matrix multiplication.

Fast libraries such as LAPACK/BLAS for Intel and AMD, as well as CUDA for GPU, 
provide efficient computation.

Limitations

The kernel matrix K is full : Memory complexity is O(n2) and speed is O(n3).

Solutions are typically local minimizers.

Can we obtain global minimizers?
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Outline

Xavier Bresson 22

Data clustering
Standard k-means
Kernel k-means

EM approach
Spectral approach

Graph clustering
Balanced cuts
Metis
Normalized cut
Product cut
Louvain algorithm

Conclusion
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Non-linear k-means loss

Xavier Bresson 23

We reformulate the non-linear k-means loss[1] with the mean mq w.r.t. each data point xi : 

For EM means, we have the means w.r.t. the clusters : mq ⇒ M ∈ R(	*	%!

For spectral means, we will consider the alternative representation : mi ⇒ M ∈ R$	*	%!
<latexit sha1_base64="vNwjztX9NfdLGg/c25BiL2m+pbM="></latexit>

Lnl-k-means({mq}kq=1, {Sq}kq=1) =
1

kn

kX

q=1

X

i2Sq

✓ik�(xi)�mqk22

=
1

kn

kX

q=1

X

i2Sq

k✓1/2i �(xi)� ✓1/2i mqk22, �(xi),mq 2 Rd0

=
1

kn

X

i2V

k✓1/2i �(xi)� ✓1/2i mik22, mi 2 Rd0

=
1

kn

X

i2V

k✓1/2i �(xi)� ✓1/2i (M)i,·k22, M 2 Rn⇥d0

=
1

kn
k✓1/2�(x)� ✓1/2Mk2F ,

with M = FZFT⇥�(x) 2 Rn⇥d0

[1] Dhillon, Guan, Kulis, Kernel k-means: spectral clustering and normalized cuts, 2004



24

New indicator matrix of clusters 

Xavier Bresson 24

We introduce a new indicator matrix of clusters that forms an orthonormal basis : 

<latexit sha1_base64="VibkK6PJjBSh3JgDbeKrITcBrL0="></latexit>

Y = ⇥1/2FZ1/2 2 Rn⇥k s.t. Y TY = Ik 2 Rk⇥k (matrix-based representation)

Yik =

( q
✓iP

j2Sq
✓j

if i 2 Sq

0 otherwise
(point-wise representation)

which implies

F = ⇥�1/2Y Z�1/2 2 Rn⇥k

and

M = FZFT⇥�(x) = ⇥�1/2Y Z�1/2ZZ�1/2Y T⇥�1/2⇥�(x)

= ⇥�1/2Y Y T⇥1/2�(x) 2 Rn⇥d0
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Non-linear k-means loss

Xavier Bresson 25

We rewrite the non-linear k-means loss function with the new indicator Y :

<latexit sha1_base64="TY3D0z9A7BSThnlFJFzd619CDGI="></latexit>

Lnl-k-means(Y ) =
1

kn
k⇥1/2�(x)�⇥1/2Mk2F ,

with M = ⇥�1/2Y Y T⇥1/2�(x)

=
1

kn
k⇥1/2�(x)� Y Y T⇥1/2�(x)k2F

s.t. Y TY = Ik, Y 2 binaryn⇥k
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Relaxation

Xavier Bresson 26

Let us consider the combinatorial optimization problem :

Observe that the binary constraint is what makes the optimization challenging, actually 
rendering the problem as NP-hard.

By relaxing the non-convex binary constraint, i.e. binary$	*	(, to a convex one, i.e. R$	*	(, the 
optimization becomes continuous : 

This transition allows for a mathematically well-posed solution, as defined by the spectral 
theorem[1,2].

<latexit sha1_base64="yL0M8oaFmp/NZLIJENKE78PCrPs="></latexit>

min
Y 2Rn⇥k

k⇥1/2�(x)� Y Y T⇥1/2�(x)k2F s.t. Y TY = Ik

<latexit sha1_base64="dZ9WwCqZoh+t35Hoc6pihXcG4W0="></latexit>

min
Y 2binaryn⇥k

k⇥1/2�(x)� Y Y T⇥1/2�(x)k2F s.t. Y TY = Ik

[1] Helmberg, Introduction to Spectral Theory in Hilbert Space, 1969
[2] Hawkins, Cauchy and the spectral theory of matrices, 1975
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Spectral loss

Xavier Bresson 27

We simplify the new optimization problem :
<latexit sha1_base64="tSSR9FACjnSlU8nTFwjv2UEDwr0="></latexit>

min
Y 2Rn⇥k

k⇥1/2�(x)� Y Y T⇥1/2�(x)k2F s.t. Y TY = Ik

with

k⇥1/2�(x)� Y Y T⇥1/2�(x)k2F
= tr

�
(⇥1/2�(x)� Y Y T⇥1/2�(x))T (⇥1/2�(x)� Y Y T⇥1/2�(x))

�

= tr
�
⇥1/2�(x)T�(x)⇥1/2 �⇥1/2�(x)T�(x)Y Y T�

Y Y T⇥1/2�(x)T�(x) + Y Y T⇥1/2�(x)T�(x)Y Y T
�

and using K = �(x)T�(x), tr(AB) = tr(BA), tr(A+B) = tr(A) + tr(B), Y TY = I

= tr(⇥1/2K⇥1/2)� tr(Y T⇥1/2K⇥1/2Y )

Finally, we have

min
Y 2Rn⇥k

�tr(Y T⇥1/2K⇥1/2Y ) s.t. Y TY = Ik

max
Y 2Rn⇥k

tr(Y T⇥1/2K⇥1/2Y ) s.t. Y TY = Ik
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Spectral theorem

Xavier Bresson 28

Spectral solution[1] of the new continuous optimization problem is given by the k largest 
eigenvectors of matrix A obtained by eigenvalue decomposition (EVD) :  

<latexit sha1_base64="P9Mce+a8IuDR+vcZkL/gzmXUwGI="></latexit>

max
Y 2Rn⇥k

tr(Y TAY ) s.t. Y TY = Ik

with A = ⇥1/2K⇥1/2 EVD
= U⇤UT 2 Rn⇥n

and solution Y ? = U·,1:k 2 Rn⇥k (k largest eigenvectors)

[1] Helmberg, Introduction to Spectral Theory in Hilbert Space, 1969
[2] Hawkins, Cauchy and the spectral theory of matrices, 1975
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Understand the spectral theorem

Xavier Bresson 29

Suppose a matrix A is symmetric and positive semi-definite (PSD).

All kernel matrices, denoted as K, possess these properties by construction.

Then, the eigenvalue decomposition of A can be expressed as :

<latexit sha1_base64="/RWA5TweaDsRNakJGvcMaLTtLAQ="></latexit>

Ayq = �qyq, A 2 Rn⇥n, yq 2 Rn

with

�max = �1 � �2 � ... � �k � ... � �n, where �1, ...,�k are the largest eigenvalues

yTq yq0 =

⇢
1 if q = q0

0 otherwise
, Y TY = Ik

We have

tr(Y TAY ) =
kX

q=1

yTq Ayq =
kX

q=1

yTq �qyq =
kX

q=1

�qy
T
q yq =

kX

q=1

�q (k largest values)

= max
Y

tr(Y TAY ) s.t. Y TY = Ik

[1] Meyer, Matrix Analysis and Applied Linear Algebra, 2000
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Spectral clustering

Xavier Bresson 30

No initialization needed

No iterative scheme needed

Compute clusters as follows : 

Compute matrix A :  A = θ#/,K θ#/,

Perform eigenvalue decomposition of A : Auq = λquq	, 	uq ∈ R$	*	(, 1	 ≤ 𝑞	 ≤ 𝑘 

Form spectral solution :  Y* = (u1,..,uk) ∈ R$	*	(

Binarize spectral solution Y* :

Generally, solution Y* is not binary, i.e. no cluster can be directly identified.

Consider Y* as embedding coordinates of X and

Apply the standard k-means on Y* to identify k clusters.

This algorithm is known as spectral clustering[1].

[1] Von Luxburg, A tutorial on spectral clustering, 2007 (w/ 10k citations as of 2023)
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Algorithm properties

Xavier Bresson 31

Advantages

Provides a global solution, i.e. independent of any initialization.

Offers solutions that perform well in practice.

Limitations

Computes an approximate solution to the original NP-hard combinatorial optimization 
problem (by relaxing the indicator constraint).

Complexity is O(n2k), which does not scale w.r.t. the number n of data points.

Spectral techniques with EVD/SVD (singular value decomposition generalized EVD to 
non-square and non-positive semi-definite matrices) are commonly used in data analysis 
due to their well-understood theory. 

However, these techniques suffer from scalability issues w.r.t. the number n of data 
points as EVD complexity is O(n2k), although stochastic versions of EVD/SVD have 
been developed with linear complexity[1].

[1] Mahoney, Drineas, Randomized Algorithms for the Low-Rank Approximation of Matrices, 2010
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Lab 2 : Kernel k-means
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Run code02.ipynb and test kernel k-means with 

EM approach

Spectral approach

Kernel k-means
EM approach

Kernel k-means
Spectral approach
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Outline

Xavier Bresson 33

Data clustering
Standard k-means
Kernel k-means

EM approach
Spectral approach

Graph clustering
Balanced cuts
Metis
Normalized cut
Product cut
Louvain algorithm

Conclusion
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Data clustering

Xavier Bresson 34

Lloyd’s EM k-means has O(ndkni) complexity but is constrained to linear data distribution.

Kernel’s EM algorithm is O(n2d+n2kni) suitable for non-linear data but with critical 
initialization.

Spectral kernel k-means is O(n2d+n2k) providing a global solution, but without guarantee of 
being the original combinatorial solution. 

Non-linear techniques cannot scale to millions of data points due to the full kernel matrix.

Addressing large-scale datasets, s.a. clustering 2.8 billion monthly active Facebook users 
(2023) or 61 million Wikipedia articles (2023), requires a new approach. 

While the kernel operator K is full, most pairs of data points are actually not correlated.

Graphs can offer a promising solution as it can represent sparse relationships between data.

Interestingly, we will see that the task of data clustering is equivalent to graph partitioning.
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Graph partitioning
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Partitioning graphs is a cornerstone problem, not only for 
Identifying connected groups, e.g. users on social networks (exploration tool to find 
patterns), but also plays a crucial role in 
Balanced graph partitioning for efficient distributed processing of large-scale graphs, 
s.a. computing Google PageRank w/ billions of nodes. 

A notable class of unsupervised graph clustering techniques is balanced cut algorithms.
Balanced graph cuts are instrumental in both

Graph theory : Define classes of networks and their properties.
Applications : State-of-the-art methods for unsupervised clustering e.g. Metis[1].

[1] Karypis, Kumar, A fast and high quality multilevel scheme for partitioning irregular graphs, 1998

Source: Abbe, JMLR'17
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Data clustering as graph partitioning  
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k-NN graph
construction 

V = {x1, ..., xn} 2 Rd
<latexit sha1_base64="kj8FWojcQGJddEc1jnNgxcUA/ek=">AAACEnicbVBNS8NAEN3Ur1q/oh69LBZBoZSkFPUitIjosYqthSaWzXbbLt1swu5GKCG/wYt/xYsHRbx68ua/cdPmoK0PBh7vzTAzzwsZlcqyvo3cwuLS8kp+tbC2vrG5ZW7vtGQQCUyaOGCBaHtIEkY5aSqqGGmHgiDfY+TOG52n/t0DEZIG/FaNQ+L6aMBpn2KktNQ1jy7PnLhVuijVnaQEHVh3KHd8pIaeF98k9zF3FPWJhDzpmkWrbE0A54mdkSLI0OiaX04vwJFPuMIMSdmxrVC5MRKKYkaSghNJEiI8QgPS0ZQjvceNJy8l8EArPdgPhC6u4ET9PREjX8qx7+nO9Fo566Xif14nUv1TN6Y8jBTheLqoHzGoApjmA3tUEKzYWBOEBdW3QjxEAmGlUyzoEOzZl+dJq1K2j8vV62qxVsniyIM9sA8OgQ1OQA1cgQZoAgwewTN4BW/Gk/FivBsf09ackc3sgj8wPn8Ahrycxg==</latexit>

G = {V,E,A}, A 2 Rn⇥n

Graph construction : Build a (sparse) k-nearest neighbors (k-NN) graph G=(V,E,A) from a dataset 
V={x1,…,xn} ∈ Rd.
The graph representation of the dataset avoids working with d-dim features directly.
Essentially, this process transforms the n x d data features into a set of E edges, resulting in a 
significant compression of the dataset. 
Exact graph construction complexity is O(n2d), but faster approximate techniques exist[1].
Memory complexity for graphs is O(E), w/ E≪n2 for real-world graphs s.a. E = O(n) for Internet.

[1] Muja, Lowe, Fast Approximate Nearest Neighbors with Automatic Algorithm Configuration, 2009
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Data clustering as graph partitioning  
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G = (V,E,W )

Graph 
partitioning

Appropriate cuts 
provide good clusters

Observe on a graph that close data are similar and thus form consistent clusters. 
Finding clusters within the graph can be achieved by cutting the graph at strategic 
locations.
The key is to make cuts in the graph where the number of edges is minimized, clearly 
separating distinct clusters.
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Outline

Xavier Bresson 38

Data clustering
Standard k-means
Kernel k-means

EM approach
Spectral approach

Graph clustering
Balanced cuts
Metis
Normalized cut
Product cut
Louvain algorithm

Conclusion
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Cut operator[1] : Given a graph G, a cut partitions G into two sets S and Sc with value :

It is obvious that min cut partitioning favors small sets containing isolated points.
A better approach is to seek clusters of similar sizes while simultaneously minimizing the cut 
operator :

Cut partitioning

Xavier Bresson 39

[1] Wu, Leahy, An optimal graph theoretic approach to data clustering: Theory and its application to image segmentation, 1993

<latexit sha1_base64="XjxCema4MLBR2wms2Yxo1R+2Cb0=">AAACG3icbVDLSgMxFM34tr6qLt0Ei1BBykwRdSMoblxWarXQaUsmTdu0SWZI7ohlmP9w46+4caGIK8GFf2P6WGj1wOUezrmX5J4gEtyA6345M7Nz8wuLS8uZldW19Y3s5taNCWNNWYWGItTVgBgmuGIV4CBYNdKMyECw26B/MfRv75g2PFTXMIhYXZKO4m1OCVipmS36wO5By+QihjRfPig36P6pb2LZTLjPFS4f4N6oN2iKz63YS5vZnFtwR8B/iTchOTRBqZn98FshjSVTQAUxpua5EdQTooFTwdKMHxsWEdonHVazVBHJTD0Z3ZbiPau0cDvUthTgkfpzIyHSmIEM7KQk0DXT3lD8z6vF0D6pJ1xFMTBFxw+1Y4EhxMOgcItrRkEMLCFUc/tXTLtEEwo2zowNwZs++S+5KRa8o8Lh1WHurDiJYwntoF2URx46RmfoEpVQBVH0gJ7QC3p1Hp1n5815H4/OOJOdbfQLzuc31u2gnA==</latexit>

Cut(S, Sc) =
X

i2S,j2Sc

Aij

Value of Cut1 : Cut(S,Sc) = 0.3 + 0.2 + 0.3 = 0.8
Value of Cut2 : Cut(S,Sc) = 0.5 + 0.5 + 0.5 + 0.5 = 2.0
Value of Cut3 : Cut(S,Sc) = 0.5 

<latexit sha1_base64="7k0lpnK+tDVCOlrKzu8gEUx6LY8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY8kXjxClEcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzCRBP6JDyUPOqLFS475fLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCpl76pcbVRLtUoWRx7O4BwuwYNrqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKxDjNA=</latexit>

S
<latexit sha1_base64="LRmzfY0UsUHNGlkgmU3qzkriSUA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY8kXjxikEcCK5kdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38799hPXRsTqAScJ9yM6VCIUjKKVGo1H1i+W3LK7AFknXkZKkKHeL371BjFLI66QSWpM13MT9KdUo2CSzwq91PCEsjEd8q6likbc+NPFqTNyYZUBCWNtSyFZqL8npjQyZhIFtjOiODKr3lz8z+umGN74U6GSFLliy0VhKgnGZP43GQjNGcqJJZRpYW8lbEQ1ZWjTKdgQvNWX10mrUvauytX7aqlWyeLIwxmcwyV4cA01uIM6NIHBEJ7hFd4c6bw4787HsjXnZDOn8AfO5w8bs42l</latexit>

Sc

<latexit sha1_base64="lHRclSYRWwnbYfoWuwJ2SMxY3yg=">AAAB9XicbVDLTgJBEJz1ifhCPXrZSEw8kV1C1CMJF4+YyCMBJLNDL0yYmd3M9Kpkw3948aAxXv0Xb/6NA+xBwUo6qVR1p7sriAU36Hnfztr6xubWdm4nv7u3f3BYODpumijRDBosEpFuB9SA4AoayFFAO9ZAZSCgFYxrM7/1ANrwSN3hJIaepEPFQ84oWum+i/CEWqa1BKd9v18oeiVvDneV+Bkpkgz1fuGrO4hYIkEhE9SYju/F2EupRs4ETPPdxEBM2ZgOoWOpohJML51fPXXPrTJww0jbUujO1d8TKZXGTGRgOyXFkVn2ZuJ/XifB8LqXchUnCIotFoWJcDFyZxG4A66BoZhYQpnm9laXjaimDG1QeRuCv/zyKmmWS/5lqXJbKVbLWRw5ckrOyAXxyRWpkhtSJw3CiCbP5JW8OY/Oi/PufCxa15xs5oT8gfP5A9qJkrM=</latexit>

Cut1
<latexit sha1_base64="ZDMReBFEQhZBlUaOrA9Rxbh3/6Q=">AAAB9XicbVDLTgJBEJz1ifhCPXrZSEw8kV1C1CMJF4+YyCMBJLNDL0yYmd3M9Kpkw3948aAxXv0Xb/6NA+xBwUo6qVR1p7sriAU36Hnfztr6xubWdm4nv7u3f3BYODpumijRDBosEpFuB9SA4AoayFFAO9ZAZSCgFYxrM7/1ANrwSN3hJIaepEPFQ84oWum+i/CEWqa1BKf9cr9Q9EreHO4q8TNSJBnq/cJXdxCxRIJCJqgxHd+LsZdSjZwJmOa7iYGYsjEdQsdSRSWYXjq/euqeW2XghpG2pdCdq78nUiqNmcjAdkqKI7PszcT/vE6C4XUv5SpOEBRbLAoT4WLkziJwB1wDQzGxhDLN7a0uG1FNGdqg8jYEf/nlVdIsl/zLUuW2UqyWszhy5JSckQvikytSJTekThqEEU2eySt5cx6dF+fd+Vi0rjnZzAn5A+fzB9wNkrQ=</latexit>

Cut2

<latexit sha1_base64="tvMJNUgGrjCR7RQe/PpwYzrJwYc=">AAAB9XicbVBNTwIxEO3iF+IX6tFLIzHxRHaRqEcSLh4xkY8EVtItXWhou5t2ViUb/ocXDxrj1f/izX9jgT0o+JJJXt6bycy8IBbcgOt+O7m19Y3Nrfx2YWd3b/+geHjUMlGiKWvSSES6ExDDBFesCRwE68SaERkI1g7G9ZnffmDa8EjdwSRmviRDxUNOCVjpvgfsCbRM6wlM+xf9Ysktu3PgVeJlpIQyNPrFr94goolkCqggxnQ9NwY/JRo4FWxa6CWGxYSOyZB1LVVEMuOn86un+MwqAxxG2pYCPFd/T6REGjORge2UBEZm2ZuJ/3ndBMJrP+UqToApulgUJgJDhGcR4AHXjIKYWEKo5vZWTEdEEwo2qIINwVt+eZW0KmXvsly9rZZqlSyOPDpBp+gceegK1dANaqAmokijZ/SK3pxH58V5dz4WrTknmzlGf+B8/gDdkZK1</latexit>

Cut3

<latexit sha1_base64="jVBEWC+X4xsseP4xsPIJ6o1JnEw="></latexit>

minCut and maxVol , min
Cut

Vol
a.k.a. Balanced cuts
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Balanced cut partitioning
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Cheeger Cut[1] (most popular in graph theory) :

Normalized Cut[2] (most popular in application) :

Normalized Association[3] (equivalent to Normalized Cuts) :

[1] Cheeger, Pinching theorems for a certain class of Riemannian manifolds, 1969
[2] Shi, Malik, Normalized cuts and image segmentation, 2000
[3] Karypis, Kumar, A fast and high quality multilevel scheme for partitioning irregular graphs, 1998

<latexit sha1_base64="f1x22Qi9jJ9vO5y3m3MNJlwv+rI="></latexit>

min
S⇢V, S[Sc=V

Cut(S, Sc)

Vol(S)
+

Cut(Sc, S)

Vol(Sc)

<latexit sha1_base64="+mdH0W5VS1xe0mFiKNzje8EZ8n0="></latexit>

min
S⇢V, S[Sc=V

Cut(S, Sc)

min(Vol(S),Vol(Sc))

<latexit sha1_base64="uQ9rgLKqoAh8YT5YQ0FyFjjDyp8="></latexit>

max
S⇢V, S[Sc=V

Assoc(S, Sc)

Vol(S)
+

Assoc(Sc, S)

Vol(Sc)

<latexit sha1_base64="ZghZfFDJkfqkH+w9pCgB5o2pn7E="></latexit>

with Cut(S, Sc) =
X

i2S,j2Sc

Aij (num of connections between S and Sc)

Vol(S) =
X

i2S

di, with di =
X

j2V

Aij (volume and degree resp.)

Assoc(S, Sc) =
X

i2S,j2S

Aij (num of connections inside S)

Partitioning by minimizing edge cuts

<latexit sha1_base64="jC4qARpdJjYy5I0RcyZX0badmCY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx7rR2uhDWWznbRLN5uwuxFK6T/w4kERr/4jb/4bN20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMrzP/8QmV5rF8MJME/YgOJQ85o8ZKd/elfrniVt05yCrxclKBHM1++as3iFkaoTRMUK27npsYf0qV4UzgrNRLNSaUjekQu5ZKGqH2p/NLZ+TMKgMSxsqWNGSu/p6Y0kjrSRTYzoiakV72MvE/r5ua8MqfcpmkBiVbLApTQUxMsrfJgCtkRkwsoUxxeythI6ooMzacLARv+eVV0q5VvYtq/bZeadTyOIpwAqdwDh5cQgNuoAktYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+CijOQ=</latexit>

S
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Sc

Partitioning by maximizing edge matching
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Sc
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Balanced cut problems are NP-hard combinatorial problems.
Normalized Association for k clusters Sq :

We can rewrite the discrete optimization problem with a binary indicator matrix F of the sets Sq :

Discrete optimization

Xavier Bresson 41

<latexit sha1_base64="4BGG/09XJaYQ9588SssnU7pxzpg="></latexit>

max
{Sq}k

q=1 s.t. [qSq=V, \qSq=;

kX

q=1

Assoc(Sq, Sc
q)

Vol(Sq)
+

Assoc(Sc
q , Sq)

Vol(Sc
q)

<latexit sha1_base64="qy3Gv0QQqs7ZZiTkg/ynvh3Fd3U="></latexit>

max
F2{0,1}n⇥k

kX

q=1

FT
·,qAF·,q

FT
·,qDF·,q

s.t.
kX

q=1

Fi,q = 1 8i 2 V

max
Y 2 binaryn⇥k

tr(Y TBY ) s.t. Y TY = Ik, B = D�1/2AD�1/2

with Y·,q =
D1/2F·,q

kD1/2F·,qk2
(vectorial representation)

Yiq =

( q
Dii

Vol(Sq)
if i 2 Sq

0 otherwise
(point-wise representation)
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Spectral relaxation
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[1] Helmberg, Introduction to Spectral Theory in Hilbert Space, 1969
[2] Hawkins, Cauchy and the spectral theory of matrices, 1975

Directly solving discrete balanced cut problems is intractable. 
Similarly to kernel k-means, we derive an approximate solution through spectral relaxation.
We relax the binary constraint Y in binary$	*	( to its nearest convex set, i.e. R$	*	(, which 
renders the optimization continuous.
Subsequently, the spectral theorem[1,2] provides the solution:

The k largest eigenvectors of matrix A obtained through EVD.
<latexit sha1_base64="O8fbgNGo8EVbyM8HOpO/1ms+g7M="></latexit>

max
Y 2Rn⇥k

tr(Y TBY ) s.t. Y TY = Ik, B = D�1/2AD�1/2

with B = ⇥1/2A⇥1/2 EVD
= U⇤UT 2 Rn⇥n

and solution Y ? = U·,1:k 2 Rn⇥k (k largest eigenvectors)
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Outline
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Data clustering
Standard k-means
Kernel k-means

EM approach
Spectral approach

Graph clustering
Balanced cuts
Metis
Normalized cut
Product cut
Louvain algorithm

Conclusion
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Insightful relationship

Xavier Bresson 44

The equivalence between kernel k-means and balanced cuts has been established[1,2].

Kernel K-Means :

Balanced Cuts :

This equivalence underscores the similarity of K and A : both matrices encode relationships 
between data points.
The critical difference is that A is sparse, by considering only close data points, whereas K 
is a full matrix, assigning large values to close points and small values to distant ones.

<latexit sha1_base64="wE2HA4SdMLRaEGm9cD/pdJeK+8U="></latexit>

max
Y 2Rn⇥k

tr(Y TBY ) s.t. Y TY = Ik, B = ⇥1/2K⇥1/2

max
Y 2Rn⇥k

tr(Y TBY ) s.t. Y TY = Ik, B = D�1/2AD�1/2

which are equivalent for ⇥ = D�1,K = A

<latexit sha1_base64="BENjmAyjblBstAmrAhjpCuaIch4="></latexit>

Kij ⇡ Aij =

⇢
exp(�kxi � xjk22/�2) for j 2 Ni

0 otherwise

[1] Bach, Jordan, Learning Spectral Clustering, 2003
[2] Dhillon, Guan, Kulis, Kernel k-means: spectral clustering and normalized cuts, 2004
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Metis technique
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Leveraging the interplay between graph partitioning and data 
clustering, Metis[1] or Graclus[2] offer methods for partitioning 
graphs using kernel k-means. 
In Metis, a hierarchical graph representation is also used to 
suboptimal solutions.
Notably, these approaches do not require EVD, enabling 
scalability to large graphs with O(E) complexity.
As of 2023, Metis is one of the best graph partitioning 
techniques, striking a balance between speed and accuracy. 
An optimized multi-core CPU-version is available by Amazon in 
DGL[3].

[1] Karypis, Kumar, A fast and high quality multilevel scheme for partitioning irregular graphs, 1998 (w/ 7k citations as of 2023)
[2] Dhillon, Guan, Kulis, Weighted Graph Cuts without Eigenvectors: A Multilevel Approach, 2007
[3] Wang et-al, Deep Graph Library: A Graph-Centric, Highly-Performant Package for Graph Neural Networks, 2019



46

Lab 3 : Metis
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Run code03.ipynb and test Metis on

Artificial balanced graph

Real-world USPS image graph
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Outline
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Data clustering
Standard k-means
Kernel k-means

EM approach
Spectral approach

Graph clustering
Balanced cuts
Metis
Normalized cut
Product cut
Louvain algorithm

Conclusion
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Normalized cut
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Normalized Cut[1,2] for k clusters Sq :

We can rewrite the discrete optimization problem with a binary indicator matrix F of the sets Sq :

[1] Shi, Malik, Normalized cuts and image segmentation, 2000
[2] Yu, Shi, Multiclass spectral clustering, 2003

<latexit sha1_base64="QDHM26PbjiXUZOJFVoa78uz1y+c="></latexit>

min
{Sq}k

q=1 s.t. [qSq=V, \qSq=;

kX

q=1

Cut(Sq, Sc
q)

Vol(Sq)

<latexit sha1_base64="HJngAX/2k6wn0t1iszGyftiPJJU="></latexit>

min
F2{0,1}n⇥k

kX

q=1

FT
·,qLF·,q

FT
·,qDF·,q

, with L = D �A and
kX

q=1

Fi,q = 1 8i 2 V

min
Y 2 binaryn⇥k

tr(Y TBY ) s.t. Y TY = Ik, B = I�D�1/2AD�1/2

with Y·,q =
D1/2F·,q

kD1/2F·,qk2
(vectorial representation)

Yiq =

( q
Dii

Vol(Sq)
if i 2 Sq

0 otherwise
(point-wise representation)
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Normalized cut
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As before, relaxing the binary constraint Y from binary$	*	( to the nearest convex set 
R$	*	(	makes the optimization continuous and tractable. 
This relaxation provides an approximate solution given by the spectral theorem, specifically, the 
k smallest eigenvectors of the graph Laplacian. 
Typically, spectral solutions do not satisfy the binary constraint, resulting in a loose relaxation. 
However, an improvment can be made to the spectral solution by enforcing the binary 
constraint, leading to the development of the normalized cut technique[1,2], a.k.a. as NCut. 
NCut stands out as the most popular spectral graph clustering algorithm, with 19k citations as 
of 2023.

[1] Shi, Malik, Normalized cuts and image segmentation, 2000
[2] Yu, Shi, Multiclass spectral clustering, 2003
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A two-step technique
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Step 1: Compute the spectral solution :

Step 2: Spectral solutions are defined up to rotations.
  Identifying the rotation that aligns best with the binary constraint.

Step 1 : Y* Step 2 : Z* (rotate Y*) 

���

���

���

��
�)

Binary solution
(0,1)

Binary solution
(1,0)

Rotation 
of Y*

<latexit sha1_base64="OAQlhVbW9jYBysA8CrJV6KfWsAw="></latexit>

Y ? = arg min
Y 2Rn⇥k

tr(Y TBY ) s.t. Y TY = Ik, B = I�D�1/2AD�1/2

Solved by EVD.

<latexit sha1_base64="mtXt8CBgH04s0rTsAMiuLC3FYic="></latexit>

Z? = argmin
Z,R

kZ � Y ?Rk2F s.t. RTR = Ik, Z 2 {0, 1}n⇥k

Solved by SVD and binarization.
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Lab 4 : NCut
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Run code04.ipynb and test Ncut on non-linear datasets with 4 classes

Linear k-means
EM approach

Kernel k-means
EM approach

NCut
Spectral approach
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Outline
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Data clustering
Standard k-means
Kernel k-means

EM approach
Spectral approach

Graph clustering
Balanced cuts
Metis
Normalized cut
Product cut
Louvain algorithm

Conclusion
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Product cut
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Limitations 

Standard cuts[1] are biased towards data outliers.

Balanced Cuts[2] s.a. NCut are biased towards cluster outliers.

Product Cut[3] are specifically designed and guaranteed to maintain robustness in the 
presence of cluster outliers.

[1] Wu, Leahy, An optimal graph theoretic approach to data clustering: Theory and its application to image segmentation, 1993 
[2] Shi, Malik, Normalized cuts and image segmentation, 2000
[3] Laurent, von Brecht, Bresson, Szlam, The Product Cut, 2016

Two clusters with a 
small outlier cluster

PCut solutionNCut solution
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Product cut
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Combinatorial optimization problem :

Real-world datasets are noisy and 
composed of outliers of small clusters, 
which bias the graph clustering 
algorithms to bad solutions.

<latexit sha1_base64="WDQ/EanB2DMAlH1RPlG3hcOIxDw="></latexit>

min
{Sq}k

q=1 s.t. [qSq=V, \qSq=;

Qk
q=1 Connec(Sq, S

c
q)

exp(H({Sq}))

where Connec(Sq, S
c
q) =

Y

i2Sq

1 +

P
j2Sc

q
Aij

P
j2Sc

q
Aij

H({Sq}) = �
kX

q=1

pq log pq, pq =
|Sq|
|V |
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Lab 5 : PCut
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Run code05.ipynb and test Pcut on 

The two-moon dataset

USPS and MIREX datasets

NCut solution PCut solution
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Outline
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Data clustering
Standard k-means
Kernel k-means

EM approach
Spectral approach

Graph clustering
Balanced cuts
Metis
Normalized cut
Product cut
Louvain algorithm

Conclusion
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Number of clusters
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Previous techniques assume that the number k of clusters is predefined.
In scenarios where k is unknown, two approaches are commonly used :

Domain expertise
Define a quality measure of clustering.
Apply previously introduced techniques with various k values.
Pick the k value with the highest quality.

Simultaneous optimization of the clusters and their number
Treat k as a variable of the clustering problem
Use Louvain algorithm[1] to dynamically determine the optimal number of clusters 
during the clustering process.

[1] Blondel, Guillaume, Lambiotte, Lefebvre, Fast unfolding of communities in large networks, 2008
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Louvain algorithm
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[1] Blondel, Guillaume, Lambiotte, Lefebvre, Fast unfolding of communities in large networks, 2008

Louvain technique[1]

Popular technique in social science w/ 20k citations as of 2023. 
It is basically a greedy algorithm that optimizes the modularity objective :

<latexit sha1_base64="Sq8erKeU0FaB2Ct65jsH/2+aUQ4="></latexit>

max
k,C:V!{1,2...,k}

X

ij

⇣
Aij � �

didjP
i0j0 Ai0j0

⌘
�(Ci, Cj)

with �(Ci, Cj) =

⇢
1 if Ci = Cj (i and j belong to the same cluster)
0 otherwise
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Number of clusters
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Observe that

The parameter γ provides a loose, i.e. not exact, control over the number of clusters.

When λ represents the minimum value of LCut, then modularity is equivalent to LCut. 

<latexit sha1_base64="IHwkU69MVL7BMd5AiaLg9SDBxaA="></latexit>

max
k,C:V!{1,2...,k}

X

ij

⇣
Aij � �

didjP
i0j0 Ai0j0

⌘
�(Ci, Cj)

is equivalent to

min
{Sq}k

q=1 s.t. [qSq=V, \qSq=;

kX

q=1

Cut(Sq, S
c
q)� �Vol(Sq)Vol(S

c
q)

which is a relaxation of the balanced cut we call LCut:

min
{Sq}k

q=1 s.t. [qSq=V, \qSq=;

kX

q=1

Cut(Sq, Sc
q)

Vol(Sq)Vol(Sc
q)
, where � = min

{Sq}
LCut({Sq})
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Greedy algorithm
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Step 1 : Energy minimization step
Find communities by locally maximizing the modularity.
Each node is first assigned to its own community. Iteratively, 
each node i is reassigned to the community of its neighbor that 
maximizes modularity. The process is repeated until no changes 
occur.

Step 2 : Graph coarsening step
Create a new graph by merging communities into super-vertices.
Construct a new adjacency matrix based on the communities 
identified in Step 1.

Properties
Fast and parallelizable algorithm, e.g. used for Twitter 
community detection in 2009 w/ 2.4M nodes, 38M edges.
No theoretical guarantee to find the global modularity solution.

�Qij
j 2 Ni

Cluster Sq Cluster Sq’

i j

)

Super-vertex 
q

Super-vertex
 q’
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i 2 Sq
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Aij
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Acoarsen
qq0

<latexit sha1_base64="yJ8Se/3ap2EjZLDMvbIibCKLyyc="></latexit>

Acoarsen
qq0 =

X

i2Sq,j2Sq0

Aij
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Lab 6 : Louvain algorithm
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Run code06.ipynb and test Louvain algorithm on

The two-moon dataset

USPS dataset

Observe that Louvain tends to over-cluster the datasets.
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Outline
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Data clustering
Standard k-means
Kernel k-means

EM approach
Spectral approach

Graph clustering
Balanced cuts
Metis
Normalized cut
Product cut
Louvain algorithm

Conclusion
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Overview of data and graph clustering
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Unsupervised Clustering

k is known

Data
(no graph)

Graph

Balanced Cuts
Cheeger Cut, Normalized Cut, 

Normalized Associations†

Spectral Graph Clustering

PCut
Tight relaxation
of balanced cuts

Ncut☆
Loose relaxation
of balanced cuts

k-means

k is unknown

Louvain Algorithm
Greedy technique

Kernel k-means w/ EM†
Kernel k-means w/ Metis†

Kernel k-means w/ Spectral☆

† Equivalence
☆ Equivalence

NP-hard
Spectral relaxation

Non-linear 
Relaxation 

Linear 
Relaxation 

Full Matrix Sparse Matrix
Graph construction 
may be needed

Kernel
trick
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Conclusion
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Clustering, both for data and graphs, is a cornerstone topic that beautifully connnects 
combinatorial and discrete optimization, continuous optimization, graph theory, and spectral 
solutions.

Linear and kernel k-means is the most basic unsupervised data clustering algorithms. They 
are solvable with EM/greedy optimization, as well as spectral techniques.

Unsupervised graph clustering algorithms, like NCut and Metis, focus on balanced cuts. Like 
k-means, they can be tackled through fast greedy algorithms or spectral optimization. 

We show the equivalence between data clustering and graph partitioning tasks, both aiming 
to identify communities of similar data points or nodes in graphs. 

Data clustering complexity is O(n2dk) for greedy methods, O(n2d+n2k) for spectral techniques.

Graph clustering has complexity O(n2d) for graph construction, O(E) for Metis and O(E3/2k) 
for spectral approaches.
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