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Course lectures 

Introduction to Graph Machine Learning
Part 1: GML without feature learning 
(before 2014)

Introduction to Graph Science
Graph Analysis Techniques without 
Feature Learning

Graph clustering
Graph SVM
Recommendation on graphs
Dimensionality reduction

Part 2 : GML with shallow feature learning 
(2014-2016)

Shallow graph feature learning

Part 3 : GML with deep feature learning, 
a.k.a. GNNs (after 2016)

Graph Convolutional Networks 
(spectral and spatial)
Weisfeiler-Lehman GNNs
Graph Transformer & Graph 
ViT/MLP-Mixer
Benchmarking GNNs
Molecular science and generative GNNs
GNNs for combinatorial optimization
GNNs for recommendation
GNNs for knowledge graphs
Integrating GNNs and LLMs
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Recommendation systems

Google PageRank

Collaborative recommendation

Content recommendation

Hybrid systems

Conclusion
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Recommender systems
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Recommendation is the task of providing the most relevant items to a user. 

It is one of the most common tasks in machine learning.

Arguably, the most essential task generating revenues for IT companies :

Google : Recommends webpages (e.g. PageRank) and products (Google Ads).

Meta/Facebook : Recommends products to users (Facebook Ads).

Amazon : Product recommendation to customers.

Netflix : Movie recommendations to encourage subscription renewals.
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Recommender systems

Xavier Bresson 6

Recommender systems make use of the following elements :

Product features

User features

Historical and possibly dynamic ratings

Relationships (i.e. graphs) between products, users and pairs of product-user

In this lecture, we will cover recommendation techniques that are defined by : 

Graphs exclusively : PageRank and content recommendation

Features exclusively : Low-rank recommendation, a.k.a. collaborative recommendation

Both features and graphs simultaneously : Hybrid systems
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PageRank
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Google PageRank[1] is a ranking algorithm that scores the nodes of an arbitrary graph depending 
on their popularity, which is determined by the number of incoming edges.

PageRank was applied to Internet in 1998, where the nodes represent webpages. 

This algorithm revolutionized webpage recommendations on the Internet.

Previously, recommendations were made by humans using arbitrary and often biased criteria.

Additionally, human-based recommendations are not scalable for large-scale graphs, s.a. Internet :

In 1998, the Internet had approximately 2.4 million webpages.

In 2023, the number of webpages is estimated to be around 30 billion !

[1] Page, Brin, Motwani, Winograd, The PageRank citation ranking: Bringing order to the web, 1999

Source: GoogleSource: Wikipedia Larry Page and Sergey Brin, 1998
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PageRank
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The popularity of a node is simply defined by the number of incoming edges.

There is no need to define complex and arbitrary features explicitly. If a page is popular for 
some reasons, several other pages will link to it.

It turns out that ranking the nodes of a graph based on the number of incoming edges is a 
mathematically well-defined task. 

The solution is given by the stationary state of a directed graph G, which encodes the 
importance of the nodes in terms of their connectivity influence.

Directed graph and PageRank 
solution in bleu with the ball 
size related to the PR value.

Directed graph and the ball size 
related to the PageRank value.
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Stationary state
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The stationary state and the modes of vibration of a graph G are determined by the eigenvectors 
of its adjacency matrix A, which are computed through eigenvalue decomposition (EVD) :

<latexit sha1_base64="31VcGxdWUeuwbVBWk99Z9MNfVbc="></latexit>

A = U⇤UT 2 Rn⇥n with

U = [u1, ..., un] 2 Rn⇥n (n eigenvectors in Rn)

UTU = In, i.e. huk, uk0i =
⇢

1 k = k0

0 otherwise
,

⇤ = diag(�1, ...,�n) 2 Rn⇥n (eigenvalues)

�max = �1 � �2 � ... � �n

Auk = �kuk 2 Rn, 1  k  n

We are interested into the largest eigenvalue :

Aumax = �maxumax 2 Rn
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Perron-Frobenius theorem
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PF theorem[1,2] :

For a real square matrix A with positive entries, the largest eigenvector exists, is unique 
(up to multiplicity), and has strictly positive elements.

PF theorem when applied to stochastic matrices :

Given a real square matrix A that is row stochastic (each row sums to 1), the PF theorem 
asserts that the largest eigenvector is unique, has an eigenvalue of 1, and contains strictly 
positive elements.

[1] Perron, Zur Theorie der Matrices, 1907
[2] Frobenius, Ueber Matrizen aus nicht negativen Elementen, 1912

Georg Frobenius 
1849-1917

Oskar Perron 
1880-1975
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Stationary equation
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PF theorem when applied to stochastic and irreducible matrices (defined in next slide) :

For a directed graph G = (V,E,A) defined by a stochastic and irreducible adjacency matrix 
A, the PF theorem states that the largest left eigenvector is unique, has an eigenvalue of 1, 
and contains strictly positive elements :

Since the largest left eigenvector is unique, it can also be computed by the stationary  
equation :

The solution to the stationary state equation is the PageRank function.

<latexit sha1_base64="EhkiSVKhMUbaFaK0N8ANhbrZyNQ="></latexit>

uT
maxA = uT

max�max = uT
max 2 R1⇥n

<latexit sha1_base64="nC+k5I+L/WMSsAQWLxFkUA9MBJs="></latexit>

uTA = uT 2 R1⇥n

or using the right eigenvector equation :

ATu = u 2 Rn (with (uTA)T = (uT )T )



13

Stochastic matrix
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A stochastic matrix is a matrix where each row is normalized to form a 
probability density function :

We can interpret Aij as the probability of moving from vertex i to    
vertex j on the graph :

To convert an adjacency matrix A into a stochastic matrix, we can 
normalize A using the degree matrix D :

i

j

<latexit sha1_base64="Ay5UqmTGIiUp7/OnOcv47LehVNk=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQQUoiUt0IFTcuK9gHtCFMptN22smDmRu1hHyBG3/FjQtF3Lp259+YtFlo64ELh3Pu5d57nEBwBYbxreWWlldW1/LrhY3Nre0dfXevqfxQUtagvvBl2yGKCe6xBnAQrB1IRlxHsJYzvkr91h2TivveLUwCZrlk4PE+pwQSydZLl3bERzG+wF1gDyDdqC7jMu9KPhgCkdK/x6Ojgq0XjYoxBV4kZkaKKEPd1r+6PZ+GLvOACqJUxzQCsCIigVPB4kI3VCwgdEwGrJNQj7hMWdH0nRiXEqWH+75MygM8VX9PRMRVauI6SadLYKjmvVT8z+uE0D+3Iu4FITCPzhb1Q4HBx2k2uMcloyAmCSFU8uRWTIdEEgpJgmkI5vzLi6R5UjGrlerNabF2nMWRRwfoEJWRic5QDV2jOmogih7RM3pFb9qT9qK9ax+z1pyWzeyjP9A+fwBtaJun</latexit>

Aij = Pr(i ! j)

<latexit sha1_base64="QK63p+/jtzC7trADOxbhTYF5vF4="></latexit>X

j2V

Aij = 1 8i , A1n = 1n 2 Rn

<latexit sha1_base64="3/cggx8Kzik7NyyPF6nLSzbl9EU="></latexit>

A D�1A with D�1
ii =

⇢
(
P

j Aij)�1 if ith row 6= 0
0 otherwise
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Irreducible matrix 
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A matrix is considered irreducible if it represents a graph where every node is reachable 
from every other node. This property is known as strong connectivity in graph theory.

A graph is strongly connected if, for any pair of nodes (i,j), there exists a directed 
path from node i to node j and a directed path from node j to node i.

To ensure that an adjacency matrix A is both stochastic (i.e., each row sums to 1) 
and irreducible, we can proceed as follows :

[1] Page, Brin, Motwani, Winograd, The PageRank citation ranking: Bringing order to the web, 1999

i

j
<latexit sha1_base64="jDC9lNr35OZvTJbbsoCGJ1wyVYo="></latexit>

A ↵D�1A+ (1� ↵)
In
n

with

A 2 Rn⇥n is the original (sparse) adjacency matrix of the graph

In 2 Rn⇥n is the (full) identity matrix

↵ 2 [0, 1], original choice is ↵ = 0.85[1]
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Personalized PageRank
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Vanilla PageRank :

The term (1-α)In/n is equivalent to a user who has the freedom to jump to any webpage 
within the network, without specific preferences or constraints. 

The terms αD-1A + (1-α)In/n models a user who follows the internet structure α% of the 
time (mirroring the typical browsing pattern where users click on links provided on a 
webpage) and for the remaining (1-α)% of the time, decides to click to a webpage that has 
no connection to the previous page (due to curiosity for a different topic).

Personalized PageRank :

It is feasible to further refine this model by incorporating a user’s preferences or biases, 
such as those influenced by advertisements or personalized recommendations :

i j

<latexit sha1_base64="ncBLEpUT/ENUGqBxKMS20teDOMM="></latexit>

A ↵D�1A+ (1� ↵) pPrior 2 Rn⇥n

with

pPrior 2 Rn⇥n is a prior probability designed by Google

pPriori,j 2 [0, 1] is the prior probability of a user moving from page i to page j



16

Spectral algorithm
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PageRank function is given by the stationary equation AT u = u, where A is the fully stochastic 
and irreducible matrix derived from the original (sparse) adjacency matrix of graph G.

The most direct technique to solve AT u = u is to compute the eigenvector corresponding to the 
largest eigenvalue, which is known to be 1[1,2].

Advantages of Eigenvalue Decomposition (EVD) :

EVD guarantees finding the exact solution.

The solution is independent of the initial condition.

Limitations :

EVD is computationally intensive with O(n2) speed complexity and memory consuming O(n2).

EVD cannot be parallelizable because eigenvectors are solutions of a global linear system.

EVD does not scale well to large networks, s.a. internet, which contains billions of nodes.

[1] Perron, Zur Theorie der Matrices, 1907
[2] Frobenius, Ueber Matrizen aus nicht negativen Elementen, 1912
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Power method

Xavier Bresson 17

An alternative solution is the Power method[1,2,3] :

The stationary state equation AT u = u can be solved using a fixed-point iterative scheme, 
with convergence guaranteed since the eigenvalues of A are less than or equal to 1 :

[1] Mises, Pollaczek‐Geiringer, Praktische Verfahren der Gleichungsauflösung, 1929
[2] Page, Brin, Motwani, Winograd, The PageRank citation ranking: Bringing order to the web, 1999
[3] Nesterov, Nemirovski, Finding the stationary states of Markov chains by iterative methods, 2015

<latexit sha1_base64="sfDlrE2QNWo9QWtsAcC3MXYlQ40="></latexit>

uk+1 = Auk 2 Rn, k = 0, 1, 2, ...

At convergence, we have :

u? = Au?

where u? 2 Rn is the PageRank function.
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Power method
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The power method is an iterative algorithm[1] :

Speed complexity is O(E  K), where E is the number of edges in the graph and K is the number 
of iterations to converge to a precision ε as follows :

The Power Method can be parallelized due to the operation of matrix-vector multiplication.

It is the optimal technique for computing the largest or smallest eigenvector of a linear operator.

[1] Page, Brin, Motwani, Winograd, The PageRank citation ranking: Bringing order to the web, 1999

<latexit sha1_base64="VFQa06LJBnJ9WFq0UGUlvCxVGb4="></latexit>

Initialization (uniform distribution): uk=0 =
1n
n

2 Rn

Iterate until convergence: uk+1 = ↵D�1ATuk + (1� ↵)
1n
n

2 Rn

<latexit sha1_base64="U5ndy0kPf5oALXY0mGCH6Syjn1Y="></latexit>

kxk+1 � xkk1  " for K =
log10 "

log10 ↵
=

⇢
85 for ↵ = 0.85
1833 for ↵ = 0.99

, and " = 10�6
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Spectral vs Power techniques
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Memory complexity

Speed complexity 

<latexit sha1_base64="v4pN1QajKdXxnXu3UROmsc2VKsI="></latexit>

EVD : A
T
u = u is O(n2) as A is full (irreducible property)

Power method : uk+1 = ↵D
�1

A
T
u
k + (1� ↵)

1n
n

is O(E) as A is sparse (for most real-world graphs)

<latexit sha1_base64="1Yc4L0u56nkGetz8JLa/K6fat98="></latexit>

EVD : O(n2) for the eigenvector with the largest eigenvalue

Power method : O(EK) (K is the number of iterations)
1n
n



20

Lab 1 : PageRank
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Run code01.ipynb and conduct the following actions :

Compare the computational speed between the EVD and the Power method.

Visualize the PageRank function of a basic network.

Adjacency matric of 
California graph

Visualization of
California graph

PageRank function of
Artificial graph
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Outline
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Recommendation systems

Google PageRank

Collaborative recommendation

Content recommendation

Hybrid systems

Conclusion
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Recommendation task
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A prominent example is the 1M$ Netflix Prize[1,2] in 2009.

The Netflix competition aimed to develop the best algorithm for predicting user ratings based on 
a sparse set of previously rated movies.

The dataset statistics 

480,189 users, 17,770 movies, 100,480,507 ratings ⇒ Only 0.011% of all possible ratings !

Interestingly, the winning algorithm was never implemented by Netflix due to its complexity and 
high engineering costs.

[1] Bennett, Lanning, The netflix prize, 2007 (3,200 citations)
[2] https://en.wikipedia.org/wiki/Netflix_Prize 

https://en.wikipedia.org/wiki/Netflix_Prize
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Task formalization
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Problem : Given a (small) set of ratings/observations Mij (∈ [1,5]) for movie j and user i, 
estimate a matrix X that best fits the given ratings. 

This problem is known as the matrix completion task.

Given sparse ratings
M ∈ ℝn × m

Fully estimated ratings
X ∈ ℝn × m

Recommendation 
= 

Matrix completion
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Collaborative recommendation
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We assume that the rating matrix is low-rank, meaning that several of its rows and columns are 
linearly dependent.

The rank of a matrix is defined as the number of its independent rows or columns. 

The low-rank hypothesis has proven valid for several real-world datasets. 

For example, Netflix :

There exist communities of users who rate movies similarly.

There are groups of movies that receive the same ratings. 

Same assumptions for Amazon (users, products), LinkedIn (users, jobs), Facebook (users, ads).

# linearly independent rows = 13
# linearly independent cols = 15 
⇒ rank(X) = max(13,15) = 15  

Low-rank matrix
X ∈ ℝ100 × 200
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Low-rank modeling 
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Approximating a low-rank matrix from the original sparse observation matrix is typically 
achieved through optimization techniques :  

[1] Candes, Recht, Exact matrix completion via convex optimization, 2009
[2] Luo, Zhou, Xia, Zhu, An efficient non-negative matrix-factorization-based approach to collaborative filtering for recommender systems, 2014
[3] Sarwar, Karypis, Konstan, Riedl, Application of dimensionality reduction in recommender system-a case study, 2000
[4] Seung, Algorithms for non-negative matrix factorization, 2000

X? X?

Convex function Non-convex function

<latexit sha1_base64="omZI43bt/336xody0cUHKoUOwPg="></latexit>

min
X2Rn⇥m

rank(X) s.t.

8
>>><

>>>:

Xij = Mij 8ij 2 ⌦obs (noiseless case)
(observations are clean)

Xij = Mij + nij 8ij 2 ⌦obs (noisy case)f
(observations are corrupted)

This combinatorial NP-hard problem can be relaxed using two continuous approaches :

1) Convex relaxation with nuclear norm[1].

2) Non-convex relaxation with matrix factorization[2,3,4].
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Unconstrained low-rank optimization
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We further relax the original constrained optimization problem with an unconstrained problem :

[1] Boyd, Vandenberghe, Convex optimization, 2004 (75,000 citations)

<latexit sha1_base64="kGZUDy1iVEvtVDiV+WFc8pKtm7g="></latexit>

min
X2Rn⇥m

rank(X) s.t. Xij = Mij + nij 8ij 2 ⌦obs

which is equivalent to

min
X2Rn⇥m

rank(X) +
�

2
kIndobs � (X �M)k2F where (Indobs)ij =

⇢
1 if ij 2 ⌦obs

0 otherwise

where

min
X

rank(X) promotes the low-rank property.

kIndobs � (X �M)k2F enforces data fidelity and robustness to perturbation.

Operator � is the Hadamard point-wise product.

Constant � > 0 controls the trade-o↵ low-rank vs. fidelity.

There exists a closed-form formula between � and n for the Gaussian noise (Lagrange multiplier[1]).
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Convex relaxation
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The unconstrained NP-hard combinatorial problem is intractable and in its original form and 
therefore must be relaxed :

[1] Candes, Romberg, Tao, Exact signal reconstruction, 2006 (19,000 citations)
[2] Donoho, Compressed sensing, 2006 (35,000 citations)
[3] Candes, Recht, Exact matrix completion via convex optimization, 2009 

L1 function

min L2 s.t. X = M

min L1 s.t. X = M

<latexit sha1_base64="fRbg+34Pjy00CAKS4pDV+KfAHsE="></latexit>

min
X2Rn⇥m

rank(X) +
�

2
kIndobs � (X �M)k2F where (Indobs)ij =

⇢
1 if ij 2 ⌦obs

0 otherwise

An exact continuous, non-smooth and convex relaxation was proposed within

the compressed sensing framework[1,2,3] :

min
X2Rn⇥m

kXk? +
�

2
kIndobs � (X �M)k2F where k · k? is the nuclear norm defined as

kXk? = k⌃k1 =
pX

k=1

|�k(X)|,where �k(X) are the singular values of X s.t.

X = U⌃V T , U 2 Rn⇥p,⌃ = diag(�1, ...,�p) 2 Rp⇥p, V 2 Rp⇥m, p = min(n,m)

Terrence Tao David DonohoEmmanuel Candes
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Primal-dual optimization
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We can design an algorithm that is guaranteed to converge with a rate of O(1/k)[1,3], where k is 
the number of iterations :   

[1] Candes, Recht, Exact matrix completion via convex optimization, 2009
[2] Donoho, De-noising by soft-thresholding, 1995 (15,000 citations)
[3] Liu, Vandenberghe, Interior-point method for nuclear norm approximation with application to system identification, 2010

Shrinkage operator[2]

<latexit sha1_base64="TgkJDJhpTu+XdnshbbE5ErsxydE=">AAACBXicbVBNS8NAEN34WetX1KMegkWol5IUqR4LXjxWsB/QlLLZbNqlu5uwOxFL6MWLf8WLB0W8+h+8+W/ctjlo64OBx3szzMwLEs40uO63tbK6tr6xWdgqbu/s7u3bB4ctHaeK0CaJeaw6AdaUM0mbwIDTTqIoFgGn7WB0PfXb91RpFss7GCe0J/BAsogRDEbq2yc+0AdQItNDxeRo0s98kU7KPgljOO/bJbfizuAsEy8nJZSj0be//DAmqaASCMdadz03gV6GFTDC6aTop5ommIzwgHYNlVhQ3ctmX0ycM6OEThQrUxKcmfp7IsNC67EITKfAMNSL3lT8z+umEF31MiaTFKgk80VRyh2InWkkTsgUJcDHhmCimLnVIUOsMAETXNGE4C2+vExa1YpXq9RuL0r1ah5HAR2jU1RGHrpEdXSDGqiJCHpEz+gVvVlP1ov1bn3MW1esfOYI/YH1+QOLxJkx</latexit>

shrinkµ(·)

<latexit sha1_base64="FCcF+6bL4O7yIzDkQ7VXjwxjYyo=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqewWqR4LXjxWtB/QLiWbZtvQJLskWaEs/QlePCji1V/kzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pmzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNObud+54lpw2P1aKcJCyQZKR5xSqyTHvoyHZQrXtVbAK8TPycVyNEclL/6w5imkilLBTGm53uJDTKiLaeCzUr91LCE0AkZsZ6jikhmgmxx6gxfOGWIo1i7UhYv1N8TGZHGTGXoOiWxY7PqzcX/vF5qo5sg4ypJLVN0uShKBbYxnv+Nh1wzasXUEUI1d7diOiaaUOvSKbkQ/NWX10m7VvXr1fr9VaVRy+MowhmcwyX4cA0NuIMmtIDCCJ7hFd6QQC/oHX0sWwsonzmFP0CfP1wgjdE=</latexit>µ

<latexit sha1_base64="iDODv9HUG5XNMWJGsQEEiZAMaG4=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBiyUpUj0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6P3OOTjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6Wog0qFb9WreAmid+AWpQoHW0P0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URLdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10mnXvMbtcbDdbVZL+IowxmcwyX4cANNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w/Fw44I</latexit>�µ

<latexit sha1_base64="s794cSOOc+2KFFonW09JBUxaSWQ="></latexit>

Initialization : Xk=0 = M 2 Rn⇥m, Y k=0 = 0 2 Rn⇥mf
Iterate until convergence, i.e. k=0,1,.. f

Y k+1 = Y k � �kUshrink1/�k(⌃)V T 2 Rn⇥m (dual variable)f
with SVD : Y k + �kXk = U⌃V T 2 Rn⇥mf

Xk+1 =
Xk � ⌧kY k+1 + ⌧k�M

1 + ⌧k�Indobs
2 Rn⇥m (primal variable)f
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Algorithmic properties
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Advantages

The solution is unique, exact, and stable, regardless of the initialization.

Limitations

Time complexity is dominated by Singular Value Decomposition (SVD), which is O(n3).

The memory requirement is O(n2).

SVD-based algorithms cannot scale to large datasets, i.e. for n significantly large.
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Non-convex relaxation

Xavier Bresson 30

The unconstrained NP-hard combinatorial problem is intractable and in its original form and 
therefore must be relaxed :

[1] Luo, Zhou, Xia, Zhu, An efficient non-negative matrix-factorization-based approach to collaborative filtering for recommender systems, 2014
[2] Sarwar, Karypis, Konstan, Riedl, Application of dimensionality reduction in recommender system-a case study, 2000
[3] Lee, Seung, Algorithms for non-negative matrix factorization, 2000 (12,000 citations)

L X = LR

n⇥ r

r ⇥m

n⇥m

r ⌧ n,m

R

<latexit sha1_base64="QtqeUxSvGx6UuUMirhX67ctikCI="></latexit>

min
X2Rn⇥m

rank(X) +
�

2
kIndobs � (X �M)k2F where (Indobs)ij =

⇢
1 if ij 2 ⌦obs

0 otherwise

Approximate, continuous and smooth relaxations were proposed within matrix factorization

techniques s.a. NMF[1,2,3] (non-negative matrix factorization) :

min
L2Rn⇥r,R2Rr⇥m

1

2
kLk2F +

1

2
kRk2F +

�

2
kIndobs � (LR�M)k2F

where (Indobs)ij =

⇢
1 if ij 2 ⌦obs

0 otherwise
and r ⌧ n,m.
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Algorithmic properties
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Advantages

Optimization problem is smooth and quadratic : Enables fast optimization techniques with 
e.g. conjugate gradient[1], Newton’s method, etc. 

The objective is differentiable : Facilitates the application of stochastic gradient descent 
(SGD) technique for large-scale recommender systems[2]. 

Monotonicity property : Factorization algorithms s.a. NMF[3,4] ensure a monotonic decrease 
in loss over iterations, Ek+1 ≤ Ek ∀k. 

Limitations

Non-convex optimization : Prone to getting trapped in local minimizers, making good 
initialization critical. 

Introduction of a new hyper-parameter : The rank value r requires to be evaluated.

[1] Boyd, Vandenberghe, Convex optimization, 2004
[2] Gemulla, Nijkamp, Haas, Sismanis, Large-scale matrix factorization with distributed stochastic gradient descent, 2011
[3] Sarwar, Karypis, Konstan, Riedl, Application of dimensionality reduction in recommender system-a case study, 2000
[4] Lee, Seung, Algorithms for non-negative matrix factorization, 2000
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Lab 2 : Collaborative filtering
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Execute code02.ipynb and perform the following tasks:
Compute the low-rank solution.
Visualize reconstruction process.

Ground-truth ratings
Artificial dataset

Available ratings Low-rank solution

Ground-truth ratings
Real-world dataset

Low-rank solutionAvailable ratings
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Content recommendation
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Content filtering recommendation[1] leverage similarities between users and between items to 
predict ratings. 
Task formulation

Given a (small) set of ratings/observations Mij for movie j and user i, along with a set of 
user features and product features, estimate a matrix X that best fits the provided ratings 
while maintaining similarity among users and products.

Examples
User features/attributes : Gender, age, job, occupation, interests, etc.
Product features/attributes : Domain, price, release date, size, etc.

[1] Pazzani, Billsus, Content-based recommendation systems, 2007 (4,000 citations)

Users with their features Products with their features
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Encoding similarity
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Graphs serve as a universal representation of similarity relationships between users and between 
products :

Network of users

=
<latexit sha1_base64="lKPD0dp/muN6ecOMCPwnG42BR9I="></latexit>

Gr = (Vr, Er, Ar)

Row/user graph with

Ar the adjacency matrix of rows

Network of products

=
<latexit sha1_base64="uVcUriQZHzyqv9JwSlniZe27zRc="></latexit>

Gc = (Vc, Ec, Ac)

Column/product graph with

Ac the adjacency matrix of columns
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Task formalization
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Graph-based content filtering[1] :

[1] Huang, Chung, Ong, Chen, A graph-based recommender system for digital library, 2002

Collaborative 
Recommendation 

= 
Graph diffusion

Fully estimated ratings
X ∈ ℝn × m

Given sparse ratings
M ∈ ℝn × m

<latexit sha1_base64="sQPR73N3R/esyiHHj5foNg8F+Ug=">AAACHXicbVBNS8NAEN34bf2KevSyWCwVpCZF1IugiOhRxbZCE8Jmu22Xbj7Ynagl9I948a948aCIBy/iv3FTc1Drg4HHezPMzPNjwRVY1qcxNj4xOTU9M1uYm19YXDKXV+oqSiRlNRqJSF77RDHBQ1YDDoJdx5KRwBes4feOM79xw6TiUXgF/Zi5AemEvM0pAS155k4Jn3ryoFz35NaJriNPbmLHKZSwA+wOZJBeRrfbiWISdySJu4PM9MyiVbGGwKPEzkkR5Tj3zHenFdEkYCFQQZRq2lYMbkokcCrYoODoBTGhPdJhTU1DEjDlpsPvBnhDKy3cjqSuEPBQ/TmRkkCpfuDrzoBAV/31MvE/r5lAe99NeRgnwEL6vaidCAwRzqLCLS4ZBdHXhFDJ9a2YdokkFHSgWQj235dHSb1asXcruxc7xcNqHscMWkPrqIxstIcO0Rk6RzVE0T16RM/oxXgwnoxX4+27dczIZ1bRLxgfX1B5n5s=</latexit>

Gr = (Vr, Er, Ar)

Row/user graph

<latexit sha1_base64="vxGCJjEsLJXskp1R0m45Qxr9ahc="></latexit>

Gc = (Vc, Ec, Ac)

Column/product graph
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Graph recommendation
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We can fill out the sparse matrix M with the user and product graphs by diffusing/smoothing 
the available ratings across these graphs.

Diffusion on graphs can be formulated as a smooth optimization problem :
<latexit sha1_base64="6ZQqtzKQU9xK7KOZpmrFO4Ask5s="></latexit>

min
X2Rn⇥m

kXkdi↵usionGr
+ kXkdi↵usionGc

+
�

2
kIndobs � (X �M)k2F

where

(Indobs)ij =

⇢
1 if ij 2 ⌦obs

0 otherwise

kXkdi↵usionG is a di↵usion loss on a graph G.
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Modeling diffusion on graphs

Xavier Bresson 38

Assumption : When a user 𝑖	is closely connected to another user 𝑖′ on the graph Gusers (i.e. Gr), 
it suggests that these two users share similarities, likely having similar interests and product 
preferences. Consequently, it can be anticipated that these users will rate products similarly. 

This implies that the row𝑖 and the row𝑖′ in matrix X are expected to be similar. 

<latexit sha1_base64="gD0FfOBzRBjIt6BUOXtHyXBSKRA=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUkFKUqS6ESoiuqxgH9CEMJlO7NDJJMxMhBK68VfcuFDErZ/hzr9x0mahrQcuHM65l3vv8WNGpbKsb6OwsLi0vFJcLa2tb2xumds7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4w6vM7zwSIWnE79UoJm6IHjgNKEZKS565dwRvPHFRaXvi5FrXpSeOoeOUPLNsVa0J4Dyxc1IGOZqe+eX0I5yEhCvMkJQ924qVmyKhKGZkXHISSWKEh+iB9DTlKCTSTScPjOGhVvowiIQuruBE/T2RolDKUejrzhCpgZz1MvE/r5eo4NxNKY8TRTieLgoSBlUEszRgnwqCFRtpgrCg+laIB0ggrHRmWQj27MvzpF2r2vVq/e603KjlcRTBPjgAFWCDM9AAt6AJWgCDMXgGr+DNeDJejHfjY9paMPKZXfAHxucP5suUAQ==</latexit>

Gr = (Vr, Er, Ar)

<latexit sha1_base64="DyAFQEZdrG6DPWmHIjywwhF3vEA=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWBRKkhJilQ3QkVElxXsA5oQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyokKb5rRUWFpeWV4qr+tr6xuaWsb3TElHCMWniiEW84yFBGA1JU1LJSCfmBAUeI21veJX57QfCBY3CezmKiROgfkh9ipFUkmvsHcEbF1+UWy4+uVZ16eJjaNu67hols2JOAOeJlZMSyNFwjS+7F+EkIKHEDAnRtcxYOinikmJGxrqdCBIjPER90lU0RAERTjr5YAwPldKDfsRVhRJO1N8TKQqEGAWe6gyQHIhZLxP/87qJ9M+dlIZxIkmIp4v8hEEZwSwO2KOcYMlGiiDMqboV4gHiCEsVWhaCNfvyPGlVK1atUrs7LdWreRxFsA8OQBlY4AzUwS1ogCbA4BE8g1fwpj1pL9q79jFtLWj5zC74A+3zB8PIk9k=</latexit>

Gc = (Vc, Ec, Ac)
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Modeling diffusion on graphs

Xavier Bresson 39

The diffusion loss should enforce smoothness of observations/ratings across the graph. 

The Dirichlet norm[1] is widely favored as the default measure of graph smoothness : 

[1] Chung, Spectral graph theory, 1997

Johann Dirichlet
1805-1859

<latexit sha1_base64="NvCAkY70P+MR1yvkPzVr4zMqUxo="></latexit>

kXkdi↵usionG = kXkDir
G = tr(XTLX) 2 R+, X 2 Rn⇥m

where

L = In �D�1/2AD�1/2 2 Rn⇥n (graph Laplacian)

tr(XTLX) =
mX

k=1

xT
k Lxk, xk 2 Rn

=
mX

k=1

X

i,j2V

(xk)iLij(xk)j

=
mX

k=1

X

i,j2V

Aij((xk)i � (xk)j)
2
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Least squares optimization
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Least squares problem with graph regularization :

The optimization problem is smooth and quadratic.

It can be reduced to a linear system of equations, represented as Ax = b.

Techniques s.a. conjugate gradient or stochastic gradient descent are applicable :

<latexit sha1_base64="dmsRQ/X2WL8BRul82XvmdARXivg="></latexit>

min
X2Rn⇥m

kXkDir
Gr

+ kXkDir
Gc

+
�

2
kIndobs � (X �M)k2F

min
X2Rn⇥m

tr(XTLrX) + tr(XLcX
T ) +

�

2
kIndobs � (X �M)k2F

<latexit sha1_base64="x7pdPlEmPSR3U7ahYb9VORSJX+o="></latexit>

(Im ⌦ Lr + Lc ⌦ In + �Imn)x = �m

with x = reshape(X), m = reshape(M) 2 Rnm,⌦ is the tensor product

Ax = b

x = A�1b 2 Rnm

X = reshape(x) 2 Rn⇥m
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Lab 3 : Content filtering
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Run code03.ipynb and perform the following tasks :

Compute the graph-based solution.

Visualize the solution.

Available ratings
Real-world dataset

Graph-based 
smooth solution

Graph of users

Graph of products
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Recommendation systems
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Collaborative recommendation

Content recommendation

Hybrid systems

Conclusion
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Hybrid system

Xavier Bresson 43

It is possible to integrate collaborative and content recommendation techniques[1].

Task formulation : Given a limited set of ratings/observations Mij for item j and user i, along 
with user features and item features, design a recommender system that effectively combines :

Collaborative filtering to capture the low-rank property of ratings. 

Content filtering to diffuse ratings across user and product graphs, ensuring alignment  
with user and product similarities. 

[1] Ma, Zhou, Liu, Lyu, King, Recommender systems with social regularization, 2011 
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Matrix completion on graphs

Xavier Bresson 44

A method called matrix completion on graphs[1] effectively combines these two key aspects : 

Capturing the low-rank structure of ratings using the nuclear norm.

Diffusing ratings across user and product graphs by leveraging the graph Dirichlet norm. 

[1] Kalofolias, Bresson, Bronstein, Vandergheynst, Matrix completion on graphs, 2014

<latexit sha1_base64="RnnwY29ND1irMkxjYQRwDmmILi0="></latexit>

min
X2Rn⇥m

kXk? +
�G

2
tr(XTLrX) +

�G

2
tr(XLcX

T ) +
�

2
kIndobs � (X �M)k2F

where (Indobs)ij =

⇢
1 if ij 2 ⌦obs

0 otherwise
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Sample complexity vs performance
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Building a recommender system :

In the absence of sufficient ratings, prioritize the collection of data features.

Once an adequate number of ratings have collected, reduce the need on features.

Collaborative recommendation (low-rank approximation)

Content recommendation (graph diffusion)

Prediction error
(the lower the better)

Hybrid =
Content

Hybrid =
Collaborative

Hybrid recommender
System

#Available
Observations/ratingsLarge number

of ratings
Small number

of ratings
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Lab 4 : Hybrid recommendation
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Run code04.ipynb and perform the following tasks :
Compute the hybrid solution.
Visualize the obtained solution.

Scenario 1 : Low number of ratings (1.3%) 
              low-rank/collab sol  : 800.25
              graph/content sol    : 399.89 
              hybrid sol                  : 402.71 (≈ graph sol)
Scenario 2 : Good number of ratings (13%) 
              low-rank/collab sol  : 409.76
              graph/content sol    : 411.24
              hybrid sol                  : 397.47
Scenario 3 : High number of ratings (52%) 
              low-rank/collab sol  : 698.97
              graph/content sol    : 748.52
              hybrid sol                  : 695.00 (≈ low-rank sol)

Ground-truth ratings
Real-world dataset

Hybrid solutionAvailable ratings
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Conclusion
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Recommender systems operate on the premise that customers naturally form clusters based on 
shared interests and preferences.

The effectiveness of recommendations typically increases with the accumulation of ratings. 

However, obtaining ratings poses challenges, as soliciting customers to rate numerous products is 
impractical.

To address this, user and product features are leveraged to enhance predictions, ensuring that 
similar users and products receive comparable ratings.

Deep learning techniques can enrich raw features, augmenting the system’s predictive capabilities. 

Additionally, in scenarios involving temporal changes in ratings -- such as when movies transition 
from box office disappointments to cult classics -- capturing these dynamics is critical. 

Time series and Markov models are used to model the temporal nature of ratings, with deep 
learning architectures s.a. RNNs or Transformers serving as powerful tools for learning dynamic 
systems[1].

[1] Monti, Bronstein, Bresson, Geometric matrix completion with recurrent multi-graph neural networks, 2017
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Questions?

Xavier Bresson 49


