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Course lectures 

Introduction to Graph Machine Learning
Part 1: GML without feature learning 
(before 2014)

Introduction to Graph Science
Graph Analysis Techniques without 
Feature Learning

Graph clustering
Graph SVM
Recommendation
Dimensionality reduction

Part 2 : GML with shallow feature learning 
(2014-2016)

Shallow graph feature learning

Part 3 : GML with deep feature learning, 
a.k.a. GNNs (after 2016)

Graph Convolutional Networks 
(spectral and spatial)
Weisfeiler-Lehman GNNs
Graph Transformer & Graph 
ViT/MLP-Mixer
Benchmarking GNNs
Molecular science and generative GNNs
GNNs for combinatorial optimization
GNNs for recommendation
GNNs for knowledge graphs
Integrating GNNs and LLMs
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Outline
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Supervised classification

Linear SVM

Soft-margin SVM

Kernel techniques

Non-linear/kernel SVM

Graph SVM

Conclusion



4

Outline

Xavier Bresson 4

Supervised classification

Linear SVM

Soft-margin SVM

Kernel techniques
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Conclusion



5

Learning techniques
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As of Feb 2023, there are five main classes of learning algorithms :

Supervised learning (SL) : Algorithms that use labeled data, i.e. data annotated by 
humans.

Unsupervised learning : Algorithms that learn the underlying data distribution without 
relying on label information, e.g. data generation.

Semi-supervised learning : Algorithms that use both labeled and unlabeled data.

Reinforcement learning (RL) : Algorithms that learn sequence of actions to maximize a 
future reward over time, e.g. winning games.

Self-supervised learning (SSL) : Algorithms that learn data representation by self-
labeling, without requiring human annotations.
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Support vector machine
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In this lecture, we will focus on two specific topics :

Supervised classification using Support Vector Machine (SVM).

Semi-supervised learning that leverage graph structure to improve learning from 
partially labeled data. 

SVM stands as a theoretically robust and widely successful technique deployed across 
various applications. 

It was the prevailing machine learning model prior to the advent of deep learning. 

Its decline in popularity can be attributed primarily to the absence of a feature learning 
mechanism. SVM relies on features engineered by humans, which were surpassed with 
features learned by neural network architectures.
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Support vector machine
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SVM elegantly connects important topics in machine learning : 

Geometric interpretation of classification tasks.

Ability to handle non-linear class boundaries using higher-dimensional feature maps. 

Efficient use of the kernel trick to maintain the complexity of input data. 

High-dimensional interpolation with the representer theorem. 

Use of graph representations to capture data distribution regardless of labels. 

Incorporation of graph regularization to propagate label information throughout the 
graph domain.

Primal and dual optimization methods for solving quadratic programming problems.
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Outline
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Supervised classification

Linear SVM

Soft-margin SVM
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SVM formulation
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Goal : Given a set 𝑉	of labeled data with two classes, the goal is to construct a 
classification function 𝑓 that assigns the class for new, previously unseen data 
point by maximizing the margin between the two classes[1]. 

C-

C+

<latexit sha1_base64="Yb/z2pnwgpGBQdVCOsOzQaFOQYo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlVJcFNy6r2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkobm1vbO+Xdyt7+weFR9fikp+JUEtolMY/lwMeKciZoVzPN6SCRFEc+p31/epP7/ScqFYvFg54l1IvwWLCQEayN5LoR1hPfz+7nj8GoWrPr9gJonTgFqUGBzqj65QYxSSMqNOFYqaFjJ9rLsNSMcDqvuKmiCSZTPKZDQwWOqPKyReY5ujBKgMJYmic0Wqi/NzIcKTWLfDOZZ1SrXi7+5w1THV57GRNJqqkgy0NhypGOUV4ACpikRPOZIZhIZrIiMsESE21qqpgSnNUvr5Neo+606s27Zq3dKOoowxmcwyU4cAVtuIUOdIFAAs/wCm9War1Y79bHcrRkFTun8AfW5w80F5HB</latexit>

Rd
Margin

<latexit sha1_base64="NkE77X1zamHj+UaAtCddTCFZRZQ="></latexit>

Classification function :

f(x) = �1, x 2 C�

<latexit sha1_base64="dor5rDHQJs3ZxFvKCsIBUwgtGWU=">AAACIHicbVDJSgNBEO1xjXGLevTSGBQPGmZCMCIIAS+eJIKJQiYMPZ1KbNKz2F0TEoZ8ihd/xYsHRfSmX2NnObg9KHi8V0VVPT+WQqNtf1gzs3PzC4uZpezyyuraem5js66jRHGo8UhG6sZnGqQIoYYCJdzECljgS7j2u2cj/7oHSosovMJBDM2AdULRFpyhkbxceY+6CH1UQXoBHSP2gErmg6QndEhdN2v8u4S1aN8TBy5I6YnTQ4dmvVzeLthj0L/EmZI8maLq5d7dVsSTAELkkmndcOwYmylTKLiEYdZNNMSMd1kHGoaGLADdTMcPDumuUVq0HSlTIdKx+n0iZYHWg8A3nQHDW/3bG4n/eY0E28fNVIRxghDyyaJ2IilGdJQWbQkFHOXAEMaVMLdSfssU42gyHYXg/H75L6kXC85RoXRZyleK0zgyZJvskH3ikDKpkHNSJTXCyT15JM/kxXqwnqxX623SOmNNZ7bID1ifX6uloLY=</latexit>

Negative label :

xi, `i = �1

<latexit sha1_base64="EJWUjaSzWZgHb2oUtPBf7AJ4psE="></latexit>

Classification function :

f(x) = +1, x 2 C+

<latexit sha1_base64="dtIfBgzPMaR9DA2BFBqHb26yVPU=">AAACIHicbZBLSwMxFIUzvq2vqks3waIISpkpxYogCG5cVrC10ClDJnOnDWYeJneKZehPceNfceNCEd3przGtXfg6EPg4517CPX4qhUbbfrempmdm5+YXFgtLyyura8X1jaZOMsWhwROZqJbPNEgRQwMFSmilCljkS7jyr89G+VUflBZJfImDFDoR68YiFJyhsbxibZe6CLeooryeaIGiD1QyHyQ9pkPqugWT32QsoLeeOHBBSk+c7Du04BVLdtkei/4FZwIlMlHdK765QcKzCGLkkmndduwUOzlTKLiEYcHNNKSMX7MutA3GLALdyccHDumOcQIaJsq8GOnY/b6Rs0jrQeSbyYhhT//ORuZ/WTvD8KiTizjNEGL+9VGYSYoJHbVFA6GAoxwYYFyZejjlPaYYR9PpqATn98l/oVkpO4fl6kW1dFqZ1LFAtsg22SMOqZFTck7qpEE4uSMP5Ik8W/fWo/VivX6NTlmTnU3yQ9bHJ95doNQ=</latexit>

Positive label :

xi, `i = +1

[1] Vapnik, Chervonenkis, On a perceptron class, 1964

Vladimir Vapnik
<latexit sha1_base64="CLoGCCHhadNxGLb+eNOlZmbIsFc="></latexit>

f : x 2 Rd ! {�1, 1}
with V = {xi, `i}ni=1, xi 2 Rd (data features)

`i 2 {�1, 1} (data label)
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C-

C+

<latexit sha1_base64="Yb/z2pnwgpGBQdVCOsOzQaFOQYo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlVJcFNy6r2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkobm1vbO+Xdyt7+weFR9fikp+JUEtolMY/lwMeKciZoVzPN6SCRFEc+p31/epP7/ScqFYvFg54l1IvwWLCQEayN5LoR1hPfz+7nj8GoWrPr9gJonTgFqUGBzqj65QYxSSMqNOFYqaFjJ9rLsNSMcDqvuKmiCSZTPKZDQwWOqPKyReY5ujBKgMJYmic0Wqi/NzIcKTWLfDOZZ1SrXi7+5w1THV57GRNJqqkgy0NhypGOUV4ACpikRPOZIZhIZrIiMsESE21qqpgSnNUvr5Neo+606s27Zq3dKOoowxmcwyU4cAVtuIUOdIFAAs/wCm9War1Y79bHcrRkFTun8AfW5w80F5HB</latexit>

Rd

Linear SVM

Xavier Bresson 10

[1] Vapnik, Chervonenkis, On a perceptron class, 1964

Assumption[1] : Training and test datasets are linearly separable, i.e. data can be separated 
with a straight line in 2D, a plane in 3D and a hyper-plane in higher dimensions.
A hyper-plane is parameterized with two variables (𝑤, 𝑏), where 𝑤 is the normal vector of the 
hyper-plane, i.e. determining its slope, and 𝑏 is the offset or bias term :

Hyperplane 
separator between 

the two classes

<latexit sha1_base64="/LwItP9ylVqseki+Y10NAb1LyKE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2FZoQ9lsN+3SzSbsTpRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvs78ziPXRsTqHicJ9yM6VCIUjKKV7p5K/XLFrbpzkFXi5aQCOZr98ldvELM04gqZpMZ0PTdBf0o1Cib5rNRLDU8oG9Mh71qqaMSNP51fOiNnVhmQMNa2FJK5+ntiSiNjJlFgOyOKI7PsZeJ/XjfF8MqfCpWkyBVbLApTSTAm2dtkIDRnKCeWUKaFvZWwEdWUoQ0nC8FbfnmVtGtV76Jav61XGrU8jiKcwCmcgweX0IAbaEILGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8ARdljQg=</latexit>w

<latexit sha1_base64="tlrRUikETn3wJ5FJHdiRRQ+2QOM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUDAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJr1sr1ah5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Awv+M3w==</latexit>

b

<latexit sha1_base64="Yb/z2pnwgpGBQdVCOsOzQaFOQYo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlVJcFNy6r2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkobm1vbO+Xdyt7+weFR9fikp+JUEtolMY/lwMeKciZoVzPN6SCRFEc+p31/epP7/ScqFYvFg54l1IvwWLCQEayN5LoR1hPfz+7nj8GoWrPr9gJonTgFqUGBzqj65QYxSSMqNOFYqaFjJ9rLsNSMcDqvuKmiCSZTPKZDQwWOqPKyReY5ujBKgMJYmic0Wqi/NzIcKTWLfDOZZ1SrXi7+5w1THV57GRNJqqkgy0NhypGOUV4ACpikRPOZIZhIZrIiMsESE21qqpgSnNUvr5Neo+606s27Zq3dKOoowxmcwyU4cAVtuIUOdIFAAs/wCm9War1Y79bHcrRkFTun8AfW5w80F5HB</latexit>

Rd

<latexit sha1_base64="pG5RaaOkCVV/RyfAWUHkJBSYUKY="></latexit>

Hyper-plane equation : {x : wTx+ b = cte}, x, w 2 Rd, b 2 R

<latexit sha1_base64="FZKYOFtyAOVGM9rMrXf9jguB0Fo=">AAACBHicbVC7SgNBFJ31GdfXqmWawSAIQtgNQW2EgI1lhLwgiWF2MpsMmX0wc1cTlhQ2/oqNhSK2foSdf+NssoUmHrhwOOfemXuPGwmuwLa/jZXVtfWNzdyWub2zu7dvHRw2VBhLyuo0FKFsuUQxwQNWBw6CtSLJiO8K1nRH16nfvGdS8TCowSRiXZ8MAu5xSkBLPSv/cFfDY3yGXXyFO8DGIP2EApuaptmzCnbRngEvEycjBZSh2rO+Ov2Qxj4LgAqiVNuxI+gmRAKnQj/ZiRWLCB2RAWtrGhCfqW4yO2KKT7TSx14odQWAZ+rviYT4Sk18V3f6BIZq0UvF/7x2DN5lN+FBFAML6PwjLxYYQpwmgvtcMgpiogmhkutdMR0SSXQKUqUhOIsnL5NGqeicF8u35UKllMWRQ3l0jE6Rgy5QBd2gKqojih7RM3pFb8aT8WK8Gx/z1hUjmzlCf2B8/gCEh5YP</latexit>

wTx+ b = cte
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<latexit sha1_base64="rgV+0kBEqj64uFz0l9SqELyaSYs="></latexit>

fw,b(x) = sign(wTx+ b) =

⇢
+1 for x 2 C+

�1 for x 2 C�

SVM classifier

Xavier Bresson 11

Classification function : 

C-

C+

<latexit sha1_base64="/LwItP9ylVqseki+Y10NAb1LyKE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2FZoQ9lsN+3SzSbsTpRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvs78ziPXRsTqHicJ9yM6VCIUjKKV7p5K/XLFrbpzkFXi5aQCOZr98ldvELM04gqZpMZ0PTdBf0o1Cib5rNRLDU8oG9Mh71qqaMSNP51fOiNnVhmQMNa2FJK5+ntiSiNjJlFgOyOKI7PsZeJ/XjfF8MqfCpWkyBVbLApTSTAm2dtkIDRnKCeWUKaFvZWwEdWUoQ0nC8FbfnmVtGtV76Jav61XGrU8jiKcwCmcgweX0IAbaEILGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8ARdljQg=</latexit>w

<latexit sha1_base64="Yb/z2pnwgpGBQdVCOsOzQaFOQYo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlVJcFNy6r2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkobm1vbO+Xdyt7+weFR9fikp+JUEtolMY/lwMeKciZoVzPN6SCRFEc+p31/epP7/ScqFYvFg54l1IvwWLCQEayN5LoR1hPfz+7nj8GoWrPr9gJonTgFqUGBzqj65QYxSSMqNOFYqaFjJ9rLsNSMcDqvuKmiCSZTPKZDQwWOqPKyReY5ujBKgMJYmic0Wqi/NzIcKTWLfDOZZ1SrXi7+5w1THV57GRNJqqkgy0NhypGOUV4ACpikRPOZIZhIZrIiMsESE21qqpgSnNUvr5Neo+606s27Zq3dKOoowxmcwyU4cAVtuIUOdIFAAs/wCm9War1Y79bHcrRkFTun8AfW5w80F5HB</latexit>

Rd

<latexit sha1_base64="zTp8TLAm+EMRA+Ai2HxvsrR649c=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWARBKEkpagIQsGNywp9QRvLZDpph04mYWaiLaFu/BU3LhRx61+482+ctFlo64ELh3Pu5d57vIhRqWz728gtLa+sruXXzY3Nre0da3evIcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01veJ36zXsiJA15TY0j4gaoz6lPMVJa6loHnWQEL+HDXQ2O4Cn04BW0OxPTNLtWwS7aU8BF4mSkADJUu9ZXpxfiOCBcYYakbDt2pNwECUUxIxOzE0sSITxEfdLWlKOASDeZfjCBx1rpQT8UuriCU/X3RIICKceBpzsDpAZy3kvF/7x2rPwLN6E8ihXheLbIjxlUIUzjgD0qCFZsrAnCgupbIR4ggbDSoaUhOPMvL5JGqeicFcu35UKllMWRB4fgCJwAB5yDCrgBVVAHGDyCZ/AK3own48V4Nz5mrTkjm9kHf2B8/gBampOP</latexit>

{x : wTx+ b = 0}

<latexit sha1_base64="PhjA9Nkkb5ELNsT/sLnXHzZ3K6I=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWARBKEkpai4kIIblxX6gjaWyXTSDp1MwsxEW0Ld+CtuXCji1r9w5984abPQ1gMXDufcy733eBGjUtn2t5FbWl5ZXcuvmxubW9s71u5eQ4axwKSOQxaKlockYZSTuqKKkVYkCAo8Rpre8Dr1m/dESBrymhpHxA1Qn1OfYqS01LUOOskIXsKHuxocwVPowStodyamaXatgl20p4CLxMlIAWSodq2vTi/EcUC4wgxJ2XbsSLkJEopiRiZmJ5YkQniI+qStKUcBkW4y/WACj7XSg34odHEFp+rviQQFUo4DT3cGSA3kvJeK/3ntWPkXbkJ5FCvC8WyRHzOoQpjGAXtUEKzYWBOEBdW3QjxAAmGlQ0tDcOZfXiSNUtE5K5Zvy4VKKYsjDw7BETgBDjgHFXADqqAOMHgEz+AVvBlPxovxbnzMWnNGNrMP/sD4/AFcJZOQ</latexit>

{x : wTx+ b > 0}

<latexit sha1_base64="YsDtYFXaqftXPThk9jElJWeYG+g=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWARBKEkpaiIi4IblxX6gjaWyXTSDp1MwsxEW0Ld+CtuXCji1r9w5984abPQ1gMXDufcy733eBGjUtn2t5FbWl5ZXcuvmxubW9s71u5eQ4axwKSOQxaKlockYZSTuqKKkVYkCAo8Rpre8Dr1m/dESBrymhpHxA1Qn1OfYqS01LUOOskIXsKHuxocwVPowStodyamaXatgl20p4CLxMlIAWSodq2vTi/EcUC4wgxJ2XbsSLkJEopiRiZmJ5YkQniI+qStKUcBkW4y/WACj7XSg34odHEFp+rviQQFUo4DT3cGSA3kvJeK/3ntWPkXbkJ5FCvC8WyRHzOoQpjGAXtUEKzYWBOEBdW3QjxAAmGlQ0tDcOZfXiSNUtE5K5Zvy4VKKYsjDw7BETgBDjgHFXADqqAOMHgEz+AVvBlPxovxbnzMWnNGNrMP/sD4/AFZD5OO</latexit>

{x : wTx+ b < 0}

<latexit sha1_base64="tlrRUikETn3wJ5FJHdiRRQ+2QOM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUDAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJr1sr1ah5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Awv+M3w==</latexit>

b
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Maximizing class margin

Xavier Bresson 12

Hyper-plane 𝑤𝑇𝑥 + 𝑏 = 0 is the class separator.

Hyper-planes 𝑤𝑇𝑥 + 𝑏 = ±1 are the class margins.

Why do we want to maximize the margin?

Note that multiple hyper-plane solutions exist to separate the two classes.

Let us select the solution that generalizes the best, i.e. the solution with the largest 
margin between the classes.

Margin

C- C+

<latexit sha1_base64="Yb/z2pnwgpGBQdVCOsOzQaFOQYo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlVJcFNy6r2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkobm1vbO+Xdyt7+weFR9fikp+JUEtolMY/lwMeKciZoVzPN6SCRFEc+p31/epP7/ScqFYvFg54l1IvwWLCQEayN5LoR1hPfz+7nj8GoWrPr9gJonTgFqUGBzqj65QYxSSMqNOFYqaFjJ9rLsNSMcDqvuKmiCSZTPKZDQwWOqPKyReY5ujBKgMJYmic0Wqi/NzIcKTWLfDOZZ1SrXi7+5w1THV57GRNJqqkgy0NhypGOUV4ACpikRPOZIZhIZrIiMsESE21qqpgSnNUvr5Neo+606s27Zq3dKOoowxmcwyU4cAVtuIUOdIFAAs/wCm9War1Y79bHcrRkFTun8AfW5w80F5HB</latexit>

Rd

C-

C+

<latexit sha1_base64="Yb/z2pnwgpGBQdVCOsOzQaFOQYo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlVJcFNy6r2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkobm1vbO+Xdyt7+weFR9fikp+JUEtolMY/lwMeKciZoVzPN6SCRFEc+p31/epP7/ScqFYvFg54l1IvwWLCQEayN5LoR1hPfz+7nj8GoWrPr9gJonTgFqUGBzqj65QYxSSMqNOFYqaFjJ9rLsNSMcDqvuKmiCSZTPKZDQwWOqPKyReY5ujBKgMJYmic0Wqi/NzIcKTWLfDOZZ1SrXi7+5w1THV57GRNJqqkgy0NhypGOUV4ACpikRPOZIZhIZrIiMsESE21qqpgSnNUvr5Neo+606s27Zq3dKOoowxmcwyU4cAVtuIUOdIFAAs/wCm9War1Y79bHcrRkFTun8AfW5w80F5HB</latexit>

Rd
Margin

<latexit sha1_base64="6Hj3XCzQ4PFOiFUZ++lbAS8/eIQ=">AAAB+XicbVDLSsNAFL2prxpfUZduBosgCCUpRd0IBTcuK/QFbSyT6aQdOnkwM6mW0D9x40IRt/6JO//GSZuFth64cDjnXu69x4s5k8q2v43C2vrG5lZx29zZ3ds/sA6PWjJKBKFNEvFIdDwsKWchbSqmOO3EguLA47TtjW8zvz2hQrIobKhpTN0AD0PmM4KVlvqW9fjQQE/oAnnoBtmmafatkl2250CrxMlJCXLU+9ZXbxCRJKChIhxL2XXsWLkpFooRTmdmL5E0xmSMh7SraYgDKt10fvkMnWllgPxI6AoVmqu/J1IcSDkNPN0ZYDWSy14m/ud1E+VfuykL40TRkCwW+QlHKkJZDGjABCWKTzXBRDB9KyIjLDBROqwsBGf55VXSqpSdy3L1vlqqVfI4inACp3AODlxBDe6gDk0gMIFneIU3IzVejHfjY9FaMPKZY/gD4/MHBG6QnQ==</latexit>

wTx+ b = 0

<latexit sha1_base64="cYt5un+mE+nRyI3b/HVx6a9CQyk=">AAAB+nicbVBNS8NAEJ34WeNXqkcvi0UQCiUpRb0IBS8eK/QL2lg22227dLMJuxtrif0pXjwo4tVf4s1/Y9LmoK0PBh7vzTAzzws5U9q2v4219Y3Nre3cjrm7t39waOWPmiqIJKENEvBAtj2sKGeCNjTTnLZDSbHvcdryxjep33qgUrFA1PU0pK6Ph4INGME6kXpWfnJfR4+oiDx0jYqOaZo9q2CX7DnQKnEyUoAMtZ711e0HJPKp0IRjpTqOHWo3xlIzwunM7EaKhpiM8ZB2EiqwT5Ubz0+fobNE6aNBIJMSGs3V3xMx9pWa+l7S6WM9UsteKv7ndSI9uHJjJsJIU0EWiwYRRzpAaQ6ozyQlmk8Tgolkya2IjLDERCdppSE4yy+vkma55FyUKneVQrWcxZGDEziFc3DgEqpwCzVoAIEJPMMrvBlPxovxbnwsWteMbOYY/sD4/AFv+ZDT</latexit>

wTx+ b = +1

<latexit sha1_base64="UOVpsKwvB/lWimSbUDA4X0IvhZQ=">AAAB+nicbVDLSgNBEOz1GdfXRo9eBoMgiGE3BPUiBLx4jJAXJGuYncwmQ2YfzMwaQ8ynePGgiFe/xJt/42yyB00saCiquunu8mLOpLLtb2NldW19YzO3ZW7v7O7tW/mDhowSQWidRDwSLQ9LyllI64opTluxoDjwOG16w5vUbz5QIVkU1tQ4pm6A+yHzGcFKS10rP7qvoUd0hjx0jc4d0zS7VsEu2jOgZeJkpAAZql3rq9OLSBLQUBGOpWw7dqzcCRaKEU6nZieRNMZkiPu0rWmIAyrdyez0KTrRSg/5kdAVKjRTf09McCDlOPB0Z4DVQC56qfif106Uf+VOWBgnioZkvshPOFIRSnNAPSYoUXysCSaC6VsRGWCBidJppSE4iy8vk0ap6FwUy3flQqWUxZGDIziGU3DgEipwC1WoA4ERPMMrvBlPxovxbnzMW1eMbOYQ/sD4/AFzCZDV</latexit>

wTx+ b = �1
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Maximizing class margin

Xavier Bresson 13

What are the parameters (𝑤, 𝑏) that maximize the margin 𝑑	between the training points?

<latexit sha1_base64="6Hj3XCzQ4PFOiFUZ++lbAS8/eIQ=">AAAB+XicbVDLSsNAFL2prxpfUZduBosgCCUpRd0IBTcuK/QFbSyT6aQdOnkwM6mW0D9x40IRt/6JO//GSZuFth64cDjnXu69x4s5k8q2v43C2vrG5lZx29zZ3ds/sA6PWjJKBKFNEvFIdDwsKWchbSqmOO3EguLA47TtjW8zvz2hQrIobKhpTN0AD0PmM4KVlvqW9fjQQE/oAnnoBtmmafatkl2250CrxMlJCXLU+9ZXbxCRJKChIhxL2XXsWLkpFooRTmdmL5E0xmSMh7SraYgDKt10fvkMnWllgPxI6AoVmqu/J1IcSDkNPN0ZYDWSy14m/ud1E+VfuykL40TRkCwW+QlHKkJZDGjABCWKTzXBRDB9KyIjLDBROqwsBGf55VXSqpSdy3L1vlqqVfI4inACp3AODlxBDe6gDk0gMIFneIU3IzVejHfjY9FaMPKZY/gD4/MHBG6QnQ==</latexit>

wTx+ b = 0

<latexit sha1_base64="cYt5un+mE+nRyI3b/HVx6a9CQyk=">AAAB+nicbVBNS8NAEJ34WeNXqkcvi0UQCiUpRb0IBS8eK/QL2lg22227dLMJuxtrif0pXjwo4tVf4s1/Y9LmoK0PBh7vzTAzzws5U9q2v4219Y3Nre3cjrm7t39waOWPmiqIJKENEvBAtj2sKGeCNjTTnLZDSbHvcdryxjep33qgUrFA1PU0pK6Ph4INGME6kXpWfnJfR4+oiDx0jYqOaZo9q2CX7DnQKnEyUoAMtZ711e0HJPKp0IRjpTqOHWo3xlIzwunM7EaKhpiM8ZB2EiqwT5Ubz0+fobNE6aNBIJMSGs3V3xMx9pWa+l7S6WM9UsteKv7ndSI9uHJjJsJIU0EWiwYRRzpAaQ6ozyQlmk8Tgolkya2IjLDERCdppSE4yy+vkma55FyUKneVQrWcxZGDEziFc3DgEqpwCzVoAIEJPMMrvBlPxovxbnwsWteMbOYY/sD4/AFv+ZDT</latexit>

wTx+ b = +1

<latexit sha1_base64="UOVpsKwvB/lWimSbUDA4X0IvhZQ=">AAAB+nicbVDLSgNBEOz1GdfXRo9eBoMgiGE3BPUiBLx4jJAXJGuYncwmQ2YfzMwaQ8ynePGgiFe/xJt/42yyB00saCiquunu8mLOpLLtb2NldW19YzO3ZW7v7O7tW/mDhowSQWidRDwSLQ9LyllI64opTluxoDjwOG16w5vUbz5QIVkU1tQ4pm6A+yHzGcFKS10rP7qvoUd0hjx0jc4d0zS7VsEu2jOgZeJkpAAZql3rq9OLSBLQUBGOpWw7dqzcCRaKEU6nZieRNMZkiPu0rWmIAyrdyez0KTrRSg/5kdAVKjRTf09McCDlOPB0Z4DVQC56qfif106Uf+VOWBgnioZkvshPOFIRSnNAPSYoUXysCSaC6VsRGWCBidJppSE4iy8vk0ap6FwUy3flQqWUxZGDIziGU3DgEipwC1WoA4ERPMMrvBlPxovxbnzMW1eMbOYQ/sD4/AFzCZDV</latexit>

wTx+ b = �1

<latexit sha1_base64="RO+zjSPBLXohA4XeeAQ4af+o74c=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EiyCIJTdUtRjwYvHCvYD2qVk02wbm02WJCuW0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMCxPOtPG8b6ewtr6xuVXcdnd29/YPSodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfJP57UeqNJPi3kwSGsR4KFjECDZWaj31L1zX7ZfKXsWbA60SPydlyNHol756A0nSmApDONa663uJCaZYGUY4nbm9VNMEkzEe0q6lAsdUB9P5tTN0ZpUBiqSyJQyaq78npjjWehKHtjPGZqSXvUz8z+umJroOpkwkqaGCLBZFKUdGoux1NGCKEsMnlmCimL0VkRFWmBgbUBaCv/zyKmlVK/5lpXZXK9ereRxFOIFTOAcfrqAOt9CAJhB4gGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOgEI3P</latexit>x+

<latexit sha1_base64="CuYha6GAIPUTTiVQT/emKuYidJQ=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EiyCF8tuKeqx4MVjBfsB7VKyabaNzSZLkhVL6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpuuzu7e/sHpcOjlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4vsn89iNVmklxbyYJDWI8FCxiBBsrtZ76F67r9ktlr+LNgVaJn5My5Gj0S1+9gSRpTIUhHGvd9b3EBFOsDCOcztxeqmmCyRgPaddSgWOqg+n82hk6s8oARVLZEgbN1d8TUxxrPYlD2xljM9LLXib+53VTE10HUyaS1FBBFouilCMjUfY6GjBFieETSzBRzN6KyAgrTIwNKAvBX355lbSqFf+yUrurlevVPI4inMApnIMPV1CHW2hAEwg8wDO8wpsjnRfn3flYtBacfOYY/sD5/AGjHo3R</latexit>x�

C-

C+

<latexit sha1_base64="Yb/z2pnwgpGBQdVCOsOzQaFOQYo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlVJcFNy6r2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkobm1vbO+Xdyt7+weFR9fikp+JUEtolMY/lwMeKciZoVzPN6SCRFEc+p31/epP7/ScqFYvFg54l1IvwWLCQEayN5LoR1hPfz+7nj8GoWrPr9gJonTgFqUGBzqj65QYxSSMqNOFYqaFjJ9rLsNSMcDqvuKmiCSZTPKZDQwWOqPKyReY5ujBKgMJYmic0Wqi/NzIcKTWLfDOZZ1SrXi7+5w1THV57GRNJqqkgy0NhypGOUV4ACpikRPOZIZhIZrIiMsESE21qqpgSnNUvr5Neo+606s27Zq3dKOoowxmcwyU4cAVtuIUOdIFAAs/wCm9War1Y79bHcrRkFTun8AfW5w80F5HB</latexit>

Rd
<latexit sha1_base64="UoY53Ma0XCiBQIRb12Z9eG6lvMs=">AAACHXicbVBNSwMxEM36WetX1aOXYFEEseyWol4EwYsXQcHaQreUbDptg0l2SWalZekf8eJf8eJBEQ9exH9jWnvw60HC470ZZuZFiRQWff/Dm5qemZ2bzy3kF5eWV1YLa+vXNk4NhyqPZWzqEbMghYYqCpRQTwwwFUmoRTenI792C8aKWF/hIIGmYl0tOoIzdFKrUNmhYc8mjEMWcDUMEfpoVHbOTFfoYRjmd2ibHtN+a4/uu3+fOinfKhT9kj8G/UuCCSmSCS5ahbewHfNUgUYumbWNwE+wmTGDgksY5sPUgtvhhnWh4ahmCmwzG183pNtOadNObNzTSMfq946MKWsHKnKVimHP/vZG4n9eI8XOUTMTOkkRNP8a1EklxZiOoqJtYYCjHDjCuBFuV8p7zDCOLtBRCMHvk/+S63IpOChVLivFk/IkjhzZJFtklwTkkJyQM3JBqoSTO/JAnsizd+89ei/e61fplDfp2SA/4L1/Ai4mn1k=</latexit>

Margin

d = x+ � x�

<latexit sha1_base64="yeq7Vg59o/CPRf/bnZ9g6CAvwtU="></latexit>

Margin is defined with the vector d = x+ � x� 2 Rd

Given that wTx+ + b = +1 and wTx� + b = �1 and

substracting these two lines : wT (x+ � x�) = 2 ) wT d = 2

Then taking the norm : kwk2.kdk2 = 2 ) kdk2 =
2

kwk2

Finally, max
d

kdk2 =
2

kwk2
, min

w
kwk22 s.t.

⇢
wTxi + b � +1 if xi 2 C+

wTxi + b � �1 if xi 2 C�

Maximizing the class margin is equivalent to minimize the norm of w

while satisfying the label constraints.
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<latexit sha1_base64="JTgpKNBiGehlbyj4zioHTNf5tcQ="></latexit>

min
w

kwk22 s.t. `i.si � 1, 8i 2 V

with si = wTxi + b =

⇢
� +1 for x 2 C+

 �1 for x 2 C�
and `i =

⇢
+1 if x 2 C+

�1 if x 2 C�

which can be compactly expressed as `i.si � 1, 8i 2 V

Primal optimization problem

Xavier Bresson 14

Optimal value 𝑤∗ is the solution of a constrained quadratic programming (QP) problem : 

C-

C+

<latexit sha1_base64="xuYfKjuvVO3aoiLHDLNfPa20Io4=">AAACEnicbVDLSgNBEJyNrxhfUY9eBoNBCYTdENSLEPDiMUJekF2X2UknGTL7cGZWDSHf4MVf8eJBEa+evPk3TjY5aGJBQ1HVTXeXF3EmlWl+G6ml5ZXVtfR6ZmNza3snu7vXkGEsKNRpyEPR8ogEzgKoK6Y4tCIBxPc4NL3B5cRv3oGQLAxqahiB45NewLqMEqUlN3uSx9Jl+ALf39QeXFbwsN2DW1ywsG1n8tgGzhO7YLnZnFk0E+BFYs1IDs1QdbNfdieksQ+BopxI2bbMSDkjIhSjHMYZO5YQETogPWhrGhAfpDNKXhrjI610cDcUugKFE/X3xIj4Ug59T3f6RPXlvDcR//PaseqeOyMWRLGCgE4XdWOOVYgn+eAOE0AVH2pCqGD6Vkz7RBCqdIoZHYI1//IiaZSK1mmxfF3OVUqzONLoAB2iY2ShM1RBV6iK6oiiR/SMXtGb8WS8GO/Gx7Q1Zcxm9tEfGJ8/4oyZyQ==</latexit>

si = wTxi + b � +1

`i = +1

<latexit sha1_base64="+XyepDgxYLrRMch+kySwgDc5B64=">AAACEnicbVDLSgNBEJz1GddX1KOXwWBQJGE3BPUiBLx4jJAXZOMyO+kkQ2YfzsyqIeQbvPgrXjwo4tWTN//GSbIHTSxoKKq66e7yIs6ksqxvY2FxaXllNbVmrm9sbm2nd3ZrMowFhSoNeSgaHpHAWQBVxRSHRiSA+B6Hute/HPv1OxCShUFFDSJo+aQbsA6jRGnJTR9nsXQZvsD3N5UHl5142OFwi3M2dhwzix3gfGLnbDedsfLWBHie2AnJoARlN/3ltEMa+xAoyomUTduKVGtIhGKUw8h0YgkRoX3ShaamAfFBtoaTl0b4UCtt3AmFrkDhifp7Ykh8KQe+pzt9onpy1huL/3nNWHXOW0MWRLGCgE4XdWKOVYjH+eA2E0AVH2hCqGD6Vkx7RBCqdIqmDsGefXme1Ap5+zRfvC5mSoUkjhTaRwfoCNnoDJXQFSqjKqLoET2jV/RmPBkvxrvxMW1dMJKZPfQHxucP8MSZ0g==</latexit>

si = wTxi + b  �1

`i = �1
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<latexit sha1_base64="t/NEqmYtEOplFwiKgSkaz2KOwLM="></latexit>

w? = argmin
w

kwk22 s.t. `i.si � 1, 8i 2 V ) fSVM(x) = sign((w?)Tx+ b?)

Primal optimization problem

Xavier Bresson 15

There exists a unique solution to the QP[1,2,3] optimization problem, if the assumption of 
linearly separable data points is satisfied.

Variable 𝑤 is called the primal variable.

SVM 
classifier

Convex set
(polytope)

Quadratic
function

[1] Dantzig, Orden, Wolfe, The generalized simplex method for minimizing a linear form under linear inequality restraints, 1955
[2] Wolfe, The Simplex Method for Quadratic Programming, 1959
[3] Boyd, Vandenberghe, Convex Optimization, 2004

George Dantzig 
1914-2005
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Support vectors

Xavier Bresson 16

Support vectors are the data points exactly localized on the margin hyper-planes :

C-

C+

Support vectors 

<latexit sha1_base64="Xb9bjndfD92dKgr+M5yXg5Qs6Ds=">AAACEHicbZDLSsNAFIYn9VbjrerSzWCxCtKSlKJuhIIblxV6gyaGyXTaDp1cmJmoJfQR3Pgqblwo4talO9/GSZqFth4Y+Pj/czhzfjdkVEjD+NZyS8srq2v5dX1jc2t7p7C71xZBxDFp4YAFvOsiQRj1SUtSyUg35AR5LiMdd3yV+J07wgUN/KachMT20NCnA4qRVJJTOC5B4VB4Ce9vmw8OPXUVlk1oWXoJWoSx1CubulMoGhUjLbgIZgZFkFXDKXxZ/QBHHvElZkiInmmE0o4RlxQzMtWtSJAQ4TEakp5CH3lE2HF60BQeKaUPBwFXz5cwVX9PxMgTYuK5qtNDciTmvUT8z+tFcnBhx9QPI0l8PFs0iBiUAUzSgX3KCZZsogBhTtVfIR4hjrBUGSYhmPMnL0K7WjHPKrWbWrFezeLIgwNwCE6ACc5BHVyDBmgBDB7BM3gFb9qT9qK9ax+z1pyWzeyDP6V9/gB7PJhn</latexit>

si = wTxi + b = �1

`i = �1

<latexit sha1_base64="I+j9mYg45bVnn9QiKKDho7QHubY=">AAACEHicbZDLSsNAFIYnXmu8RV26GSxWoVCSUtSNUHDjskJv0MQwmU7aoZMLMxO1lD6CG1/FjQtF3Lp059s4SbPQ1gMDH/9/DmfO78WMCmma39rS8srq2nphQ9/c2t7ZNfb22yJKOCYtHLGIdz0kCKMhaUkqGenGnKDAY6Tjja5Sv3NHuKBR2JTjmDgBGoTUpxhJJbnGSQkKl8JLeH/bfHBp2VNYtqBt6yVoE8Yyr2zprlE0K2ZWcBGsHIogr4ZrfNn9CCcBCSVmSIieZcbSmSAuKWZkqtuJIDHCIzQgPYUhCohwJtlBU3islD70I65eKGGm/p6YoECIceCpzgDJoZj3UvE/r5dI/8KZ0DBOJAnxbJGfMCgjmKYD+5QTLNlYAcKcqr9CPEQcYakyTEOw5k9ehHa1Yp1Vaje1Yr2ax1EAh+AInAILnIM6uAYN0AIYPIJn8AretCftRXvXPmatS1o+cwD+lPb5A3UCmGM=</latexit>

si = wTxi + b = +1

`i = +1

<latexit sha1_base64="V4T0E9KR9HoBqvzqfuZLkhgwJpE="></latexit>

`i.si = 1, 8xsv
i (support vectors)

`i.((w
?)Txsv

i + b?) = 1

which gives

b? = `i � (w?)Txsv
i

and on expectation

b? =
1

|xsv
i |

X

xsv
i

`i � (w?)Txsv
i

Margin planes 
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Dual variable

Xavier Bresson 17

We can represent the weight vector 𝑤 as a linear combination ∝ of the training data points 𝑥".

The coefficient vector ∝ is referred to as the dual variable of 𝑤.

The dual problem naturally introduces the linear kernel matrix 𝐾 𝑥, 𝑦 = 𝑥#𝑦 :
<latexit sha1_base64="LFflOdPS+iq/M1z0mQNHG+uPKJY="></latexit>

Given w =
X

i

↵i`ixi 2 Rd,↵i 2 R

we have wTx =
X

i

↵i`ix
T
i x 2 R

=
X

i

↵i`iK(xi, x) with K(xi, x) = xT
i x

= ↵TLK(x), ↵,K(x) 2 Rn, L 2 Rn⇥n
⌘

Classification function : fSVM(x) = sign(wTx+ b) 2 ±1 (with primal variable)

= sign(↵TLK(x) + b) 2 ±1 (with dual variable)
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<latexit sha1_base64="QcBbCbBYBn5B9hf5lyRz5eq4PyE="></latexit>

min
w

kwk22 s.t. `i.si � 1, 8i 2 V (primal QP problem)

is equivalent to

min
↵�0

1

2
↵TQ↵� ↵T 1n s.t. ↵T ` = 0 (dual QP problem)

with Q = LKL 2 Rn⇥n

L = diag(`) 2 Rn⇥n

` = (`1, ..., `n) 2 Rn

K 2 Rn⇥n,Kij = xT
i xj 2 R (linear kernel)

Dual optimization problem

Xavier Bresson 18

The primal optimization problem can be solved with the dual problem[1,2,3] :

[1] Kantorovich, The Mathematical Method of Production Planning and Organization, 1939
[2] Dantzig, Orden, Wolfe, The generalized simplex method for minimizing a linear form under linear inequality restraints, 1955
[3] Boyd, Vandenberghe, Convex Optimization, 2004

Leonid Kantorovich
1912-1986
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Optimization algorithm

Xavier Bresson 19

Solution α* can be computed with a simple primal-dual[1,2] iterative scheme :

<latexit sha1_base64="siVgg0Xz55XhBrvShoCErqA6YVA="></latexit>

Initialization : ↵k=0 = �k=0 = 0n 2 Rn

Time steps satisfy ⌧↵⌧�  1

kQkkLk s.a. ⌧↵ =
1

kQk , ⌧� =
1

kLk
Iterate :

↵k+1 = P·�0

�
(⌧↵Q+ In)

�1(↵k + ⌧↵Q� ⌧↵L�
k)
�
2 Rn

�k+1 = �k + ⌧�L↵
k+1 2 Rn

At convergence, we have : ↵?

Classification function : fSVM(x) = sign(↵?TLK(x) + b?) 2 ±1

[1] Karmarkar, A new polynomial-time algorithm for linear programming, 1984
[2] Boyd, Vandenberghe, Convex Optimization, 2004

Narendra Karmarkar
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Lab 1 : Linear SVM

Xavier Bresson 20

Run code01.ipynb and analyze linear SVM result on 
Linearly separable data points
Non-linear data points

Non-linear data points

Linearly separable data points
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Outline

Xavier Bresson 21

Supervised classification

Linear SVM

Soft-margin SVM

Kernel techniques

Non-linear/kernel SVM

Graph SVM

Conclusion
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Noise

Xavier Bresson 22

Real-world data often contains noise and outliers, which do not satisfy the assumption of 
linearly separable data points.

When dealing with non-linearly separable data, there is no mathematical solution for 
standard or hard-margin SVM because there does not exist a linear separator that can split 
the two classes perfectly, i.e. without errors.

A new technique is necessary, refered as soft-margin SVM[1].

C-

C+

<latexit sha1_base64="Yb/z2pnwgpGBQdVCOsOzQaFOQYo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlVJcFNy6r2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkobm1vbO+Xdyt7+weFR9fikp+JUEtolMY/lwMeKciZoVzPN6SCRFEc+p31/epP7/ScqFYvFg54l1IvwWLCQEayN5LoR1hPfz+7nj8GoWrPr9gJonTgFqUGBzqj65QYxSSMqNOFYqaFjJ9rLsNSMcDqvuKmiCSZTPKZDQwWOqPKyReY5ujBKgMJYmic0Wqi/NzIcKTWLfDOZZ1SrXi7+5w1THV57GRNJqqkgy0NhypGOUV4ACpikRPOZIZhIZrIiMsESE21qqpgSnNUvr5Neo+606s27Zq3dKOoowxmcwyU4cAVtuIUOdIFAAs/wCm9War1Y79bHcrRkFTun8AfW5w80F5HB</latexit>

Rd

<latexit sha1_base64="NkE77X1zamHj+UaAtCddTCFZRZQ="></latexit>

Classification function :

f(x) = �1, x 2 C�

<latexit sha1_base64="dor5rDHQJs3ZxFvKCsIBUwgtGWU=">AAACIHicbVDJSgNBEO1xjXGLevTSGBQPGmZCMCIIAS+eJIKJQiYMPZ1KbNKz2F0TEoZ8ihd/xYsHRfSmX2NnObg9KHi8V0VVPT+WQqNtf1gzs3PzC4uZpezyyuraem5js66jRHGo8UhG6sZnGqQIoYYCJdzECljgS7j2u2cj/7oHSosovMJBDM2AdULRFpyhkbxceY+6CH1UQXoBHSP2gErmg6QndEhdN2v8u4S1aN8TBy5I6YnTQ4dmvVzeLthj0L/EmZI8maLq5d7dVsSTAELkkmndcOwYmylTKLiEYdZNNMSMd1kHGoaGLADdTMcPDumuUVq0HSlTIdKx+n0iZYHWg8A3nQHDW/3bG4n/eY0E28fNVIRxghDyyaJ2IilGdJQWbQkFHOXAEMaVMLdSfssU42gyHYXg/H75L6kXC85RoXRZyleK0zgyZJvskH3ikDKpkHNSJTXCyT15JM/kxXqwnqxX623SOmNNZ7bID1ifX6uloLY=</latexit>

Negative label :

xi, `i = �1

<latexit sha1_base64="EJWUjaSzWZgHb2oUtPBf7AJ4psE="></latexit>

Classification function :

f(x) = +1, x 2 C+

<latexit sha1_base64="dtIfBgzPMaR9DA2BFBqHb26yVPU=">AAACIHicbZBLSwMxFIUzvq2vqks3waIISpkpxYogCG5cVrC10ClDJnOnDWYeJneKZehPceNfceNCEd3przGtXfg6EPg4517CPX4qhUbbfrempmdm5+YXFgtLyyura8X1jaZOMsWhwROZqJbPNEgRQwMFSmilCljkS7jyr89G+VUflBZJfImDFDoR68YiFJyhsbxibZe6CLeooryeaIGiD1QyHyQ9pkPqugWT32QsoLeeOHBBSk+c7Du04BVLdtkei/4FZwIlMlHdK765QcKzCGLkkmndduwUOzlTKLiEYcHNNKSMX7MutA3GLALdyccHDumOcQIaJsq8GOnY/b6Rs0jrQeSbyYhhT//ORuZ/WTvD8KiTizjNEGL+9VGYSYoJHbVFA6GAoxwYYFyZejjlPaYYR9PpqATn98l/oVkpO4fl6kW1dFqZ1LFAtsg22SMOqZFTck7qpEE4uSMP5Ik8W/fWo/VivX6NTlmTnU3yQ9bHJ95doNQ=</latexit>

Positive label :

xi, `i = +1

?

Errors or
outliers

[1] Cortes, Vapnik, Support-vector networks, 1995
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<latexit sha1_base64="Nz119qOa+zjZrJoHKYqJ1nYMSic="></latexit>

min
w

kwk22 s.t.

⇢
wTxi + b � +1 for xi 2 C+

wTxi + b  �1 for xi 2 C�
(Standard SVM)

+

min
w,e

kwk22 + �
nX

i=1

ei s.t.

8
<

:

wTxi + b � +1� ei for xi 2 C+

wTxi + b  �1 + ei for xi 2 C�
ei � 0 for xi 2 V

(Soft-margin SVM)

Soft-margin SVM

Xavier Bresson 23

Slack variables 𝑒" quantifies the error for each data 𝑥" to be an outlier.

These errors 𝑒"  will be minimized while simultaneously maximizing the margin :

Trade-off between large 
margin and small errors

C- C+

Margin

<latexit sha1_base64="84b001QnW8g9Egp0fO7ziLRMp/I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VOP90plt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmleVLzLSvWuWq6d53EU4BhO4Aw8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w9c4I3L</latexit>xi<latexit sha1_base64="GfWHQeR4V3BH9JsrtpfJ7OGO/EE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD9jn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SlqXVe+qWruvVeoXeRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AE/7o24</latexit>ei

<latexit sha1_base64="bK8McQi0J5tnfLhk2Nk6gweUrUY=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KGVXinoRCl48VrAf0i5LNs22oUl2SbJiWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHQz9duPVGkWy3szTqgv8ECyiBFsrPTwFLAKDdi1G5TKbtWdAS0TLydlyNEISl+9fkxSQaUhHGvd9dzE+BlWhhFOJ8VeqmmCyQgPaNdSiQXVfjY7eIJOrdJHUaxsSYNm6u+JDAutxyK0nQKboV70puJ/Xjc10ZWfMZmkhkoyXxSlHJkYTb9HfaYoMXxsCSaK2VsRGWKFibEZFW0I3uLLy6R1XvUuqrW7WrleyeMowDGcwBl4cAl1uIUGNIGAgGd4hTdHOS/Ou/Mxb11x8pkj+APn8wf2z4/N</latexit>

xi, ei = 0

<latexit sha1_base64="bK8McQi0J5tnfLhk2Nk6gweUrUY=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KGVXinoRCl48VrAf0i5LNs22oUl2SbJiWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHQz9duPVGkWy3szTqgv8ECyiBFsrPTwFLAKDdi1G5TKbtWdAS0TLydlyNEISl+9fkxSQaUhHGvd9dzE+BlWhhFOJ8VeqmmCyQgPaNdSiQXVfjY7eIJOrdJHUaxsSYNm6u+JDAutxyK0nQKboV70puJ/Xjc10ZWfMZmkhkoyXxSlHJkYTb9HfaYoMXxsCSaK2VsRGWKFibEZFW0I3uLLy6R1XvUuqrW7WrleyeMowDGcwBl4cAl1uIUGNIGAgGd4hTdHOS/Ou/Mxb11x8pkj+APn8wf2z4/N</latexit>

xi, ei = 0

<latexit sha1_base64="84b001QnW8g9Egp0fO7ziLRMp/I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VOP90plt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmleVLzLSvWuWq6d53EU4BhO4Aw8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w9c4I3L</latexit>xi

<latexit sha1_base64="84b001QnW8g9Egp0fO7ziLRMp/I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VOP90plt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmleVLzLSvWuWq6d53EU4BhO4Aw8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w9c4I3L</latexit>xi

<latexit sha1_base64="GfWHQeR4V3BH9JsrtpfJ7OGO/EE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD9jn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SlqXVe+qWruvVeoXeRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AE/7o24</latexit>ei
<latexit sha1_base64="GfWHQeR4V3BH9JsrtpfJ7OGO/EE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD9jn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SlqXVe+qWruvVeoXeRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AE/7o24</latexit>ei

<latexit sha1_base64="Yb/z2pnwgpGBQdVCOsOzQaFOQYo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlVJcFNy6r2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkobm1vbO+Xdyt7+weFR9fikp+JUEtolMY/lwMeKciZoVzPN6SCRFEc+p31/epP7/ScqFYvFg54l1IvwWLCQEayN5LoR1hPfz+7nj8GoWrPr9gJonTgFqUGBzqj65QYxSSMqNOFYqaFjJ9rLsNSMcDqvuKmiCSZTPKZDQwWOqPKyReY5ujBKgMJYmic0Wqi/NzIcKTWLfDOZZ1SrXi7+5w1THV57GRNJqqkgy0NhypGOUV4ACpikRPOZIZhIZrIiMsESE21qqpgSnNUvr5Neo+606s27Zq3dKOoowxmcwyU4cAVtuIUOdIFAAs/wCm9War1Y79bHcrRkFTun8AfW5w80F5HB</latexit>

Rd
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Regularization

Xavier Bresson 24

What is the effect of varying λ, the regularization parameter?

For small λ values, more misclassification errors are allowed, the margin is larger.

For large λ values, misclassification errors are penalized, leading to either no errors or very 
few, resulting in a smaller margin.

C- C+

Margin

Small λ value Intermediate λ	value

C- C+

Margin

Large λ value

C- C+

Margin
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<latexit sha1_base64="ZsIhOjm9b+ZaUYIqbeUVo9KWe0M="></latexit>

min
w,e

kwk2
2
+ �

nX

i=1

ei s.t.

8
<

:

wTxi + b � +1� ei for xi 2 C+

wTxi + b  �1 + ei for xi 2 C�
ei � 0 for xi 2 V

m

min
w,e

kwk2
2
+ �

nX

i=1

max
�
0, 1� `isi

�
,

where si = wTxi + b (score function)

LHin(di) = max
�
0, 1� di

�
, di = `isi (Hinge loss)

Hinge loss

Xavier Bresson 25

The soft-margin SVM technique penalizes :

Misclassifications of training data points.

Correct classifications of training points that fall inside the margin area.

The constrained optimization problem can be reformulated as an unconstrained problem :

<latexit sha1_base64="evPSnb1RgAlrah9WUc3ZCpVAhM8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDababt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8iFn1FipGQ5KZbfiLkDWiZeTMuRoDEpf/TBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0iohGcbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmuGtn3GZpAYlWy4apoKYmMy/JiFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyvedaXWrJXr1TyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBxgeM4Q==</latexit>

d

<latexit sha1_base64="8h5NQPXz82F6uiUOhj7c0Ql+hR8=">AAACFnicbVA9SwNBEN3zM8avqKXNYjBEMOFORG2EgE0KCwVjArkQ9vY2yZLdvXN3ThKO/Aob/4qNhSK2Yue/cRNT+PVg4PHeDDPzglhwA6774czMzs0vLGaWsssrq2vruY3NaxMlmrIajUSkGwExTHDFasBBsEasGZGBYPWgfzb267dMGx6pKxjGrCVJV/EOpwSs1M6VCuft1Ac2AC3TKlejES6Ge9j3swX/JiEhPsW+JIOiu++Vwr12Lu+W3QnwX+JNSR5NcdHOvfthRBPJFFBBjGl6bgytlGjgVLBR1k8Miwntky5rWqqIZKaVTt4a4V2rhLgTaVsK8ET9PpESacxQBrZTEuiZ395Y/M9rJtA5aaVcxQkwRb8WdRKBIcLjjHDINaMghpYQqrm9FdMe0YSCTTJrQ/B+v/yXXB+UvaPy4eVhvnIwjSODttEOKiIPHaMKqqILVEMU3aEH9ISenXvn0XlxXr9aZ5zpzBb6AeftExTynLg=</latexit>

LHin(d)

= max(0, 1� d)

<latexit sha1_base64="XZjEwAp1aqpwE1jLMTVxPIGJR3M=">AAACKXicbVDLSgMxFM34tr6qLt0Ei1I3ZUZEXYgU3LhQULBW6JSSydxqMJMZkjtiGeZ33PgrbhQUdeuPmD4EbT0QOJxzH7knSKQw6Lofztj4xOTU9MxsYW5+YXGpuLxyaeJUc6jxWMb6KmAGpFBQQ4ESrhINLAok1IPbo65fvwNtRKwusJNAM2LXSrQFZ2ilVrG6ScMD6lHfL2zSk1bmI9yjjrJjofKclsMtekjdvvtjnQrDJTPGToEwbxVLbsXtgY4Sb0BKZICzVvHFD2OeRqCwN6bhuQk2M6ZRcAl5wU8NJIzfsmtoWKpYBKaZ9S7N6YZVQtqOtX0KaU/93ZGxyJhOFNjKiOGNGfa64n9eI8X2fjMTKkkRFO8vaqeSYky7sdFQaOAoO5YwroX9K+U3TDOONtyCDcEbPnmUXG5XvN3KzvlOqbo9iGOGrJF1UiYe2SNVckzOSI1w8kCeyCt5cx6dZ+fd+eyXjjmDnlXyB87XN/ktpCA=</latexit>

d < 1

LHin(d) > 0

Misclassified

<latexit sha1_base64="c01dNhC1X5YrvbWRKxN0r3LFqLc="></latexit>

d � 1

LHin(d) = 0

Correctly classified

<latexit sha1_base64="vE/iYxHLbdiJOoPF/qCGrkfIPuY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJr1sr1ah5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeLuMrg==</latexit>

1
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<latexit sha1_base64="/PM7JG0a6LOEOs+Nbi8yWNBctvM="></latexit>

L2(di) =

⇢
(1� di)2 if di < 1

0 otherwise
(L2 loss)

LEN(di) =

⇢
(1� di)2 + �|1� di| if di < 1

0 otherwise
(Elastic net loss)

LHub(di) =

8
<

:

1

2
� di if di  0

1

2
(1� di)2 if 0 < di < 1

0 otherwise

(Huber loss)

LLog(di) = exp(1� di) (Logistic loss)

⌘

LHin(di) = max(0, 1� di) (Hinge loss)

Loss functions

Xavier Bresson 26

There exist multiple loss functions[1] :

[1] Rosasco, De Vito, Caponnetto, Are loss functions all the same? 2004

<latexit sha1_base64="evPSnb1RgAlrah9WUc3ZCpVAhM8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDababt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8iFn1FipGQ5KZbfiLkDWiZeTMuRoDEpf/TBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0iohGcbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmuGtn3GZpAYlWy4apoKYmMy/JiFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyvedaXWrJXr1TyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBxgeM4Q==</latexit>

d
<latexit sha1_base64="vE/iYxHLbdiJOoPF/qCGrkfIPuY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJr1sr1ah5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeLuMrg==</latexit>

1
<latexit sha1_base64="gXRHDAeSvQO9LkddTo84BKdaxZk=">AAACFnicbVDLSgMxFM34rPVVdekmWCxuLDOlqMtCNy4r2Ad0Sslkbmsw8zC5I5ahX+HGX3HjQhG34s6/MW1noa0HAodz70lyjhdLodG2v62l5ZXVtfXcRn5za3tnt7C339JRojg0eSQj1fGYBilCaKJACZ1YAQs8CW3vtj6Zt+9BaRGF1ziKoRewYSgGgjM0Ur9wWqK+O4Q76lDXzZeoi/CAKkjrkVLAUY4ol0xr4wB/TPuFol22p6CLxMlIkWRo9Atfrh/xJIAQp/d0HTvGXsoUCi5hnHcTDTHjt2wIXUNDFoDupdNYY3psFJ8OImVOiHSq/nakLNB6FHhmM2B4o+dnE/G/WTfBwUUvFWGcIIR89tAgkRQjOumI+iLL7gvGlTB/pfyGKcbRNJk3JTjzkRdJq1J2zsrVq2qxVsnqyJFDckROiEPOSY1ckgZpEk4eyTN5JW/Wk/VivVsfs9UlK/MckD+wPn8ALIueKA==</latexit>

d � 1

Correctly classified

<latexit sha1_base64="Cgrr5dO2mWNu4fTUnqwXSU+m/BE=">AAACDnicbVC7SgNBFJ31GdfXqqXNYEiwCrsS1MIiYGMjRDAqZEOYnb1Jhsw+mLkrhiVfYOOv2FgoYmtt5984WVOo8cDA4ZxzZ+aeIJVCo+t+WnPzC4tLy6UVe3VtfWPT2dq+0kmmOLR4IhN1EzANUsTQQoESblIFLAokXAfD04l/fQtKiyS+xFEKnYj1Y9ETnKGRuk6lSsMT6lHft6vUR7hDFeXnQnPJtDY5CMe2bXedsltzC9BZ4k1JmUzR7DoffpjwLIIYi5vanptiJ2cKBZcwtv1MQ8r4kPWhbWjMItCdvFhnTCtGCWkvUebESAv150TOIq1HUWCSEcOB/utNxP+8doa9404u4jRDiPn3Q71MUkzopBsaCgUc5cgQxpUwf6V8wBTjaBqclOD9XXmWXB3UvMNa/aJebhxM6yiRXbJH9olHjkiDnJEmaRFO7skjeSYv1oP1ZL1ab9/ROWs6s0N+wXr/AmMemcs=</latexit>

d < 1

Misclassified

<latexit sha1_base64="wzN/pflnLMYac9u0PLAng0oN3H4=">AAAB+nicbVBNS8NAEN34WeNXqkcvwSJ4Kkkp6rHgpQcPFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xqTNQVsfDDzem2FmXhBzpsFxvo219Y3Nre3Sjrm7t39waJWPOjpKFKFtEvFI9QKsKWeStoEBp71YUSwCTrvB5Dr3u/dUaRbJO5jG1BN4JFnICIZM8q3yjT8A+ghKpM0kmJmm6VsVp+rMYa8StyAVVKDlW1+DYUQSQSUQjrXuu04MXooVMMLpzBwkmsaYTPCI9jMqsaDaS+enz+yzTBnaYaSykmDP1d8TKRZaT0WQdQoMY73s5eJ/Xj+B8MpLmYwToJIsFoUJtyGy8xzsIVOUAJ9mBBPFslttMsYKE8jSykNwl19eJZ1a1b2o1m/rlUatiKOETtApOkcuukQN1EQt1EYEPaBn9IrejCfjxXg3Phata0Yxc4z+wPj8ARNUky4=</latexit>

LHub
<latexit sha1_base64="5xvl7ZR3r/CWPL+I/UjKWRQUZPU=">AAAB+nicbVDLSsNAFJ34rPGV6tLNYBFclaQUdVlw46KLCvYBbQiT6aQdOnkwc6OW2E9x40IRt36JO//GSZuFth64cDjnXu69x08EV2Db38ba+sbm1nZpx9zd2z84tMpHHRWnkrI2jUUsez5RTPCItYGDYL1EMhL6gnX9yXXud++ZVDyO7mCaMDcko4gHnBLQkmeVm94A2CPIMGvGo5lpmp5Vsav2HHiVOAWpoAItz/oaDGOahiwCKohSfcdOwM2IBE4Fm5mDVLGE0AkZsb6mEQmZcrP56TN8ppUhDmKpKwI8V39PZCRUahr6ujMkMFbLXi7+5/VTCK7cjEdJCiyii0VBKjDEOM8BD7lkFMRUE0Il17diOiaSUNBp5SE4yy+vkk6t6lxU67f1SqNWxFFCJ+gUnSMHXaIGukEt1EYUPaBn9IrejCfjxXg3Phata0Yxc4z+wPj8ARfukzE=</latexit>

LLog

<latexit sha1_base64="+d08MvmU3wlmy9mTFDKbXegOPqM=">AAAB+nicbVBNS8NAEN34WeNXqkcvwSJ4Kkkp6rHgpQcPFewHtCFstpt26WYTdidqif0pXjwo4tVf4s1/46bNQVsfDDzem2FmXpBwpsBxvo219Y3Nre3Sjrm7t39waJWPOipOJaFtEvNY9gKsKGeCtoEBp71EUhwFnHaDyXXud++pVCwWdzBNqBfhkWAhIxi05FvlG38A9BFklDWZmJmm6VsVp+rMYa8StyAVVKDlW1+DYUzSiAogHCvVd50EvAxLYITTmTlIFU0wmeAR7WsqcESVl81Pn9lnWhnaYSx1CbDn6u+JDEdKTaNAd0YYxmrZy8X/vH4K4ZWXMZGkQAVZLApTbkNs5znYQyYpAT7VBBPJ9K02GWOJCei08hDc5ZdXSadWdS+q9dt6pVEr4iihE3SKzpGLLlEDNVELtRFBD+gZvaI348l4Md6Nj0XrmlHMHKM/MD5/ABNIky4=</latexit>

LHin

<latexit sha1_base64="xCDgDfZC00dbd+yGFAoXoMqgOIo=">AAAB+XicbVBNS8NAEN3Urxq/oh69BIvgqSSlqMeCCB5EKtgPaEPYbDft0t1N2J0US+g/8eJBEa/+E2/+G5M2B219MPB4b4aZeUHMmQbH+TZKa+sbm1vlbXNnd2//wDo8ausoUYS2SMQj1Q2wppxJ2gIGnHZjRbEIOO0E4+vc70yo0iySjzCNqSfwULKQEQyZ5FvWnd8H+gRKpDf3M9M0faviVJ057FXiFqSCCjR966s/iEgiqATCsdY914nBS7ECRjidmf1E0xiTMR7SXkYlFlR76fzymX2WKQM7jFRWEuy5+nsixULrqQiyToFhpJe9XPzP6yUQXnkpk3ECVJLFojDhNkR2HoM9YIoS4NOMYKJYdqtNRlhhAllYeQju8surpF2ruhfV+kO90qgVcZTRCTpF58hFl6iBblETtRBBE/SMXtGbkRovxrvxsWgtGcXMMfoD4/MHEt6SmA==</latexit>

LEN
<latexit sha1_base64="ZdzEFk4yCkTbHKDjB83jkUDpO3o=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0lKUY8FLx48VDBtoQ1ls920SzebsLsRSuhv8OJBEa/+IG/+GzdpDtr6YODx3gwz84KEM6Ud59uqbGxube9Ud+29/YPDo9rxSVfFqSTUIzGPZT/AinImqKeZ5rSfSIqjgNNeMLvN/d4TlYrF4lHPE+pHeCJYyAjWRvLuR03bHtXqTsMpgNaJW5I6lOiMal/DcUzSiApNOFZq4DqJ9jMsNSOcLuxhqmiCyQxP6MBQgSOq/Kw4doEujDJGYSxNCY0K9fdEhiOl5lFgOiOsp2rVy8X/vEGqwxs/YyJJNRVkuShMOdIxyj9HYyYp0XxuCCaSmVsRmWKJiTb55CG4qy+vk26z4V41Wg+tertZxlGFMziHS3DhGtpwBx3wgACDZ3iFN0tYL9a79bFsrVjlzCn8gfX5AzIwjZY=</latexit>

L2
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Dual optimization problem

Xavier Bresson 27

As previously, the primal optimization problem can be solved with the dual problem :
<latexit sha1_base64="YBgUDzbbexgH7wqGryQXWMnryUk="></latexit>

min
w,e

kwk22 + �
nX

i=1

ei s.t. `i.si � 1� ei, ei � 0 8i 2 V (primal QP problem)

is equivalent to

min
0↵�

1

2
↵TQ↵� ↵T 1n s.t. ↵T ` = 0 (dual QP problem)

with Q = LKL 2 Rn⇥n

L = diag(`) 2 Rn⇥n

` = (`1, ..., `n) 2 Rn

K 2 Rn⇥n,Kij = xT
i xj 2 R (linear kernel)

Modification
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<latexit sha1_base64="iMDeYrc8IP4gNtV6aPX5ClIGH58="></latexit>

Initialization : ↵k=0 = �k=0 = 0n 2 Rn

Time steps satisfy ⌧↵⌧�  1

kQkkLk s.a. ⌧↵ =
1

kQk , ⌧� =
1

kLk
Iterate :

↵k+1 = P0·�

�
(⌧↵Q+ In)

�1(↵k + ⌧↵Q� ⌧↵L�
k)
�

�k+1 = �k + ⌧�L↵
k+1

At convergence, we have : ↵?

Classification function : fSVM(x) = sign(↵?TLK(x) + b?) 2 ±1

Optimization algorithm

Xavier Bresson 28

Solution α* can be computed with the following iterative scheme :
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Lab 2 : Soft-margin SVM 

Xavier Bresson 29

Run code02.ipynb and analyze SVM result on 
Noisy linearly separable data points
Noisy non-linear data points

Noisy linearly separable data points

Noisy non-linear data points
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Outline

Xavier Bresson 30

Supervised classification

Linear SVM

Soft-margin SVM

Kernel techniques

Non-linear/kernel SVM

Graph SVM

Conclusion
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High-dimensional interpolation

Xavier Bresson 31

How can we perform function interpolation in high-dimensional spaces?

Reproducing Kernel Hilbert Space[1] (RKHS) : A space associated to bounded, symmetric, 
positive semidefinite (PSD) operator called a kernel 𝐾 𝑥, 𝑥 ∶ ℝ$×ℝ$ ⟶ℝ%	that can reproduce 
any smooth function ℎ 𝑥 ∶ ℝ$ ⟶ℝ.  

Representer theorem[1,2] : Any continuous smooth function ℎ in a RKHS can be represented as 
a linear combination of the kernel function 𝐾 evaluated at the training data points 𝑥" : 

[1] Beurling, On two problems concerning linear transformations in Hilbert space, 1948
[2] Scholkopf, Herbrich, Smola, A generalized representer theorem, 2001

<latexit sha1_base64="lB9fWwiFPSFCLxwYNosGQ2iEHZU="></latexit>

h(x) =
nX

i=1

↵iK(x, xi) + b, x, xi 2 Rd, b 2 R d � 1

David Hilbert
1862-1943

Bernhard 
Schölkopf
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<latexit sha1_base64="OMElD5xjVclIg0OqbKrp+zLeUT4="></latexit>

h(x) =
nX

i=1

↵iK(x, xi) + b 2 R

with the most common kernels are defined as

K(x, y) = xT y (linear kernel)

K(x, y) = exp(�kx� yk22/�2) (Gaussian kernel)

K(x, y) = (axT y + b)c (polynomial kernel)

Representer Theorem

Xavier Bresson 32

Illustration of the Representer theorem to interpolate functions in high-dimensional spaces :

xi xj xl xm

<latexit sha1_base64="x6RiFuuiNYQCY+IBb8ffGyg121o=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VowdYkFHUjFNwIbirYBzRpmEwn7dDJg5mJtLT9Bjf+ihsXirh15c6/cfpYaOuBC4dz7uXee7yYUSEN41tLrayurW+kNzNb2zu7e/r+QU1ECcekiiMW8YaHBGE0JFVJJSONmBMUeIzUvd71xK8/EC5oFN7LQUycAHVC6lOMpJJcPX+b65/2XZqHV9Am/ThXsEf9ghLskWu1rDNb0E6AWlYeunrWKBpTwGVizkkWzFFx9S+7HeEkIKHEDAnRNI1YOkPEJcWMjDN2IkiMcA91SFPREAVEOMPpS2N4opQ29COuKpRwqv6eGKJAiEHgqc4Aya5Y9Cbif14zkf6lM6RhnEgS4tkiP2FQRnCSD2xTTrBkA0UQ5lTdCnEXcYSlSjGjQjAXX14mNatonhdLd6Vs2ZrHkQZH4BjkgAkuQBncgAqoAgwewTN4BW/ak/aivWsfs9aUNp85BH+gff4AZ3KbZA==</latexit>

K(x, xi) = exp(�kx� xik22/�2)

<latexit sha1_base64="LCsEvIo2wLu38JbujGcVlBGhyYo=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgQkpSirosuHFZxT6giWUymaRDJw9mJkINxV9x40IRt/6HO//GSduFth4YOJxzL/fM8VLOpLKsb2NpeWV1bb20Ud7c2t7ZNff22zLJBKEtkvBEdD0sKWcxbSmmOO2mguLI47TjDa8Kv/NAhWRJfKdGKXUjHMYsYAQrLfXNQyfCauB5+e343j9DvhOGyO6bFatqTYAWiT0jFZih2Te/HD8hWURjRTiWsmdbqXJzLBQjnI7LTiZpiskQh7SnaYwjKt18kn6MTrTioyAR+sUKTdTfGzmOpBxFnp4sssp5rxD/83qZCi7dnMVppmhMpoeCjCOVoKIK5DNBieIjTTARTGdFZIAFJkoXVtYl2PNfXiTtWtU+r9Zv6pVGbVZHCY7gGE7BhgtowDU0oQUEHuEZXuHNeDJejHfjYzq6ZMx2DuAPjM8fTBGUbQ==</latexit>

Rd, d � 1

<latexit sha1_base64="OURsv9uv+PuD6/MiBH76Ih94LjI=">AAAB63icdVDLSsNAFJ3UV62vqks3g0Wom5CU2NZdwY3LCvYBbSiT6bQZOjMJMxOxhP6CGxeKuPWH3Pk3TtoIKnrgwuGce7n3niBmVGnH+bAKa+sbm1vF7dLO7t7+QfnwqKuiRGLSwRGLZD9AijAqSEdTzUg/lgTxgJFeMLvK/N4dkYpG4lbPY+JzNBV0QjHSmRRW789H5Ypj15tNz72Eju0skRG3ceE1oJsrFZCjPSq/D8cRTjgRGjOk1MB1Yu2nSGqKGVmUhokiMcIzNCUDQwXiRPnp8tYFPDPKGE4iaUpouFS/T6SIKzXngenkSIfqt5eJf3mDRE+afkpFnGgi8GrRJGFQRzB7HI6pJFizuSEIS2puhThEEmFt4imZEL4+hf+Tbs1267Z341VatTyOIjgBp6AKXNAALXAN2qADMAjBA3gCzxa3Hq0X63XVWrDymWPwA9bbJ8S9jgg=</latexit>

h(x)

<latexit sha1_base64="umECOXPUZMecpKlhGSFM+/uaHcw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosePFYwX5AG8pku2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOgFqJrhkTcONYJ1EMYwCwdrB+Hbmt5+Y0jyWD2aSMD/CoeQhp2is1OmhSEbY5/1yxa26c5BV4uWkAjka/fJXbxDTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP5vVNyZpUBCWNlSxoyV39PZBhpPYkC2xmhGellbyb+53VTE974GZdJapiki0VhKoiJyex5MuCKUSMmliBV3N5K6AgVUmMjKtkQvOWXV0nrsupdVWv3tUr9Io+jCCdwCufgwTXU4Q4a0AQKAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8ABhCP5w==</latexit>↵i

<latexit sha1_base64="EyDuB3k2OnFj8xBcrEt6rTkJZsg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx4r2A9oQ5lsN+3azSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epoqxBYxGrdoCaCS5Zw3AjWDtRDKNAsFYwupn6rSemNI/lvRknzI9wIHnIKRortbsokiH2HnqlsltxZyDLxMtJGXLUe6Wvbj+macSkoQK17nhuYvwMleFUsEmxm2qWIB3hgHUslRgx7Wezeyfk1Cp9EsbKljRkpv6eyDDSehwFtjNCM9SL3lT8z+ukJrz2My6T1DBJ54vCVBATk+nzpM8Vo0aMLUGquL2V0CEqpMZGVLQheIsvL5PmRcW7rFTvquXaeR5HAY7hBM7AgyuowS3UoQEUBDzDK7w5j86L8+58zFtXnHzmCP7A+fwBB5SP6A==</latexit>↵j

<latexit sha1_base64="yqtZ0z4BT2VuzNBPahoZfuqsp7A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosePFYwX5AG8pku2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOgFqJrhkTcONYJ1EMYwCwdrB+Hbmt5+Y0jyWD2aSMD/CoeQhp2is1OmhSEbYF/1yxa26c5BV4uWkAjka/fJXbxDTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP5vVNyZpUBCWNlSxoyV39PZBhpPYkC2xmhGellbyb+53VTE974GZdJapiki0VhKoiJyex5MuCKUSMmliBV3N5K6AgVUmMjKtkQvOWXV0nrsupdVWv3tUr9Io+jCCdwCufgwTXU4Q4a0AQKAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8ACpyP6g==</latexit>↵l

<latexit sha1_base64="h/NhpxYQVTpI12PKlj8RqKO4hiA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgQUoiRT0WvHisYD+gDWWy3bRLdzdxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiFqypmkTcMMp51EURQhp+1wfDvz209UaRbLBzNJaCBwKFnECBordXrIkxH2Rb9c8areHO4q8XNSgRyNfvmrN4hJKqg0hKPWXd9LTJChMoxwOi31Uk0TJGMc0q6lEgXVQTa/d+qeWWXgRrGyJY07V39PZCi0nojQdgo0I73szcT/vG5qopsgYzJJDZVksShKuWtid/a8O2CKEsMnliBRzN7qkhEqJMZGVLIh+Msvr5LWZdW/qtbua5X6RR5HEU7gFM7Bh2uowx00oAkEODzDK7w5j86L8+58LFoLTj5zDH/gfP4ADCCP6w==</latexit>↵m



33

<latexit sha1_base64="FJmFn390Kq+s0xTJujtodPAHMWg=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgupCSlqBuh4KbQTYW+oEnDZDpphk4ezEyEkmbrxl9x40IRt/6BO//GSduFth64cDjnXu69x40ZFdIwvrW19Y3Nre3CTnF3b//gUD867ogo4Zi0ccQi3nORIIyGpC2pZKQXc4ICl5GuO77L/e4D4YJGYUtOYmIHaBRSj2IkleToEFpT35o6qRUg6WPE0nrmNLJB5Rb6g1bDh45eMsrGDHCVmAtSAgs0Hf3LGkY4CUgoMUNC9E0jlnaKuKSYkaxoJYLECI/RiPQVDVFAhJ3OPsnguVKG0Iu4qlDCmfp7IkWBEJPAVZ35vWLZy8X/vH4ivRs7pWGcSBLi+SIvYVBGMI8FDiknWLKJIghzqm6F2EccYanCK6oQzOWXV0mnUjavytX7aql2uYijAE7BGbgAJrgGNVAHTdAGGDyCZ/AK3rQn7UV71z7mrWvaYuYE/IH2+QNbLZln</latexit>

khk2
HK

= hTKh

<latexit sha1_base64="hZYrjmv30qM04kPc1q/a8KUEFmY="></latexit>

h(x) =
nX

i=1

↵i�(x)
T�(xi) + b

<latexit sha1_base64="DaMraS/xBmEVgMJMPRZThpaD7i8="></latexit>

h(x) =
nX

i=1

↵iK(x, xi) + b

Feature map, kernel trick and interpolation

Xavier Bresson 33

Any feature map 𝜙 defines a reproducing kernel 𝐾, and inversely.

Any kernel 𝐾 can be used to design a smooth high-dim function ℎ.

Reproducing
kernel 𝐾 

Feature map
𝜙

Bounded 
continuous
function ℎ

Norm of ℎ

Representer theorem Kernel trick
<latexit sha1_base64="rk8wsWWHoi+dzSklvGRdeWLx+kY=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYhBZKSaSoG6HgRnBToTdoY5lMJ+3QySTMTKQh1I2v4saFIm59C3e+jUmahbb+MPDxn3M4c37bZ1Qqw/jWciura+sb+c3C1vbO7p6+f9CWXiAwaWGPeaJrI0kY5aSlqGKk6wuCXJuRjj25TuqdByIk9XhThT6xXDTi1KEYqdga6Ee3pWklLF/1/TEtTcv3zRTCcmGgF42qkQoug5lBEWRqDPSv/tDDgUu4wgxJ2TMNX1kREopiRmaFfiCJj/AEjUgvRo5cIq0ovWAGT2NnCB1PxI8rmLq/JyLkShm6dtzpIjWWi7XE/K/WC5RzaUWU+4EiHM8XOQGDyoNJHHBIBcGKhTEgLGj8V4jHSCCs4tCSEMzFk5ehfVY1z6u1u1qxXsniyINjcAJKwAQXoA5uQAO0AAaP4Bm8gjftSXvR3rWPeWtOy2YOwR9pnz+s75UN</latexit>

K(x, y) = �(x)T�(y)
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Outline

Xavier Bresson 34

Supervised classification

Linear SVM

Soft-margin SVM

Kernel techniques

Non-linear/kernel SVM

Graph SVM

Conclusion
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<latexit sha1_base64="PxsLLIXczI9vEHdcohORIyiiGYU="></latexit>

x 2 Rd ! �(x) 2 Rd0

d0 > d (possibly d0 � d)

Feature engineering for non-linear data

Xavier Bresson 35

Linear models, s.a. original and soft-margin SVM, assume linearly separable data points.

But in many real-world scenarios, datasets are not linearly separable, i.e. a hyper-plane 
cannot distinguish between distinct classes. 

How to address this challenge and classify complex/non-linear datasets with linear separators?

Feature engineering approach[1] : Project the data into a higher-dimensional space using a 
feature map 𝜙 where the data becomes linearly separable.

C-C+

<latexit sha1_base64="Yb/z2pnwgpGBQdVCOsOzQaFOQYo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlVJcFNy6r2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkobm1vbO+Xdyt7+weFR9fikp+JUEtolMY/lwMeKciZoVzPN6SCRFEc+p31/epP7/ScqFYvFg54l1IvwWLCQEayN5LoR1hPfz+7nj8GoWrPr9gJonTgFqUGBzqj65QYxSSMqNOFYqaFjJ9rLsNSMcDqvuKmiCSZTPKZDQwWOqPKyReY5ujBKgMJYmic0Wqi/NzIcKTWLfDOZZ1SrXi7+5w1THV57GRNJqqkgy0NhypGOUV4ACpikRPOZIZhIZrIiMsESE21qqpgSnNUvr5Neo+606s27Zq3dKOoowxmcwyU4cAVtuIUOdIFAAs/wCm9War1Y79bHcrRkFTun8AfW5w80F5HB</latexit>

Rd

Non-linear dataset
and separator

C-

C+

Linear dataset
and separator

<latexit sha1_base64="50kvs8yGfgaYEEo8OSbjv/HGIxs=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFdlaQUdVlw47KKfUAby2QyaYdOJmFmUiihf+LGhSJu/RN3/o2TNgttPTBwOOde7pnjJ5wp7Tjf1tr6xubWdmmnvLu3f3BoHx23VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPb3O/M6FSsVg86mlCvQgPBQsZwdpIA9vuR1iPfD97mD1lwcWsPLArTtWZA60StyAVKNAc2F/9ICZpRIUmHCvVc51EexmWmhFOZ+V+qmiCyRgPac9QgSOqvGyefIbOjRKgMJbmCY3m6u+NDEdKTSPfTOY51bKXi/95vVSHN17GRJJqKsjiUJhypGOU14ACJinRfGoIJpKZrIiMsMREm7LyEtzlL6+Sdq3qXlXr9/VKo1bUUYJTOINLcOEaGnAHTWgBgQk8wyu8WZn1Yr1bH4vRNavYOYE/sD5/ABfbk0M=</latexit>

Rd0
<latexit sha1_base64="beh/cz/PyY5lNSWYctUDOUcdA0c=">AAACCnicbVA9SwNBEN2L3/ErammzGoTYhLsQ1DIgiKWCMYFcCHubSbJk9+7YnRPDkdrGv2JjoYitv8DOf+MmXqGJDwYe780wMy+IpTDoul9ObmFxaXlldS2/vrG5tV3Y2b01UaI51HkkI90MmAEpQqijQAnNWANTgYRGMDyf+I070EZE4Q2OYmgr1g9FT3CGVuoUDnyEe9QqvQCGiQaqWEzH1I8HouTzboTHnULRLbtT0HniZaRIMlx1Cp9+N+KJghC5ZMa0PDfGdso0Ci5hnPcTAzHjQ9aHlqUhU2Da6fSVMT2ySpf2Im0rRDpVf0+kTBkzUoHtVAwHZtabiP95rQR7Z+1UhHGCEPKfRb1EUozoJBfaFRo4ypEljGthb6V8wDTjaNPL2xC82ZfnyW2l7J2Uq9fVYq2SxbFK9skhKRGPnJIauSRXpE44eSBP5IW8Oo/Os/PmvP+05pxsZo/8gfPxDct4mkQ=</latexit>

Feature map �(·)

[1] Aizerman et-al, Theoretical foundations of the potential function method in pattern recognition learning, 1964
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Kernel trick

Xavier Bresson 36

Non-linear mapping 𝜙 enables the separation of non-linear data points.

However, this approach entails operating in a larger feature space compared to the original 
one, resulting in increased complexity of O(𝑑′) where d& ≫ d.

To address this issue, the kernel trick was devised[1,2], offering a solution without the 
explicit use of the mapping 𝜙.

With this approach, computing the kernel operator/matrix is defined as K = 𝜙#𝜙, 
rather than 𝜙	individually, making the exact expression of 𝜙	irrelevant. 

Some standard kernel operators include :

[1] Aizerman et-al, Theoretical foundations of the potential function method in pattern recognition learning, 1964
[2] Guyon, Boser, Vapnik, Automatic capacity tuning of very large VC-dimension classifiers, 1993

<latexit sha1_base64="t33pmjaaYxLRg3N5Hcg02w4gcNA="></latexit>

K(xi, xj) = xT
i xj (linear kernel for linear k-means)

K(xi, xj) = �(xi)
T�(xj) = exp(�kxi � xjk22/�2) (Gaussian kernel)

K(xi, xj) = (axT
i xj + b)c (Polynomial kernel)

Time consuming

Efficient kernel 
computation 
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<latexit sha1_base64="eAuGzP1erWyQjKZ/AmV2Wmqjf7k="></latexit>

min
w,e

kwk22 + �
nX

i=1

ei s.t.

8
<

:

wT�(xi) + b � +1� ei for xi 2 C+

wT�(xi) + b  �1 + ei for xi 2 C�
ei � 0 for xi 2 V

(Kernel SVM)

Non-linear/kernel SVM

Xavier Bresson 37

Primal optimization problem[1] w.r.t. 𝑤 :

Dual optimization problem w.r.t. α :

[1] Boser, Guyon, Vapnik, A training algorithm for optimal margin classifiers, 1992

<latexit sha1_base64="zY6Vcj85Q39UQNgMbn/tETsj1xY="></latexit>

min
0↵�

1

2
↵TQ↵� ↵T 1n s.t. ↵T ` = 0

with Q = LKL 2 Rn⇥n

L = diag(`) 2 Rn⇥n

` = (`1, ..., `n) 2 Rn

K 2 Rn⇥n,Kij = �(xi)
T�(xj) 2 R (generalized kernel)

Function � is never used explicitly.
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<latexit sha1_base64="5CqodeVg0p1hH7pLgfA74b75ZJo="></latexit>

Given w =
X

i

↵i`i�(xi) 2 Rd

we have wTx =
X

i

↵i`i�(xi)
T�(x) 2 R

=
X

i

↵i`iK(xi, x) with K(xi, x) = �(xi)
T�(x)

= ↵TLK(x), ↵,K(x) 2 Rn, L 2 Rn⇥n
⌘

Classification function : fSVM(x) = sign(wT�(x) + b) (with primal variable)

= sign(↵TLK(x) + b) (with dual variable)

Non-linear/kernel SVM

Xavier Bresson 38

Decision function 𝑓(𝑥) :
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<latexit sha1_base64="VEL54fLMIQX9qMfHshzoQkKKhug="></latexit>

Initialization : ↵k=0 = �k=0 = 0n 2 Rn

Time steps satisfy ⌧↵⌧�  1

kQkkLk s.a. ⌧↵ =
1

kQk , ⌧� =
1

kLk
Iterate :

↵k+1 = P0·�

�
(⌧↵Q+ In)

�1(↵k + ⌧↵Q� ⌧↵L�
k)
�

�k+1 = �k + ⌧�L↵
k+1

At convergence, we have : ↵?

Classification function : fSVM(x) = sign(↵?TLK(x) + b?) 2 ±1

Optimization algorithm

Xavier Bresson 39

Solution α* can be computed with the following iterative scheme :

Generalized
kernel
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Supervised learning for classification

Xavier Bresson 40

SVM belongs to the class of supervised classification algorithms.

In general, algorithms of this class can be described as follows:
<latexit sha1_base64="Y1v1hnhGdvxjcQRblK1ldBruLAU="></latexit>

min
f2HK

kfk2
HK

+ �
nX

i=1

Ldata(fi, `i)

with

Representer theorem : f(x) = sign
� nX

i=1

↵iK(x, xi)
�
2 ±1

Norm of f in RKHS : kfk2
HK

= hf, fiHK =

X

ij

fifjKij = fTKf (smoothness/regularity of f)

kfk2
HK

= kwk2
2

for f(x) = wTx (linear SVM)

⌘

Misclassification error : Ldata(si, `i) = LHin(di = si`i) = max(0, 1� di) (Hinge loss)

⌘

Hyper-parameter � > 0 controls the trade-o↵ between regularization and data fidelity.
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Lab 3 : Kernel/non-linear SVM 

Xavier Bresson 41

Run code03.ipynb and analyze kernel SVM result on 
Noisy non-linear data points
Real-world text documents

Linear SVM

Kernel SVM
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Outline

Xavier Bresson 42

Supervised classification

Linear SVM

Soft-margin SVM

Kernel techniques

Non-linear/kernel SVM

Graph SVM

Conclusion
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Semi-supervised classification

Xavier Bresson 43

Semi-supervised classification (SSC) leverages both labeled and unlabeled data to boost the 
classification process.

Labeled data, annotated by humans, provide precise insights into class membership, offering a 
rich information for learning. 

However, human annotation is time-consuming, costly, susceptible to human biases and errors.

In contrast, unlabeled data depict the underlying structure of the data distribution. 

Collecting unlabeled data is efficient, cheap, but inherently noisy. 

SSC proves particularly beneficial when labeled data are scarce.

The situation where n	≪	m, where the number n	of labeled instances is significantly smaller 
than the number m of unlabeled instances.

An extreme scenario is when each class has only one labeled instance, n = 1.
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Geometric structure

Xavier Bresson 44

Unlabeled data encapsulate valuable statistical information, particularly the geometric 
structure of the data distribution.

How to leverage this information within the supervised SVM classification framework?

C-C+

<latexit sha1_base64="Yb/z2pnwgpGBQdVCOsOzQaFOQYo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlVJcFNy6r2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkobm1vbO+Xdyt7+weFR9fikp+JUEtolMY/lwMeKciZoVzPN6SCRFEc+p31/epP7/ScqFYvFg54l1IvwWLCQEayN5LoR1hPfz+7nj8GoWrPr9gJonTgFqUGBzqj65QYxSSMqNOFYqaFjJ9rLsNSMcDqvuKmiCSZTPKZDQwWOqPKyReY5ujBKgMJYmic0Wqi/NzIcKTWLfDOZZ1SrXi7+5w1THV57GRNJqqkgy0NhypGOUV4ACpikRPOZIZhIZrIiMsESE21qqpgSnNUvr5Neo+606s27Zq3dKOoowxmcwyU4cAVtuIUOdIFAAs/wCm9War1Y79bHcrRkFTun8AfW5w80F5HB</latexit>

Rd

Labeled data +, 
Supervised classification

C-

C+

<latexit sha1_base64="Yb/z2pnwgpGBQdVCOsOzQaFOQYo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlVJcFNy6r2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkobm1vbO+Xdyt7+weFR9fikp+JUEtolMY/lwMeKciZoVzPN6SCRFEc+p31/epP7/ScqFYvFg54l1IvwWLCQEayN5LoR1hPfz+7nj8GoWrPr9gJonTgFqUGBzqj65QYxSSMqNOFYqaFjJ9rLsNSMcDqvuKmiCSZTPKZDQwWOqPKyReY5ujBKgMJYmic0Wqi/NzIcKTWLfDOZZ1SrXi7+5w1THV57GRNJqqkgy0NhypGOUV4ACpikRPOZIZhIZrIiMsESE21qqpgSnNUvr5Neo+606s27Zq3dKOoowxmcwyU4cAVtuIUOdIFAAs/wCm9War1Y79bHcrRkFTun8AfW5w80F5HB</latexit>

Rd

Labeled data +, 
Supervised classification

C-C+

<latexit sha1_base64="Yb/z2pnwgpGBQdVCOsOzQaFOQYo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlVJcFNy6r2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkobm1vbO+Xdyt7+weFR9fikp+JUEtolMY/lwMeKciZoVzPN6SCRFEc+p31/epP7/ScqFYvFg54l1IvwWLCQEayN5LoR1hPfz+7nj8GoWrPr9gJonTgFqUGBzqj65QYxSSMqNOFYqaFjJ9rLsNSMcDqvuKmiCSZTPKZDQwWOqPKyReY5ujBKgMJYmic0Wqi/NzIcKTWLfDOZZ1SrXi7+5w1THV57GRNJqqkgy0NhypGOUV4ACpikRPOZIZhIZrIiMsESE21qqpgSnNUvr5Neo+606s27Zq3dKOoowxmcwyU4cAVtuIUOdIFAAs/wCm9War1Y79bHcrRkFTun8AfW5w80F5HB</latexit>

Rd

Labeled data +, 
Unlabeled data o

Semi-supervised classification
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Manifold and graph

Xavier Bresson 45

The data distribution remains unchanged regardless of whether labels are present or absent.

Both labeled and unlabeled data points are assumed to belong to a manifold within the        
d-dimensional feature space. 

This manifold is estimated using a k-nearest neighbor graph constructed from the data points, 
serving as an approximation of the underlying manifold structure.

Labeled data +, 
Unlabeled data o

Semi-supervised classification
on manifold

C-C+

Manifold M embedded 
in Rd. Data points are 

sampled from M.

<latexit sha1_base64="Yb/z2pnwgpGBQdVCOsOzQaFOQYo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlVJcFNy6r2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkobm1vbO+Xdyt7+weFR9fikp+JUEtolMY/lwMeKciZoVzPN6SCRFEc+p31/epP7/ScqFYvFg54l1IvwWLCQEayN5LoR1hPfz+7nj8GoWrPr9gJonTgFqUGBzqj65QYxSSMqNOFYqaFjJ9rLsNSMcDqvuKmiCSZTPKZDQwWOqPKyReY5ujBKgMJYmic0Wqi/NzIcKTWLfDOZZ1SrXi7+5w1THV57GRNJqqkgy0NhypGOUV4ACpikRPOZIZhIZrIiMsESE21qqpgSnNUvr5Neo+606s27Zq3dKOoowxmcwyU4cAVtuIUOdIFAAs/wCm9War1Y79bHcrRkFTun8AfW5w80F5HB</latexit>

Rd

Graph G=(V,E,A)
k-NN graph 

C-C+

Manifold M is 
represented by a k-NN 

graph of the data points.
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Manifold regularization

Xavier Bresson 46

We aim to ensure that the classification function 𝑓(𝑥) exhibits smoothness across the 
manifold, which is approximated by the k-NN graph.

This smoothness constraint will propagate the label information throughout the graph, i.e. 
neighboring data points will tend to share the same label. 

Graph G=(V,E,A)
k-NN graph 

C-C+
<latexit sha1_base64="mkPZTEOGd0peiZA9YvD/oq0UsyA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahopRdKepFKHjxWMF+SLuUbJptQ5PskmTFsvRXePGgiFd/jjf/jWm7B60+GHi8N8PMvCDmTBvX/XJyS8srq2v59cLG5tb2TnF3r6mjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqe+q0HqjSL5J0Zx9QXeCBZyAg2VroPy489dnx14vWKJbfizoD+Ei8jJchQ7xU/u/2IJIJKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpRILqv10dvAEHVmlj8JI2ZIGzdSfEykWWo9FYDsFNkO96E3F/7xOYsJLP2UyTgyVZL4oTDgyEZp+j/pMUWL42BJMFLO3IjLEChNjMyrYELzFl/+S5lnFO69Ub6ul2mkWRx4O4BDK4MEF1OAG6tAAAgKe4AVeHeU8O2/O+7w152Qz+/ALzsc3QkOPVw==</latexit>

f(xi) = +1

<latexit sha1_base64="RD1LM+QIjrmwdKnHIXTPNf0ZbPA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpZdKepFKHjxWMF+SLuUbJptQ5PskmTFsvRXePGgiFd/jjf/jWm7B60+GHi8N8PMvCDmTBvX/XJyS8srq2v59cLG5tb2TnF3r6mjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqe+q0HqjSL5J0Zx9QXeCBZyAg2VroPy489dnx16vWKJbfizoD+Ei8jJchQ7xU/u/2IJIJKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpRILqv10dvAEHVmlj8JI2ZIGzdSfEykWWo9FYDsFNkO96E3F/7xOYsJLP2UyTgyVZL4oTDgyEZp+j/pMUWL42BJMFLO3IjLEChNjMyrYELzFl/+S5lnFO69Ub6ul2kkWRx4O4BDK4MEF1OAG6tAAAgKe4AVeHeU8O2/O+7w152Qz+/ALzsc3RU2PWQ==</latexit>

f(xi) = �1

<latexit sha1_base64="84b001QnW8g9Egp0fO7ziLRMp/I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VOP90plt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmleVLzLSvWuWq6d53EU4BhO4Aw8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w9c4I3L</latexit>xi

<latexit sha1_base64="aEZKs2PkR6bQQ2gX26PHPaRkzL8=">AAAB+XicbVDLSgMxFM3UV62vUZdugkWoKGVGirosuHFZwT6gHYZMmmlDM0lIMqVl6J+4caGIW//EnX9j2s5CqwcuHM65l3vviSSj2njel1NYW9/Y3Cpul3Z29/YP3MOjlhapwqSJBROqEyFNGOWkaahhpCMVQUnESDsa3c399pgoTQV/NFNJggQNOI0pRsZKoevGlUlIz3tISiUm8MIP3bJX9RaAf4mfkzLI0Qjdz15f4DQh3GCGtO76njRBhpShmJFZqZdqIhEeoQHpWspRQnSQLS6fwTOr9GEslC1u4EL9OZGhROtpEtnOBJmhXvXm4n9eNzXxbZBRLlNDOF4uilMGjYDzGGCfKoINm1qCsKL2VoiHSCFsbFglG4K/+vJf0rqq+tfV2kOtXL/M4yiCE3AKKsAHN6AO7kEDNAEGY/AEXsCrkznPzpvzvmwtOPnMMfgF5+MbLQSSpw==</latexit>

f(xi) ⇡ +1

<latexit sha1_base64="XqEhnZ9jse7hqgikKwfTR12Rn+k=">AAAB+XicbVDLSgMxFM3UV62vUZdugkWooGVGirosuHFZwT6gHYZMmmlDM0lIMqVl6J+4caGIW//EnX9j2s5CqwcuHM65l3vviSSj2njel1NYW9/Y3Cpul3Z29/YP3MOjlhapwqSJBROqEyFNGOWkaahhpCMVQUnESDsa3c399pgoTQV/NFNJggQNOI0pRsZKoevGlUlIz3tISiUm8NIP3bJX9RaAf4mfkzLI0Qjdz15f4DQh3GCGtO76njRBhpShmJFZqZdqIhEeoQHpWspRQnSQLS6fwTOr9GEslC1u4EL9OZGhROtpEtnOBJmhXvXm4n9eNzXxbZBRLlNDOF4uilMGjYDzGGCfKoINm1qCsKL2VoiHSCFsbFglG4K/+vJf0rqq+tfV2kOtXL/I4yiCE3AKKsAHN6AO7kEDNAEGY/AEXsCrkznPzpvzvmwtOPnMMfgF5+MbMA6SqQ==</latexit>

f(xi) ⇡ �1

<latexit sha1_base64="84b001QnW8g9Egp0fO7ziLRMp/I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VOP90plt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmleVLzLSvWuWq6d53EU4BhO4Aw8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w9c4I3L</latexit>xi

Manifold M is represented by a 
k-NN graph of the data points.

<latexit sha1_base64="84b001QnW8g9Egp0fO7ziLRMp/I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VOP90plt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmleVLzLSvWuWq6d53EU4BhO4Aw8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w9c4I3L</latexit>xi

<latexit sha1_base64="mkPZTEOGd0peiZA9YvD/oq0UsyA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahopRdKepFKHjxWMF+SLuUbJptQ5PskmTFsvRXePGgiFd/jjf/jWm7B60+GHi8N8PMvCDmTBvX/XJyS8srq2v59cLG5tb2TnF3r6mjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqe+q0HqjSL5J0Zx9QXeCBZyAg2VroPy489dnx14vWKJbfizoD+Ei8jJchQ7xU/u/2IJIJKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpRILqv10dvAEHVmlj8JI2ZIGzdSfEykWWo9FYDsFNkO96E3F/7xOYsJLP2UyTgyVZL4oTDgyEZp+j/pMUWL42BJMFLO3IjLEChNjMyrYELzFl/+S5lnFO69Ub6ul2mkWRx4O4BDK4MEF1OAG6tAAAgKe4AVeHeU8O2/O+7w152Qz+/ALzsc3QkOPVw==</latexit>

f(xi) = +1

<latexit sha1_base64="aEZKs2PkR6bQQ2gX26PHPaRkzL8=">AAAB+XicbVDLSgMxFM3UV62vUZdugkWoKGVGirosuHFZwT6gHYZMmmlDM0lIMqVl6J+4caGIW//EnX9j2s5CqwcuHM65l3vviSSj2njel1NYW9/Y3Cpul3Z29/YP3MOjlhapwqSJBROqEyFNGOWkaahhpCMVQUnESDsa3c399pgoTQV/NFNJggQNOI0pRsZKoevGlUlIz3tISiUm8MIP3bJX9RaAf4mfkzLI0Qjdz15f4DQh3GCGtO76njRBhpShmJFZqZdqIhEeoQHpWspRQnSQLS6fwTOr9GEslC1u4EL9OZGhROtpEtnOBJmhXvXm4n9eNzXxbZBRLlNDOF4uilMGjYDzGGCfKoINm1qCsKL2VoiHSCFsbFglG4K/+vJf0rqq+tfV2kOtXL/M4yiCE3AKKsAHN6AO7kEDNAEGY/AEXsCrkznPzpvzvmwtOPnMMfgF5+MbLQSSpw==</latexit>

f(xi) ⇡ +1
<latexit sha1_base64="RD1LM+QIjrmwdKnHIXTPNf0ZbPA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpZdKepFKHjxWMF+SLuUbJptQ5PskmTFsvRXePGgiFd/jjf/jWm7B60+GHi8N8PMvCDmTBvX/XJyS8srq2v59cLG5tb2TnF3r6mjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqe+q0HqjSL5J0Zx9QXeCBZyAg2VroPy489dnx16vWKJbfizoD+Ei8jJchQ7xU/u/2IJIJKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpRILqv10dvAEHVmlj8JI2ZIGzdSfEykWWo9FYDsFNkO96E3F/7xOYsJLP2UyTgyVZL4oTDgyEZp+j/pMUWL42BJMFLO3IjLEChNjMyrYELzFl/+S5lnFO69Ub6ul2kkWRx4O4BDK4MEF1OAG6tAAAgKe4AVeHeU8O2/O+7w152Qz+/ALzsc3RU2PWQ==</latexit>

f(xi) = �1
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f(xi) ⇡ �1

Labeled data +, 
Unlabeled data o
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<latexit sha1_base64="dlesrqzaiPfUOXoxunAuRckaJOg="></latexit>Z

M
|rf |2 (continuous Dirichlet energy)

⇡
X

ij2V

Aij |f(xi)� f(xj)|2 (discrete Dirichlet energy)

⇡ fTLf 2 R, f 2 Rn, L = I�D�1/2AD�1/2 2 Rn⇥n (Laplacian matrix)

D = diag(d) 2 Rn⇥n, d = A1n 2 Rn (degree vector)

Graph regularization
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Graph regularization is usually implemented through loss minimization techniques.

A widely used regularization loss is the Dirichlet energy[1], which is defined as: 

Minimizing the Dirichlet energy enforces the smoothness of the function on the graph domain, 
i.e. 𝑓 𝑥" ≈ 𝑓 𝑥' 	for	𝑗 ∈ 𝒩", ensuring that the function values at neighboring data points are 
similar.

[1] Belkin, Niyogi, Laplacian Eigenmaps and Spectral Techniques for Embedding and Clustering, 2001



48
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min
f2HK

fTKf + �
nX

i=1

LHin(fi, `i) + �fTLf

with

Representer theorem : f(x) = sign
� nX

i=1

↵iK(x, xi) + b
�
2 ±1

Semi-supervised classification with graphs
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SSC optimization problem with graph smoothness :

Graph SVM[1] : 

<latexit sha1_base64="c/V/Tsfo/WqA+KKE1SBT4q+8oFo="></latexit>

min
f2HK

kfk2
HK

+ �
nX

i=1

Ldata(fi, `i) + �

Z

M

|rf |2

[1] Belkin, Niyogi, Sindhwani,Manifold regularization: A geometric framework for learning from labeled and unlabeled examples, 2006

Misha Belkin
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min
f2HK

f
T
Kf + �

nX

i=1

LHin(fi, `i) + �f
T
Lf

with

Representer theorem : f(x) = sign

⇣ nX

i=1

⇠
?
i K(x, xi) + b

⌘
2 ±1

Optimization problem : ↵
?
= arg min

0↵�

1

2
↵
T
Q↵� ↵

T
1n s.t. ↵

T
` = 0

with Q = LHK(I + �LK)
�1

HL 2 Rn⇥n
⌘

Solution : ⇠
?
= (I + �LK)

�1
HL↵

?

Optimization algorithm
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Dual optimization problem :
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Lab 4 : Graph SVM 
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Run code04.ipynb and analyze Graph SVM result on 
Noisy non-linear data points
Real-world text documents

Kernel SVM

Graph SVM
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Outline
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Supervised classification

Linear SVM

Soft-margin SVM

Kernel techniques

Non-linear/kernel SVM

Graph SVM

Conclusion
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History of SVM techniques
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[1] Vapnik, Chervonenkis, On a perceptron class, 1964
[2] Cortes, Vapnik, Support-vector networks, 1995
[3] Boser, Guyon, Vapnik, A training algorithm for optimal margin classifiers, 1992
[4] Belkin, Niyogi, Sindhwani,Manifold regularization: A geometric framework for learning from labeled and unlabeled examples, 2006

Non-Linear/Kernel SVM[3]

Supervised learning
Linear SVM[1]

Supervised learning
Graph SVM[4]

Semi-supervised learning
Soft-Margin SVM[2]

Supervised learning

C-

C+
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Rd
Margin

C- C+

Margin

C-C+ C-C+
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<latexit sha1_base64="YZQsH76hoCrvhLXjGaADzAlJ04M="></latexit>

min
f2HK

kfk2
HK

+ �
nX

i=1

Ldata(fi, `i) + �Lgraph(f)

where

Norm of f in RKHS : kfk2
HK

= fTKf (smoothness/regularity of f)

Misclassification error : Ldata(fi, `i) (training prediction)

⌘

Graph regularization : Lgraph(f) (smoothness of f on graph domain)

⌘

with

Ldata =

8
>>>><

>>>>:

Hinge

L2

L1

Huber

Logistic

and Lgraph =

8
>>><

>>>:

Dirichlet : kr · k2
⌘

Total variation
[1]

: kr · k1
⌘

Wavelets : krwav · k2
⌘

Summary
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General class of semi-supervised optimization techniques :

[1] Bresson, Zhang, TV-SVM: Total variation support vector machine for semi-supervised data classification, 2012
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Questions?
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