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Course lectures 

Introduction to Graph Machine Learning
Part 1: GML without feature learning 
(before 2014)

Introduction to Graph Science
Graph Analysis Techniques without 
Feature Learning

Graph clustering
Graph SVM
Recommendation on graphs
Graph-based visualization

Part 2 : GML with shallow feature learning 
(2014-2016)

Shallow graph feature learning

Part 3 : GML with deep feature learning, 
a.k.a. GNNs (after 2016)

Graph Convolutional Networks 
(spectral and spatial)
Weisfeiler-Lehman GNNs
Graph Transformer & Graph 
ViT/MLP-Mixer
Benchmarking GNNs
Molecular science and generative GNNs
GNNs for combinatorial optimization
GNNs for recommendation
GNNs for knowledge graphs
Integrating GNNs and LLMs
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Outline
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Visualization as dimensionality reduction

Linear visualization techniques

Standard PCA

Robust PCA

Graph-based PCA 

Non-linear visualization techniques

LLE

Laplacian eigenmaps

TSNE 

UMAP

Conclusion 



4

Outline

Xavier Bresson 4

Visualization as dimensionality reduction

Linear visualization techniques

Standard PCA

Robust PCA

Graph-based PCA 

Non-linear visualization techniques

LLE

Laplacian eigenmaps

TSNE 

UMAP

Conclusion 
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Visualization of MNIST 
images in R3 

Visualization

Xavier Bresson 5

The visualization task involves projecting high-dimensional data, s.a. images, text documents, 
user/product attributes, sequences of actions, etc into 2D or 3D low-dimensional Euclidean spaces 
to reveal underlying data structures. 

This projection is achieved using dimensionality reduction techniques, which aim to compress the 
original information while discarding unnecessary details and noise.

28 x 28 MNIST images
+
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Dimentionality reduction

Xavier Bresson 6

Two classes of dimensionality reduction techniques have been developed :

Linear Techniques: These methods produce low-dimensional Euclidean (flat) spaces. 

Common examples include Principal Component Analysis (PCA)[1], Linear Discriminant 
Analysis (LDA)[2], and Independent Component Analysis (ICA)[3].

Non-Linear Techniques: These methods compute low-dimensional manifolds, i.e. curved 
hyper-surfaces. 

Standard techniques are Kernel methods[4], Locally Linear Embedding (LLE)[5], Laplacian 
Eigenmaps[6], t-distributed Stochastic Neighbor Embedding (TSNE)[7], and Uniform Manifold 
Approximation and Projection (UMAP)[8].

[1] Pearson, On lines and planes of closest fit to systems of points in space, 1901
[2] Fisher, The Use of Multiple Measurements in Taxonomic Problems, 1936
[3] Herault, Jutten, Architectures neuromimétiques adaptatives: Détection de primitives, 1985
[4] Scholkopf et-al, Nonlinear Component Analysis as a Kernel Eigenvalue Problem, 1998
[5] Roweis, Saul, Nonlinear dimensionality reduction by locally linear embedding, 2000
[6] Belkin, Niyogi, Laplacian eigenmaps for dimensionality reduction and data representation, 2003
[7] Van der Maaten, Hinton, Visualizing data using t-SNE, 2008
[8] McInnes et-al, UMAP: Uniform manifold approximation and projection for dimension reduction, 2018
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Linear dimensionality reduction

Xavier Bresson 7

Assumption: The data distribution exists within a low-dimensional Euclidean space.

)

Linear
Dimensionality
Reduction

<latexit sha1_base64="eKXRZ9EWEw/rIH/5IChqwzQF2JU="></latexit>

Projection map

' : xi ! zi = '(xi) = Axi

<latexit sha1_base64="EmC6jVfUHZ+VF1amJd/c25rirnE="></latexit>

High-dimensional Euclidean space

xi 2 Rd, d � 1
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Am,·
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A1,·
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Low-dimensional hyper-plane

zi 2 Rm,m ⌧ d
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Linear techniques

Xavier Bresson 8

Task formalization : Restrict the mapping φ to be a linear operator A.

Several techniques exist to compute a linear operator A.

PCA, LDA, ICA, Non-negative matrix factorization[1] (NMF), Sparse Coding[2], etc. 

<latexit sha1_base64="Tm2vb/7cR3DEzrAK9+G2aHSGiKk="></latexit>

z = '(x) = Ax =

2

64
hA1,·, xi

...
hAk,·, xi

3

75 =

2

64
z1
...
zk

3

75

with

x 2 Rd, d � 1, high-dimensional data point

z 2 Rm,m ⌧ d, low-dimensional data point

A 2 Rm⇥n, dictionary of patterns or basis functions

Ai,· 2 Rn, i-th pattern/linear filter

[1] Lee, Seung, Learning the parts of objects by non-negative matrix factorization, 1999
[2] Olshausen, Field, Learning a sparse code for natural images, 1996
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Linear dimensionality reduction

Xavier Bresson 9

An example where linear dimensionality reduction falls short in producing clear patterns.
This highlights the need for greater expressivity to uncover the underlying structures.

28 x 28 MNIST images

+
Visualization of MNIST 
images in R3 with PCA
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Non-linear dimensionality reduction

Xavier Bresson 10

Assumption: Data distribution resides on low-dimensional curved spaces, known as 
manifolds (which can be smooth or non-smooth). 

Techniques designed to uncover these structures are referred to as manifold learning.

)

Non-Linear
Dimensionality
Reduction

<latexit sha1_base64="EmC6jVfUHZ+VF1amJd/c25rirnE="></latexit>

High-dimensional Euclidean space

xi 2 Rd, d � 1

<latexit sha1_base64="Aoi8UKzbBdokfFmLFfF6vvL+Kd8="></latexit>

Projection map

' : xi ! zi = '(xi)
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Low-dimensional manifold

M ⇢ Rd, dim(M) = m, m ⌧ d
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Dimensionality reduction

Xavier Bresson 11

An example where non-linear reduction effectively reveals clear patterns. 

Several non-linear techniques are available, each suited to different data distributions.

Visualization of MNIST 
images in 3D

z ∈ R3 

28 x 28 MNIST images
x ∈ R28 × 28 = 684

+

<latexit sha1_base64="4TanTIfIlIp8v7S7yc/z5SR719A="></latexit>

'(x) = z

x 2 R684, z 2 R3

' = LapEigenmaps[1]

[1] Belkin, Niyogi, Laplacian eigenmaps for dimensionality reduction and data representation, 2003
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Outline
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Visualization as dimensionality reduction

Linear visualization techniques

Standard PCA

Robust PCA

Graph-based PCA 

Non-linear visualization techniques

LLE

Laplacian eigenmaps

TSNE 

UMAP

Conclusion 
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Principal component analysis

Xavier Bresson 13

PCA[1], introduced in 1901, is inspired by the principal axis theorem in mechanics. 

It is the most popular technique for linear dimensionality reduction.

It aims to capture the direction of greatest variance within the data distribution.

[1] Pearson, On lines and planes of closest fit to systems of points in space, 1901

xi+
xi
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Original data 
distribution in R2

Projection of data points into 
the direction of the largest 

variation v of the distribution

Principal component v and
approximation of the 

original distribution w.r.t. 
the largest variance

+
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Karl Pearson 
1857-1936

xi



14

Task formulation

Xavier Bresson 14

Given a set of data points, PCA projects the data onto an orthogonal basis that best captures its 
variance. 

Assuming the data distribution is centered at the origin, PCA defines an orthogonal 
transformation, i.e. a rotation matrix, that maps the data to a new coordinate system (v1,v2,…,vK) 
known as principal directions such that 

The first basis function or principal direction v1 captures the largest possible variance in data.

The second basis function or principal direction v2 captures the second largest possible 
variance while being orthogonal to the first principal direction ⟨v1,v2⟩=0. 
For each subsequent direction, the vk’s capture the k-th largest possible data variance, 
maintaining orthogonality to all previous directions.

v2

v1

Origin

Rotation

e1

e2
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Covariance matrix

Xavier Bresson 15

Data variance across feature dimensions is captured by the covariance matrix :

e1

e2

<latexit sha1_base64="gYileR05pAh6KIXN6+GLZyVUEG4=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4Kpsi1WOhF48V7Ae0S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb6/vf3sbm1vbObmGvuH9weHRcOjltG5VqylpUCaW7ITFMcMlallvBuolmJA4F64STxtzvPDFtuJIPdpqwICYjySNOiXVSuzHIMJ4NSmW/4i+A1gnOSRlyNAelr/5Q0TRm0lJBjOlhP7FBRrTlVLBZsZ8alhA6ISPWc1SSmJkgW1w7Q5dOGaJIaVfSooX6eyIjsTHTOHSdMbFjs+rNxf+8Xmqj2yDjMkktk3S5KEoFsgrNX0dDrhm1YuoIoZq7WxEdE02odQEVXQh49eV10q5WcK1Su78u16t5HAU4hwu4Agw3UIc7aEILKDzCM7zCm6e8F+/d+1i2bnj5zBn8gff5A+6Pjq0=</latexit>

C11

<latexit sha1_base64="hB/A3uxybTFxwUcxcc1KXYWKF6Y=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld0i1WOhF48V7Ae0S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGNza3tnt7BX3D84PDounZy2jUo1ZS2qhNLdkBgmuGQty61g3UQzEoeCdcJJY+53npg2XMkHO01YEJOR5BGnxDqp3RhkfnU2KJW9ircAXid+TsqQozkoffWHiqYxk5YKYkzP9xIbZERbTgWbFfupYQmhEzJiPUcliZkJssW1M3zplCGOlHYlLV6ovycyEhszjUPXGRM7NqveXPzP66U2ug0yLpPUMkmXi6JUYKvw/HU85JpRK6aOEKq5uxXTMdGEWhdQ0YXgr768TtrVil+r1O6vy/VqHkcBzuECrsCHG6jDHTShBRQe4Rle4Q0p9ILe0ceydQPlM2fwB+jzB/AUjq4=</latexit>

C12

<latexit sha1_base64="tzt0PjMpiw6A2RYpgHLCpzR1htc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ldpPVY6MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1PY2t7Z3Svulw4Oj45PyqdnHS1TRWibSC5VL8SaciZo2zDDaS9RFMchp91w2lz43SeqNJPiwcwSGsR4LFjECDZW6jSHme/Ph+WKW3WXQJvEy0kFcrSG5a/BSJI0psIQjrXue25iggwrwwin89Ig1TTBZIrHtG+pwDHVQba8do6urDJCkVS2hEFL9fdEhmOtZ3FoO2NsJnrdW4j/ef3URLdBxkSSGirIalGUcmQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvPWXN0nHr3q1au3+ptLw8ziKcAGXcA0e1KEBd9CCNhB4hGd4hTdHOi/Ou/Oxai04+cw5/IHz+QPxmo6v</latexit>

C22

Vector e1 is the 
direction of the largest 
variance with value C11

<latexit sha1_base64="vJZAjb4qaPPDaJy2sjI+AcM66Tg="></latexit>

C = XTX 2 Rd⇥d,

with data matrix X 2 Rn⇥d where

n is the number of data points

d is the number of data features

Then we have

C11 = XT
·,1X·,1 = kX·,1k22 =

nX

i=1

X2
i1 variance in the direction e1

C12 = XT
·,1X·,2 =

nX

i=1

Xi1Xi2 cross-variance in the direction e1-e2

Reminder : Data is centered in each feature dimension j, i.e.

E(X·,j) =
nX

i=1

Xij = 0, 8j 2 {1, ..., d}
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Direction of the largest variation

Xavier Bresson 16

Consider an arbitrary centered data distribution. 

Let us compute the direction of the largest data variance, vlargest :

e1

e2

<latexit sha1_base64="gYileR05pAh6KIXN6+GLZyVUEG4=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4Kpsi1WOhF48V7Ae0S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb6/vf3sbm1vbObmGvuH9weHRcOjltG5VqylpUCaW7ITFMcMlallvBuolmJA4F64STxtzvPDFtuJIPdpqwICYjySNOiXVSuzHIMJ4NSmW/4i+A1gnOSRlyNAelr/5Q0TRm0lJBjOlhP7FBRrTlVLBZsZ8alhA6ISPWc1SSmJkgW1w7Q5dOGaJIaVfSooX6eyIjsTHTOHSdMbFjs+rNxf+8Xmqj2yDjMkktk3S5KEoFsgrNX0dDrhm1YuoIoZq7WxEdE02odQEVXQh49eV10q5WcK1Su78u16t5HAU4hwu4Agw3UIc7aEILKDzCM7zCm6e8F+/d+1i2bnj5zBn8gff5A+6Pjq0=</latexit>

C11

<latexit sha1_base64="hB/A3uxybTFxwUcxcc1KXYWKF6Y=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld0i1WOhF48V7Ae0S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGNza3tnt7BX3D84PDounZy2jUo1ZS2qhNLdkBgmuGQty61g3UQzEoeCdcJJY+53npg2XMkHO01YEJOR5BGnxDqp3RhkfnU2KJW9ircAXid+TsqQozkoffWHiqYxk5YKYkzP9xIbZERbTgWbFfupYQmhEzJiPUcliZkJssW1M3zplCGOlHYlLV6ovycyEhszjUPXGRM7NqveXPzP66U2ug0yLpPUMkmXi6JUYKvw/HU85JpRK6aOEKq5uxXTMdGEWhdQ0YXgr768TtrVil+r1O6vy/VqHkcBzuECrsCHG6jDHTShBRQe4Rle4Q0p9ILe0ceydQPlM2fwB+jzB/AUjq4=</latexit>

C12
<latexit sha1_base64="tzt0PjMpiw6A2RYpgHLCpzR1htc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ldpPVY6MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1PY2t7Z3Svulw4Oj45PyqdnHS1TRWibSC5VL8SaciZo2zDDaS9RFMchp91w2lz43SeqNJPiwcwSGsR4LFjECDZW6jSHme/Ph+WKW3WXQJvEy0kFcrSG5a/BSJI0psIQjrXue25iggwrwwin89Ig1TTBZIrHtG+pwDHVQba8do6urDJCkVS2hEFL9fdEhmOtZ3FoO2NsJnrdW4j/ef3URLdBxkSSGirIalGUcmQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvPWXN0nHr3q1au3+ptLw8ziKcAGXcA0e1KEBd9CCNhB4hGd4hTdHOi/Ou/Oxai04+cw5/IHz+QPxmo6v</latexit>

C22

<latexit sha1_base64="pg37c/v3R7tLC0Xy2vP4Msc+YPM=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxqB4CjNBoseAF48RzALJEHo6laRJz0J3TTAOwV/x4kERr/6HN//GTjIHTXxQ8Hiviqp6fiyFRsf5tlZW19Y3NnNb+e2d3b19++CwrqNEcajxSEaq6TMNUoRQQ4ESmrECFvgSGv7wZuo3RqC0iMJ7HMfgBawfip7gDI3UsY/P6ajTRnhAFaSSqT5onHTsglN0ZqDLxM1IgWSoduyvdjfiSQAhcsm0brlOjF7KFAouYZJvJxpixoesDy1DQxaA9tLZ9RN6ZpQu7UXKVIh0pv6eSFmg9TjwTWfAcKAXvan4n9dKsHftpSKME4SQzxf1EkkxotMoaFco4CjHhjCuhLmV8gFTjKMJLG9CcBdfXib1UtEtF8t3l4VKKYsjR07IKbkgLrkiFXJLqqRGOHkkz+SVvFlP1ov1bn3MW1esbOaI/IH1+QPULZVz</latexit>vlargest

e1

e2
<latexit sha1_base64="dh0tZ0YXEOcgLBAVaQXFDPcZOsA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY8kXjxCIo8ENmR2aGBkdnYzM0tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzlo4SxbDJIhGpTkA1Ci6xabgR2IkV0jAQ2A4m9wu/PUWleSQfzSxGP6QjyYecUWOlxrRfLLlldwmySbyMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwXeonGmLIJHWHXUklD1H66PHROrqwyIMNI2ZKGLNXfEykNtZ6Fge0MqRnrdW8h/ud1EzO881Mu48SgZKtFw0QQE5HF12TAFTIjZpZQpri9lbAxVZQZm03BhuCtv7xJWpWyVy1XGzelWiWLIw8XcAnX4MEt1OAB6tAEBgjP8ApvzpPz4rw7H6vWnJPNnMMfOJ8/4fOM9Q==</latexit>v

<latexit sha1_base64="/lHcqkzf4Q1nKL9+ibdjVBbjF5g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpl262YTdiVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VNf9Etlt+LOQVaJl5My5Gj0S1+9QczSiCtkkhrT9dwE/YxqFEzyabGXGp5QNqZD3rVU0YgbP5ufOiXnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2naEPwll9eJa1qxatVaneX5Xo1j6MAp3AGF+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBfUo3T</latexit>xi

<latexit sha1_base64="saSb6pbqbAOExLgiGyJ0Bi2J3ps=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY8kXjxiwsMEVjI7zMKE2dnNTC+RED7CiweN8er3ePNvHGAPClbSSaWqO91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYz1Q0ANl0LxJgqU/CHRnEaB5O1gdDv322OujYhVAycJ9yM6UCIUjKKV2k898dgg416x5JbdBcg68TJSggz1XvGr249ZGnGFTFJjOp6boD+lGgWTfFbopoYnlI3ogHcsVTTixp8uzp2RC6v0SRhrWwrJQv09MaWRMZMosJ0RxaFZ9ebif14nxfDGnwqVpMgVWy4KU0kwJvPfSV9ozlBOLKFMC3srYUOqKUObUMGG4K2+vE5albJXLVfvr0q1ShZHHs7gHC7Bg2uowR3UoQkMRvAMr/DmJM6L8+58LFtzTjZzCn/gfP4A6x6PQw==</latexit>

xT
i v

<latexit sha1_base64="BA0TVd8XcZ7arSjI22XTxgW5GG0="></latexit>

vlargest 2 Rd = argmaxkvk2=1

nX

i=1

�
xT
i v

�2
, xi 2 Rd

= argmaxkvk2=1 vTCv

given that
X

i

�
xT
i v

�2
= kXvk22 = (Xv)T (Xv) = vTXTXvA

and by definition C = XTX

xT
i v is the projection of xi on the direction v :
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e1

e2

<latexit sha1_base64="gYileR05pAh6KIXN6+GLZyVUEG4=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4Kpsi1WOhF48V7Ae0S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb6/vf3sbm1vbObmGvuH9weHRcOjltG5VqylpUCaW7ITFMcMlallvBuolmJA4F64STxtzvPDFtuJIPdpqwICYjySNOiXVSuzHIMJ4NSmW/4i+A1gnOSRlyNAelr/5Q0TRm0lJBjOlhP7FBRrTlVLBZsZ8alhA6ISPWc1SSmJkgW1w7Q5dOGaJIaVfSooX6eyIjsTHTOHSdMbFjs+rNxf+8Xmqj2yDjMkktk3S5KEoFsgrNX0dDrhm1YuoIoZq7WxEdE02odQEVXQh49eV10q5WcK1Su78u16t5HAU4hwu4Agw3UIc7aEILKDzCM7zCm6e8F+/d+1i2bnj5zBn8gff5A+6Pjq0=</latexit>

C11

<latexit sha1_base64="hB/A3uxybTFxwUcxcc1KXYWKF6Y=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld0i1WOhF48V7Ae0S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGNza3tnt7BX3D84PDounZy2jUo1ZS2qhNLdkBgmuGQty61g3UQzEoeCdcJJY+53npg2XMkHO01YEJOR5BGnxDqp3RhkfnU2KJW9ircAXid+TsqQozkoffWHiqYxk5YKYkzP9xIbZERbTgWbFfupYQmhEzJiPUcliZkJssW1M3zplCGOlHYlLV6ovycyEhszjUPXGRM7NqveXPzP66U2ug0yLpPUMkmXi6JUYKvw/HU85JpRK6aOEKq5uxXTMdGEWhdQ0YXgr768TtrVil+r1O6vy/VqHkcBzuECrsCHG6jDHTShBRQe4Rle4Q0p9ILe0ceydQPlM2fwB+jzB/AUjq4=</latexit>

C12
<latexit sha1_base64="tzt0PjMpiw6A2RYpgHLCpzR1htc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ldpPVY6MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1PY2t7Z3Svulw4Oj45PyqdnHS1TRWibSC5VL8SaciZo2zDDaS9RFMchp91w2lz43SeqNJPiwcwSGsR4LFjECDZW6jSHme/Ph+WKW3WXQJvEy0kFcrSG5a/BSJI0psIQjrXue25iggwrwwin89Ig1TTBZIrHtG+pwDHVQba8do6urDJCkVS2hEFL9fdEhmOtZ3FoO2NsJnrdW4j/ef3URLdBxkSSGirIalGUcmQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvPWXN0nHr3q1au3+ptLw8ziKcAGXcA0e1KEBd9CCNhB4hGd4hTdHOi/Ou/Oxai04+cw5/IHz+QPxmo6v</latexit>

C22

Eigenvalue decomposition

Xavier Bresson 17

Next, we perform the eigenvalue decomposition (EVD) of the positive semi-definite (PSD) 
covariance matrix C :

<latexit sha1_base64="tP3fJgXRE5fGy/K/GEADPWDiTbI=">AAAB/3icbVBNS8NAEN34WetXVPDiJVgETyUpUr0IBS8eK9gPaEPYbCft0s0Hu5NiiT34V7x4UMSrf8Ob/8Ztm4O2Phh4vDfDzDw/EVyhbX8bK6tr6xubha3i9s7u3r55cNhUcSoZNFgsYtn2qQLBI2ggRwHtRAINfQEtf3gz9VsjkIrH0T2OE3BD2o94wBlFLXnm8cjrIjygDDNBZR8UTq5HnuOZJbtsz2AtEycnJZKj7plf3V7M0hAiZIIq1XHsBN2MSuRMwKTYTRUklA1pHzqaRjQE5Waz+yfWmVZ6VhBLXRFaM/X3REZDpcahrztDigO16E3F/7xOisGVm/EoSREiNl8UpMLC2JqGYfW4BIZirAllkutbLTagkjLUkRV1CM7iy8ukWSk71XL17qJUq+RxFMgJOSXnxCGXpEZuSZ00CCOP5Jm8kjfjyXgx3o2PeeuKkc8ckT8wPn8Auf+WhA==</latexit>vlargest = v1
<latexit sha1_base64="hdyQG2kHH18i7ERxeakR6dOcYlI="></latexit>

Cvj = �jvj 2 Rd, j = 1, ..., d

with the eigenvalues: �max = �1 � �2 � ... � �d = �min � 0

Let us consider the largest eigenvalue, we have

vTmaxCvmax = �maxv
T
maxvmax = �maxkvmaxk22 = �max � �j , 8j 6= 1

In other words, we have vlargest = vmax = v1 as

argmaxkvk2=1 vTCv = vTmaxCvmax = �max = �1
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Direction of the second largest variation

Xavier Bresson 18

The direction of the greatest data variance, known as the first Principal Direction (PD),            
is given by the spectral solution and corresponds to the eigenvector v1 associated with the largest 
eigenvalue of the covariance matrix C :

Similarly, the direction of the second largest data variance, or the second PD, is defined as :
<latexit sha1_base64="jiJ++768IWaQMeXeWiql8G2GyqY="></latexit>

v2 2 Rd = argmaxkvk2=1

nX

i=1

�
xT
i v

�2
, s.t. vT v1 = 0 (v is orthogonal to v1)

and the solution is given by the second eigenvalue and its eigenvector:

vT2 Cv2 = �2v
T
2 v2 = �2kv2k22 = �2 � �j , 8j � 3 and �2  �1

In other words, we have

argmaxkvk2=1,vT v1 vTCv = vT2 Cv2 = �2 (second largest variance)

e1

e2

<latexit sha1_base64="gYileR05pAh6KIXN6+GLZyVUEG4=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4Kpsi1WOhF48V7Ae0S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb6/vf3sbm1vbObmGvuH9weHRcOjltG5VqylpUCaW7ITFMcMlallvBuolmJA4F64STxtzvPDFtuJIPdpqwICYjySNOiXVSuzHIMJ4NSmW/4i+A1gnOSRlyNAelr/5Q0TRm0lJBjOlhP7FBRrTlVLBZsZ8alhA6ISPWc1SSmJkgW1w7Q5dOGaJIaVfSooX6eyIjsTHTOHSdMbFjs+rNxf+8Xmqj2yDjMkktk3S5KEoFsgrNX0dDrhm1YuoIoZq7WxEdE02odQEVXQh49eV10q5WcK1Su78u16t5HAU4hwu4Agw3UIc7aEILKDzCM7zCm6e8F+/d+1i2bnj5zBn8gff5A+6Pjq0=</latexit>

C11

<latexit sha1_base64="hB/A3uxybTFxwUcxcc1KXYWKF6Y=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld0i1WOhF48V7Ae0S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGNza3tnt7BX3D84PDounZy2jUo1ZS2qhNLdkBgmuGQty61g3UQzEoeCdcJJY+53npg2XMkHO01YEJOR5BGnxDqp3RhkfnU2KJW9ircAXid+TsqQozkoffWHiqYxk5YKYkzP9xIbZERbTgWbFfupYQmhEzJiPUcliZkJssW1M3zplCGOlHYlLV6ovycyEhszjUPXGRM7NqveXPzP66U2ug0yLpPUMkmXi6JUYKvw/HU85JpRK6aOEKq5uxXTMdGEWhdQ0YXgr768TtrVil+r1O6vy/VqHkcBzuECrsCHG6jDHTShBRQe4Rle4Q0p9ILe0ceydQPlM2fwB+jzB/AUjq4=</latexit>

C12
<latexit sha1_base64="tzt0PjMpiw6A2RYpgHLCpzR1htc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ldpPVY6MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1PY2t7Z3Svulw4Oj45PyqdnHS1TRWibSC5VL8SaciZo2zDDaS9RFMchp91w2lz43SeqNJPiwcwSGsR4LFjECDZW6jSHme/Ph+WKW3WXQJvEy0kFcrSG5a/BSJI0psIQjrXue25iggwrwwin89Ig1TTBZIrHtG+pwDHVQba8do6urDJCkVS2hEFL9fdEhmOtZ3FoO2NsJnrdW4j/ef3URLdBxkSSGirIalGUcmQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvPWXN0nHr3q1au3+ptLw8ziKcAGXcA0e1KEBd9CCNhB4hGd4hTdHOi/Ou/Oxai04+cw5/IHz+QPxmo6v</latexit>

C22

<latexit sha1_base64="B3fYO1e43jTTf9GL4+leLuN7MP4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpF262YTdTaGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bu63J6g0j+WTmSboR3QoecgZNVZ6nPS9fqnsVtwFyDrxclKGHI1+6as3iFkaoTRMUK27npsYP6PKcCZwVuylGhPKxnSIXUsljVD72eLUGbm0yoCEsbIlDVmovycyGmk9jQLbGVEz0qveXPzP66YmvPUzLpPUoGTLRWEqiInJ/G8y4AqZEVNLKFPc3krYiCrKjE2naEPwVl9eJ61qxatVag/X5Xo1j6MA53ABV+DBDdThHhrQBAZDeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwAHZo2Z</latexit>v1<latexit sha1_base64="jQpwXqU8wSg4ykzncsVEQtq5GZ4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpF262YTdTaGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bu63J6g0j+WTmSboR3QoecgZNVZ6nPSr/VLZrbgLkHXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgrNhLNSaUjekQu5ZKGqH2s8WpM3JplQEJY2VLGrJQf09kNNJ6GgW2M6JmpFe9ufif101NeOtnXCapQcmWi8JUEBOT+d9kwBUyI6aWUKa4vZWwEVWUGZtO0Ybgrb68TlrViler1B6uy/VqHkcBzuECrsCDG6jDPTSgCQyG8Ayv8OYI58V5dz6WrRtOPnMGf+B8/gAI6o2a</latexit>v2

<latexit sha1_base64="NZP0pwOny9ixTNg8J4FME1dws6I="></latexit>

Cv1 = �1v1 ! vT1 Cv1 = �1v
T
1 v1 = �1kv1k22 = �1 = argmaxkvk2=1

nX

i=1

�
xT
i v

�2
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PCA as EVD of covariance matrix

Xavier Bresson 19

In the same way, the direction of the third largest data variance is defined as

<latexit sha1_base64="c1GNRY/eRF3kyjnt9Lnek9Nf/F4="></latexit>

v3 2 Rd = argmaxkvk2=1

nX

i=1

�
xT
i v

�2
, s.t. vT v1 = 0 and vT v2 = 0

(v is orthogonal to v1 and v2)

The solution is given by the third eigenvalue and its eigenvector:

Cv3 = �3v3

Altogether, we consider the full matrix factorization of C with EVD:

C = V ⇤V T 2 Rd⇥d

with V =
h
v1, ..., vd

i
2 Rd⇥d, V TV = Id 2 Rd⇥d (Identity matrix), ⇤ = diag(�1, ...,�d) 2 Rd⇥d
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Principal directions and components

Xavier Bresson 20

The principal directions (PDs) indicate the directions along which the data has the greatest variance.

The EVD of the covariance matrix C provides

The principal directions vj in Rd as the eigenvectors of C.

The magnitude of the variances along each direction Cjj = λj as the eigenvalues of C.

The principal components of a data point xi are defined as the projection onto the basis formed by 
these principal directions : 

e1

e2
<latexit sha1_base64="/lHcqkzf4Q1nKL9+ibdjVBbjF5g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpl262YTdiVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VNf9Etlt+LOQVaJl5My5Gj0S1+9QczSiCtkkhrT9dwE/YxqFEzyabGXGp5QNqZD3rVU0YgbP5ufOiXnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2naEPwll9eJa1qxatVaneX5Xo1j6MAp3AGF+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBfUo3T</latexit>xi

<latexit sha1_base64="WV40eFKzOu17VGqX8tsfGzXV0i0=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAInsJukOhFCOTiMUJekKzL7GQ2GTL7YKY3JKw5+CtePCji1d/w5t84SfagiQUNRVU33V1eLLgCy/o21tY3Nre2czv53b39g0Pz6LipokRS1qCRiGTbI4oJHrIGcBCsHUtGAk+wljeszvzWiEnFo7AOk5g5AemH3OeUgJZc83Ts8of6yLVvu8DGIIO0Vp26tmsWrKI1B14ldkYKKEPNNb+6vYgmAQuBCqJUx7ZicFIigVPBpvluolhM6JD0WUfTkARMOen8/im+0EoP+5HUFQKeq78nUhIoNQk83RkQGKhlbyb+53US8G+clIdxAiyki0V+IjBEeBYG7nHJKIiJJoRKrm/FdEAkoaAjy+sQ7OWXV0mzVLTLxfL9VaFSyuLIoTN0ji6Rja5RBd2hGmogih7RM3pFb8aT8WK8Gx+L1jUjmzlBf2B8/gCis5XS</latexit>

xT
i v1 = PC1

<latexit sha1_base64="3y2UsGVHJ1tn7D2CrSPeqdaYJA8=">AAAB/3icbVBNS8NAEN34WetXVPDiJVgETyUpUr0IhV48VugXtDFstpt26W4SdielJfbgX/HiQRGv/g1v/hu3bQ7a+mDg8d4MM/P8mDMFtv1trK1vbG5t53byu3v7B4fm0XFTRYkktEEiHsm2jxXlLKQNYMBpO5YUC5/Tlj+szvzWiErForAOk5i6AvdDFjCCQUueedoFOgYp0lp16pVuxx57qI+8kmcW7KI9h7VKnIwUUIaaZ351exFJBA2BcKxUx7FjcFMsgRFOp/luomiMyRD3aUfTEAuq3HR+/9S60ErPCiKpKwRrrv6eSLFQaiJ83SkwDNSyNxP/8zoJBDduysI4ARqSxaIg4RZE1iwMq8ckJcAnmmAimb7VIgMsMQEdWV6H4Cy/vEqapaJTLpbvrwqVUhZHDp2hc3SJHHSNKugO1VADEfSIntErejOejBfj3fhYtK4Z2cwJ+gPj8weo9pXU</latexit>

PC2 = xT
i v2

<latexit sha1_base64="y5dW/4dk0ybDEfCQZhgAVLW74rE=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRBqhuhoAuXFewD2hAm00k7dPJg5qZaYj/FjQtF3Pol7vwbp20W2nrgwuGce7n3Hj8RXIFlfRuFtfWNza3idmlnd2//wCwftlScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2R9czvz1mUvE4uodJwtyQDCIecEpAS55Z7gF7BBlmjZup51yNPcczK1bVmgOvEjsnFZSj4ZlfvX5M05BFQAVRqmtbCbgZkcCpYNNSL1UsIXREBqyraURCptxsfvoUn2qlj4NY6ooAz9XfExkJlZqEvu4MCQzVsjcT//O6KQSXbsajJAUW0cWiIBUYYjzLAfe5ZBTERBNCJde3YjokklDQaZV0CPbyy6uk5VTtWrV2d16pO3kcRXSMTtAZstEFqqNb1EBNRNEDekav6M14Ml6Md+Nj0Vow8pkj9AfG5w/Y+pOx</latexit>

PD2 = v2
<latexit sha1_base64="UAO+EvMwPFJRHM4N/n8lzAx6X94=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5IUqV6Egh48VrAf0Iaw2W7bpbtJ2J1US+xP8eJBEa/+Em/+G7dtDtr6YODx3gwz84JYcA2O823l1tY3Nrfy24Wd3b39A7t42NRRoihr0EhEqh0QzQQPWQM4CNaOFSMyEKwVjK5nfmvMlOZReA+TmHmSDELe55SAkXy7OPbdqy6wR1Ayrd9Mfde3S07ZmQOvEjcjJZSh7ttf3V5EE8lCoIJo3XGdGLyUKOBUsGmhm2gWEzoiA9YxNCSSaS+dnz7Fp0bp4X6kTIWA5+rviZRIrScyMJ2SwFAvezPxP6+TQP/SS3kYJ8BCuljUTwSGCM9ywD2uGAUxMYRQxc2tmA6JIhRMWgUTgrv88ippVsputVy9Oy/VKlkceXSMTtAZctEFqqFbVEcNRNEDekav6M16sl6sd+tj0Zqzspkj9AfW5w/SNJOv</latexit>

v1 = PD1

<latexit sha1_base64="66JU3OmZCMzjzd14t5t6nTC8170="></latexit>

xi
pca = V Txi 2 Rd (Rotated data along the PDs)

Xpca = XV 2 Rn⇥d (Rotated data matrix X along the PDs)
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Dimensionality reduction

Xavier Bresson 21

Suppose that the data is primarily concentrated along the first principal directions, the remaining 
directions, which mostly capture noise or insignificant details, can be discarded.

The first K principal directions (PDs) can be selected as : 

<latexit sha1_base64="8ldh9i1NJUaxyBDHcA34MnWekXs="></latexit>

xi
pca = V Txi 2 Rd

⇡ V T
k xi 2 Rk

⇡ vT1 xi 2 R (this example)

<latexit sha1_base64="DrvT3yMXAHnl7vpUgc841GOgMeo=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0mKVI8FLx4rmLbQhrLZbtqlm03Y3RRK6G/w4kERr/4gb/4bN2kO2vpg4PHeDDPzgoQzpR3n26psbe/s7lX37YPDo+OT2ulZV8WpJNQjMY9lP8CKciaop5nmtJ9IiqOA014wu8/93pxKxWLxpBcJ9SM8ESxkBGsjefORa9ujWt1pOAXQJnFLUocSnVHtaziOSRpRoQnHSg1cJ9F+hqVmhNOlPUwVTTCZ4QkdGCpwRJWfFccu0ZVRxiiMpSmhUaH+nshwpNQiCkxnhPVUrXu5+J83SHV452dMJKmmgqwWhSlHOkb552jMJCWaLwzBRDJzKyJTLDHRJp88BHf95U3SbTbcVqP1eFNvN8s4qnABl3ANLtxCGx6gAx4QYPAMr/BmCevFerc+Vq0Vq5w5hz+wPn8AcZ6NwQ==</latexit>v1

xi+

xi

<latexit sha1_base64="ZYxI7HoimVNbHL0XoWVVcFwioqw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpAQfeoFxxq+4CZJ14OalAjuag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnqWSRqj9bHHqjFxYZUjCWNmShizU3xMZjbSeRoHtjKgZ61VvLv7n9VIT3vgZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTsiF4qy+vk3at6tWr9furSqOWx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+1xjYg=</latexit>e1

<latexit sha1_base64="akX31KZ/iKC9kn1Di4CDaBifSMo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpAQe1QbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1atX6/dXlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP+71jYk=</latexit>e2

Original data 
distribution in R2

Projection of data points into 
the direction of the largest 

variation v of the distribution

<latexit sha1_base64="6D6UxbUp5lhU3zFVw/GFuVzYfGE="></latexit>

k such that kX �Xpca
k k2F  "

where Xpca
k = XVk 2 Rn⇥k is the approximation of X with the first k PDs

and Vk =
h
v1, ..., vk

i
2 Rd⇥k, V T

k Vk = Ik 2 Rk⇥k

is the truncated V with the first k PDs
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Number of reduced dimensions

Xavier Bresson 22

Simple selection of the hyper-parameter k.

Since principal directions capture the most significant variances in the data distribution, simply 
retain the first k directions that collectively account for e.g. 90% of the total data variance.

YaleBFaces dataset
structure noise

90% of total data variance

<latexit sha1_base64="lMpwLjGEIF4eQMTIKTDw26b6Vto=">AAAB6nicbVBNS8NAEJ2tXzV+VT16WSyCp5IUqR4LXjxWtLXQhrLZbtq1m03Y3Qgl9Cd48aCIV3+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq77jUpr6xubW+VtZ2d3b/+gcnjU0XGqKGvTWMSqGxDNBJesbbgRrJsoRqJAsIdgcp37D09MaR7LezNNmB+RkeQhp8RY6e7RcQaVqltz58CrxCtIFQq0BpWv/jCmacSkoYJo3fPcxPgZUYZTwWZOP9UsIXRCRqxnqSQR0342P3WGz6wyxGGsbEmD5+rviYxEWk+jwHZGxIz1speL/3m91IRXfsZlkhom6WJRmApsYpz/jYdcMWrE1BJCFbe3YjomilBj08lD8JZfXiWdes1r1Bq3F9VmvYijDCdwCufgwSU04QZa0AYKI3iGV3hDAr2gd/SxaC2hYuYY/gB9/gA4yo0R</latexit>

j
<latexit sha1_base64="wKhi5w6jcXlQlLYp7/zKfM6C3Bg=">AAAB6XicbVBNS8NAEJ2tX7V+VT16WSyCp5IUqR4LXjxWsR/QhrLZbtolm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5fiK4No7zjUobm1vbO+Xdyt7+weFR9fikq+NUUdahsYhV3yeaCS5Zx3AjWD9RjES+YD0/vM393hNTmsfy0cwS5kVkInnAKTFWeggro2rNqTsL4HXiFqQGBdqj6tdwHNM0YtJQQbQeuE5ivIwow6lg88ow1SwhNCQTNrBUkohpL1tcOscXVhnjIFa2pMEL9fdERiKtZ5FvOyNipnrVy8X/vEFqghsv4zJJDZN0uShIBTYxzt/GY64YNWJmCaGK21sxnRJFqLHh5CG4qy+vk26j7jbrzfurWqtRxFGGMziHS3DhGlpwB23oAIUAnuEV3lCIXtA7+li2llAxcwp/gD5/AAXNjP4=</latexit>

k

<latexit sha1_base64="tGHPCejNxj+9uJXsdZHG4D3Vj58=">AAAB8XicbVBNSwMxFHypX7V+VT16CRbBU9ktUj0WvHisYFuxXUo2m21js9klyQpl6b/w4kERr/4bb/4bs+0etHUgMMzMI++NnwiujeN8o9La+sbmVnm7srO7t39QPTzq6jhVlHVoLGJ17xPNBJesY7gR7D5RjES+YD1/cp37vSemNI/lnZkmzIvISPKQU2Ks9DAQNhqQ4WNlWK05dWcOvErcgtSgQHtY/RoEMU0jJg0VROu+6yTGy4gynAo2qwxSzRJCJ2TE+pZKEjHtZfONZ/jMKgEOY2WfNHiu/p7ISKT1NPJtMiJmrJe9XPzP66cmvPIyLpPUMEkXH4WpwCbG+fk44IpRI6aWEKq43RXTMVGEGltSXoK7fPIq6TbqbrPevL2otRpFHWU4gVM4BxcuoQU30IYOUJDwDK/whjR6Qe/oYxEtoWLmGP4Aff4A85eQaQ==</latexit>

�j
<latexit sha1_base64="pz+6d76F7oJOdXOy0yFkdpuqUDM="></latexit>

Select k such that kX �Xpca
k k2F  "

or simply

Select k such that

Pk
j=1 �j

Pd
j=1 �j

� 0.9
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PCA as SVD of data matrix

Xavier Bresson 23

We identified the principal directions of variance by performing EVD on the covariance matrix.

Alternatively, the same information can be derived using singular value decomposition (SVD) on 
the data matrix X :

<latexit sha1_base64="1jMfGTVIeEg5svoaLqb93dwEyVg="></latexit>

X = U⌃W 2 Rn⇥d

with U 2 Rn⇥n, UTU = In,W 2 Rd⇥d, WTW = Id,⌃ 2 Rn⇥d

We have

C = XTX = (U⌃W )T (U⌃W )

W⌃(UTU)⌃WT = W⌃2WT (SVD)

C = XTX = V ⇤V T (EVD)

As a result

V = W, ⇤ = ⌃2 ! �j = �2
j , Xpca

k = XVk = U⌃kWk 2 Rn⇥k

with ⌃k,Wk are truncated matrices of ⌃,W with the k largest singular values
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EVD or SVD

Xavier Bresson 24

The choice depends on the value of the size (n × d) of the data matrix X :

For d < n : Use EVD, complexity is O(d3)

For n < d : Apply SVD, complexity is O(min(nd2,n2d))

Examples

MNIST dataset : 60,000 × 684 ⇒ Apply EVD

Microarray-based gene expression dataset[1] : 240 × 7,399 ⇒ Apply SVD

[1] Rosenwald et-al, The use of molecular profiling to predict survival after chemotherapy for diffuse large-B-cell lymphoma, 2002
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Lab 1 : (Standard) linear PCA

Xavier Bresson 25

Run code01.ipynb :

Visualize the principal directions of a Gaussian distribution.

Plot the distribution of data variances and generate new faces.

Compute the 3D PCA embedding of MNIST.

PCA of MNISTNew faces generated 
with PCA

Principal Directions of   
a Gaussian
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Outline

Xavier Bresson 26

Visualization as dimensionality reduction

Linear visualization techniques

Standard PCA

Robust PCA

Graph-based PCA 

Non-linear visualization techniques

LLE

Laplacian eigenmaps

TSNE 

UMAP

Conclusion 
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Robust PCA

Xavier Bresson 27

Standard PCA is sensitive to outliers; even a single outlier can                                           
significantly change the PCA solution.
Robust PCA[1] is a technique designed to separate outliers from the data,                              
allowing PCA to be performed on the clean part of the data.

[1] Candes, Li, Ma, Wright, Robust principal component analysis, 2011 (8,000 citations)

Emmanuel Candes Yi Ma

Outlier

Noisy 
Principal 
directions
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Task formalization

Xavier Bresson 28

Standard PCA :

Robust PCA :

<latexit sha1_base64="bYeFiS0eg4fPMPoSzn6nGk4ghc4="></latexit>

min
L2Rn⇥d

kX � Lk2F s.t. rank(L) = k

<latexit sha1_base64="uoAZZvS+4MnuBObW5nJeK6l4evE="></latexit>

min
L,S2Rn⇥d

rank(L) + � card(S) s.t. X = L+ S 2 Rn⇥d (1)

where X 2 Rn⇥d is the (noisy) data matrix

L is a low-rank matrix that captures the clean/standard PCA (data structure)

S is a sparse matrix that captures outliers (noise)

card(.) is the cardinality of the matrix, i.e. the number of elements of the matrix

The combinatorial optimization problem (1) is NP-hard,

and thus requires a continuous relaxation:

min
L,S2Rn⇥d

kLk? + � kSk1 s.t. X = L+ S 2 Rn⇥d (2)

where k · k1 is the L1 norm

k · k? is the nuclear norm (L1 norm of the singular values)

Theoretical result: Solution (2) is (almost) the solution of (1) !
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Optimization algorithm

Xavier Bresson 29

Alternating direction method of multipliers (ADMM) technique[1,2] :
Provides a fast, robust, and accurate solution to the relaxed problem (2). 
The core idea is to decompose the problem into simpler sub-problems using Lagrangian multipliers.

[1] Glowinski, Le Tallec, Augmented Lagrangian and operator-splitting methods in nonlinear mechanics, 1989
[2] Boyd et-al, Distributed optimization and statistical learning via the alternating direction method of multipliers, 2011 (23,000 citations)

<latexit sha1_base64="V7IFiiUyW9s/+Yt62w+qYddrB74="></latexit>

min
L,S2Rntimesd

kLk? + � kSk1 s.t. X = L+ S 2 Rn⇥d (2)

which is equivalent to

min
L,S,Z2Rn⇥d

kLk? + � kSk1 + hZ,X � (L+ S)i+ r

2
kZ �

�
X � (L+ S)

�
k2F , r > 0

Initialization : Lm=0 = X 2 Rn⇥d, Sm=0 = Zm=0 = 0n⇥df
Iterate until convergence : m = 1, 2, ...

Lm+1 = Uh1/r(⇤)V
T 2 Rn⇥d with U⇤V T SVD

= X � Sm + Zm/r

Sm+1 = h�/r

�
X � Lm+1 + Zm/r

�
2 Rn⇥d

Zm+1 = Zm + r
�
X � Lm+1 � Sm+1

�
2 Rn⇥d

hµ(x)

Shrinkage 
operator

<latexit sha1_base64="4MPj2UwZk4AToZyy4OYiiDf2JvE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5ZEpHosePFYwbSFNpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyacaeO6305pbX1jc6u8XdnZ3ds/qB4etXWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyV3ud56o0iyWj2aa0EDgkWQRI9jk0mVfpINqza27c6BV4hWkBgVag+pXfxiTVFBpCMda9zw3MUGGlWGE01mln2qaYDLBI9qzVGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z+ulJroNMiaT1FBJFouilCMTo/xxNGSKEsOnlmCimL0VkTFWmBgbT8WG4C2/vEraV3WvUW88XNeaF0UcZTiBUzgHD26gCffQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/gfP4Aw/WOAg==</latexit>�µ <latexit sha1_base64="czPJnzxMIB+2RAHt+ggSF/FebsM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY8OIxonlAsoTZyWwyZB7LzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUMirVhDaJ4kp3ImwoZ5I2LbOcdhJNsYg4bUfj25nffqLaMCUf7SShocBDyWJGsHXSQ0+k/XLFr/pzoFUS5KQCORr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOanTtGZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMb34QZk0lqqSSLRXHKkVVo9jcaME2J5RNHMNHM3YrICGtMrEun5EIIll9eJa3LalCr1u6vKvWLPI4inMApnEMA11CHO2hAEwgM4Rle4c3j3ov37n0sWgtePnMMf+B9/gBaUo3L</latexit>µ
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Lab 2 : Robust PCA

Xavier Bresson 30

Run code02.ipynb :

Visualize the principal directions and components of a noisy Gaussian distribution.

Compute the robust PCA solution and compare with the standard (noisy) solution.

Robust PCA (green)
Noisy PCA (red)

Robust principal 
components
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Outline

Xavier Bresson 31

Visualization as dimensionality reduction

Linear visualization techniques

Standard PCA

Robust PCA

Graph-based PCA 

Non-linear visualization techniques

LLE

Laplacian eigenmaps

TSNE 

UMAP

Conclusion 
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Graph-based PCA

Xavier Bresson 32

Standard PCA :

Robust PCA :

Graph PCA[1] :

<latexit sha1_base64="bYeFiS0eg4fPMPoSzn6nGk4ghc4="></latexit>

min
L2Rn⇥d

kX � Lk2F s.t. rank(L) = k

<latexit sha1_base64="mpnDo9BJJfBHtC/W4ODs6nBIGOk="></latexit>

min
L,S2Rn⇥d

rank(L) + � card(S) s.t. X = L+ S 2 Rn⇥d

[1] Shahid, Kalofolias, Bresson, Bronstein, Vandergheynst, Robust principal component analysis on graphs, 2015

<latexit sha1_base64="jqhM43lkcLRuOoIInXiSDXdPPiY="></latexit>

min
L,S2Rn⇥d

rank(L) + �S card(S) + �G kLkG s.t. X = L+ S 2 Rn⇥d

where k · kG is a graph smoothness term.

The aim is to enhance PCA with data similarities represented by a graph.

Problem is still NP-hard, and requires a new continuous relaxation:

min
L,S2Rn⇥d

kLk? + � kSk1 + �G kLkDirG s.t. X = L+ S 2 Rn⇥d

where k · kDirG is the graph Dirichlet norm, defined as

kLkDirG = tr(LTLGL) with the graph Laplacian LG 2 Rn⇥n.
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Optimization algorithm

Xavier Bresson 33

ADMM technique :
<latexit sha1_base64="uO/qtF0cKry7bLea1TzWj7wqJy4="></latexit>

min
L,S2Rn⇥d

kLk? + �S kSk1 + �G kLkDirG s.t. X = L+ S 2 Rn⇥d

is equivalent to

min
L,S,M2Rn⇥d

kLk? + �S kSk1 + �G kMkDirG s.t. X = L+ S 2 Rn⇥d, M = L 2 Rn⇥d

as well as min
L,S,M,Z1,Z22Rn⇥d

kLk? + � kSk1 + �G kMkDirG+

hZ1, X � (L+ S)i+ r1
2
kZ1 �

�
X � (L+ S)

�
k2F + hZ2, L�Mi+ r2

2
kZ2 � (L�M)k2F

Initialization : Lm=0 = X 2 Rn⇥d, Sm=0 = Mm=0 = Zm=0
1 = Zm=0

2 = 0n⇥df
Iterate until convergence : m = 1, 2, ...

Lm+1 = Uh1/r(⇤)V
T 2 Rn⇥d with U⇤V T SVD

= X � Sm + Zm
1 /r1

Sm+1 = h�/r

�
X � Lm+1 + Zm

1 /r1
�
2 Rn⇥d

Mm+1 =
�
In + �GLG

��1
(Lm+1 + Zm

2 /r2) 2 Rn⇥d

Zm+1
1 = Zm

1 + r1
�
X � Lm+1 � Sm+1

�
2 Rn⇥d

Zm+1
2 = Zm

2 + r2
�
Lm+1 �Mm+1

�
2 Rn⇥d
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Application to video surveillance

Xavier Bresson 34

Separate the background from moving objects :

<latexit sha1_base64="13Ypezsn2gD69bifRehFco5ypPU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU7A5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterVJrXpfr1TyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBtHuM1w==</latexit>

X
<latexit sha1_base64="PM/Pd0KcKkbCWAJ3IqTBX1p3efM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CRMuAjYVFAuYDkiPsbeaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++3kNja3tnfyu4W9/YPDo+LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49u5335CpXksH8wkQT+iQ8lDzqixUuO+Xyy5ZXcBsk68jJQgQ71f/OoNYpZGKA0TVOuu5ybGn1JlOBM4K/RSjQllYzrErqWSRqj96eLQGbmwyoCEsbIlDVmovyemNNJ6EgW2M6JmpFe9ufif101NeONPuUxSg5ItF4WpICYm86/JgCtkRkwsoUxxeythI6ooMzabgg3BW315nbQqZa9arjauSrVKFkcezuAcLsGDa6jBHdShCQwQnuEV3pxH58V5dz6WrTknmzmFP3A+fwCiS4zL</latexit>

L
<latexit sha1_base64="DTUlsyaJ4p6f5z9ImquJubKZhhk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY8kXjxClEcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzCRBP6JDyUPOqLFS475fLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCplr1quNq5KtUoWRx7O4BwuwYNrqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKznjNI=</latexit>

S<latexit sha1_base64="sXkPdMgnk0WN0sbN5HKwHckcWpo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EgBePCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7ut59QaR7LBzNJ0I/oUPKQM2qs1LjtF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ61K2auWq42rUq2SxZGHMziHS/DgGmpwD3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH4uPjLw=</latexit>=
<latexit sha1_base64="Vn8VtFou3m+vN9OfNvL6Sq3aGb0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3SPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGlf9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe9VytXFdqlWyOPJwBudwCR7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A3BHjKo=</latexit>
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All non-linear dimensionality reduction techniques follow a two-step approach:

Construct a k-nearest neighbor (kNN) graph G from the n high-dimensional data points       
{xi} ∈ Rd, d ≫ 1.

Compute a low-dimensional embedding of the graph that preserves

The geometric distance between neighboring data points, i.e. the graph structure, and 

Additional properties specific to the chosen dimensionality reduction technique, s.a. 
physical forces.

k-NN graph
construction 

V = {x1, ..., xn} 2 Rd Rd, d � 1
<latexit sha1_base64="2CDGn9purteYu7gPs5J7+cCMH44=">AAACAnicbVDLSsNAFJ34rPEVdSVuBovgQkpSirosuHFZxT6giWUymbRDJpMwMxFKKG78FTcuFHHrV7jzb5y0WWjrgQuHc+7l3nv8lFGpbPvbWFpeWV1br2yYm1vbO7vW3n5HJpnApI0TloiejyRhlJO2ooqRXioIin1Gun50VfjdByIkTfidGqfEi9GQ05BipLQ0sA7dGKmR7+e3k/voDLowgi5jMDDNgVW1a/YUcJE4JamCEq2B9eUGCc5iwhVmSMq+Y6fKy5FQFDMyMd1MkhThCA1JX1OOYiK9fPrCBJ5oJYBhInRxBafq74kcxVKOY193FgfLea8Q//P6mQovvZzyNFOE49miMGNQJbDIAwZUEKzYWBOEBdW3QjxCAmGlUytCcOZfXiSdes05rzVuGtVmvYyjAo7AMTgFDrgATXANWqANMHgEz+AVvBlPxovxbnzMWpeMcuYA/IHx+QOnEJWa</latexit>

Rk, k ⌧ d
<latexit sha1_base64="kj8FWojcQGJddEc1jnNgxcUA/ek=">AAACEnicbVBNS8NAEN3Ur1q/oh69LBZBoZSkFPUitIjosYqthSaWzXbbLt1swu5GKCG/wYt/xYsHRbx68ua/cdPmoK0PBh7vzTAzzwsZlcqyvo3cwuLS8kp+tbC2vrG5ZW7vtGQQCUyaOGCBaHtIEkY5aSqqGGmHgiDfY+TOG52n/t0DEZIG/FaNQ+L6aMBpn2KktNQ1jy7PnLhVuijVnaQEHVh3KHd8pIaeF98k9zF3FPWJhDzpmkWrbE0A54mdkSLI0OiaX04vwJFPuMIMSdmxrVC5MRKKYkaSghNJEiI8QgPS0ZQjvceNJy8l8EArPdgPhC6u4ET9PREjX8qx7+nO9Fo566Xif14nUv1TN6Y8jBTheLqoHzGoApjmA3tUEKzYWBOEBdW3QjxEAmGlUyzoEOzZl+dJq1K2j8vV62qxVsniyIM9sA8OgQ1OQA1cgQZoAgwewTN4BW/Gk/FivBsf09ackc3sgj8wPn8Ahrycxg==</latexit>

G = {V,E,A}, A 2 Rn⇥n

Low-dim 
embedding '

xi

xj
'(xi)

'(xj)

+ +
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We will explore the following non-linear visualization techniques:

LLE[1] and Laplacian Eigenvectors[2], which are spectral techniques.

TSNE[3], a technique based on probability matching.

UMAP[4], which uses a physics-based approach.

[1] Roweis, Saul, Nonlinear dimensionality reduction by locally linear embedding, 2000 (18,000 citations)
[2] Belkin, Niyogi, Laplacian eigenmaps for dimensionality reduction and data representation, 2003 (10,000 citations)
[3] Van der Maaten, Hinton, Visualizing data using t-SNE, 2008 (46,000 citations)
[4] McInnes et-al, UMAP: Uniform manifold approximation and projection for dimension reduction, 2018 (13,000 citations)
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Locally Linear Embedding[1](LLE) was one of the pioneering non-linear                                    
visualization techniques. 

It involves three key steps:

First, construct a k-nearest neighbor graph G the high-dimensional data distribution        
{xi} ∈ Rd, d ≫ 1. 

Second, approximate the high-dimensional data distribution as a manifold M discretized 
with local linear patches, i.e. a data point xi and its neighbors {xj}j∈Ni lie on a locally linear 
patch of M.

Third, project the high-dimensional data points {xi} ∈ Rd into a low-dimensional Euclidean 
space {zi} ∈ Rk, k ≪ d by preserving data proximity, i.e. if data i close to data j then zi 
should be similar to zj. 

[1] Roweis, Saul, Nonlinear dimensionality reduction by locally linear embedding, 2000

Sam Roweis 
1973-2010

Lawrence Saul
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Step 1 : Compute a k-nearest neighbor graph G. 

For each data xi, we identify its k nearest neighbors {xj}j∈N(i).

Then, we compute the adjacency matrix A of the graph : 

xi M
<latexit sha1_base64="w9BAGsLFuSxviSOQepGIeKXJY/g=">AAAB/3icbVDLSsNAFL3xWesrKrhxEyxC3ZSkSHVZcONKKtgHNCFMptN27GQSZiZiiV34K25cKOLW33Dn3zhps9DWAwOHc+7lnjlBzKhUtv1tLC2vrK6tFzaKm1vbO7vm3n5LRonApIkjFolOgCRhlJOmooqRTiwICgNG2sHoMvPb90RIGvFbNY6JF6IBp32KkdKSbx4++Hcu5W6I1BAjll5P/FGZnvpmya7YU1iLxMlJCXI0fPPL7UU4CQlXmCEpu44dKy9FQlHMyKToJpLECI/QgHQ15Sgk0kun+SfWiVZ6Vj8S+nFlTdXfGykKpRyHgZ7Mcsp5LxP/87qJ6l94KeVxogjHs0P9hFkqsrIyrB4VBCs21gRhQXVWCw+RQFjpyoq6BGf+y4ukVa04tUrt5qxUr+Z1FOAIjqEMDpxDHa6gAU3A8AjP8ApvxpPxYrwbH7PRJSPfOYA/MD5/AN4ilfY=</latexit>

xj 2 Nk(i)

<latexit sha1_base64="RotrUxR+GlX9YVZ/QG8JAlilxv0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR4DHvSYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjbt+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhjT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qqUvWq52rgq1SpZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZq3jMY=</latexit>

G

<latexit sha1_base64="GssJpZernZlqG/DIIZuzNpcMOEg="></latexit>

Aij =

(
exp(�dist(xixj)

2

�2 ) if j 2 Nk(i))
0 otherwise

where � is the scale parameter, defined e.g.

as the mean distance of all k-th neighbors.

and dist(·, ·) is the distance between the two data vectors,

e.g. L2 norm.
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Step 2 : Compute linear patches.

Find the weights Wij ∈ [0,1] which best linearly reconstruct xi from its neighbors : 

xj 2 Nxi

xi M

<latexit sha1_base64="+XRrhmNnSUCQe+Ei2CuegH8/VLw="></latexit>

min
W2Rn⇥n

1

2

nX

i=1

��xi �
nX

j=1

WijAijxj

��2
2

s.t.
nX

j=1

Wij = 1 8i

Equivalently, min
W2Rn⇥n

1

2

nX

i=1

��xi �
X

j2Ni

Wijxj

��2
2

s.t.
X

j2Ni

Wij = 1 8i

min
W2Rn⇥n

1

2

��
X

j2Ni

Wijxi �
X

j2Ni

Wijxj

��2
2
=

1

2

��
X

j2Ni

Wij(xi � xj)
��2
2

s.t.
X

j2Ni

Wij = 1 8i

We derive the solution of this least-square problem for one data point xi :

with Zij = xi � xj 2 Rd⇥1 and Zi = (xi1ni)
T � (1niAi,j2Ni)

TX 2 Rni⇥d

and ni is the number of points in Ni

We can re-write the problem as

min
Wi2Rni⇥1

1

2

��WT
i Zi

��2
2

s.t. WT
i 1ni = 1
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Step 2 : Compute linear patches.

Find the weights Wij ∈ [0,1] which best linearly reconstruct xi from its neighbors :

xj 2 Nxi

xi M

<latexit sha1_base64="KNofEc6L3DwXu4fuk8n3RDWiMzA="></latexit>

min
Wi2Rni⇥1

1

2

��WT
i Zi

��2
2

s.t. WT
i 1ni = 1

Lagrange multiplier technique : min
Wi2Rni⇥1,�i2R

1

2

��WT
i Zi

��2
2
+ �i(W

T
i 1ni � 1)

Derivative w.r.t. Wi : W
T
i ZiZ

T
i + �i1

T
ni

= 0 ) Wi = (ZiZ
T
i )

�1�i1ni

Derivative w.r.t. �i : W
T
i 1ni � 1 = 0 ) �i =

1

1Tni
(ZiZT

i )
�11ni

Finally, the solution for data xi is Wi =
(ZiZT

i )
�11ni

1Tni
(ZiZT

i )
�11ni

2 Rni⇥1

Matrix C = ZiZ
T
i 2 Rni⇥ni is called the correlation or Gram matrix

In practice, a small identity matrix is added for numerical stability : C = ZiZ
T
i + "Ini
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Step 3 : Compute the low-dim embedding data zi with the weights Wij :

Find the coordinates zi ∈ Rk which best linearly reconstruct zi from its neighbors :  

<latexit sha1_base64="06xFCbA50QVf48RS/PWsi9J2PiQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpF262YTdjVBDf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6f+p7/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrViler1O4uy/VqHkcBTuEMLsCDK6jDLTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gANfo2d</latexit>z1

<latexit sha1_base64="KIRH04wdjXlWVk2mmZ7McfdM2F8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpl262YTdiVBDf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VO/2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadog3BW355lbSqFa9Wqd1dluvVPI4CnMIZXIAHV1CHW2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AEPAo2e</latexit>z2

<latexit sha1_base64="NpXFGRHcPdrFSd6KpNsSd8s0lA4="></latexit>

min
Z=[z1,...,zn]2Rn⇥k

nX

i=1

��zi �
nX

j=1

Wijzj
��2
2

s.t. ZT 1n = 0n, Z
TZ = In

The solution is given by EVD.

min
Z

kZ �WZk2F s.t. ZTZ = In

min
Z

tr((Z �WZ)T (Z �WZ)) s.t. ZTZ = In

min
Z

tr(ZT (In �WT )(In �W )Z) s.t. ZTZ = In

Solution is given by EVD of the matrix M = (In �WT )(In �W )
EVD
= U⌃UT

with Z = U·,1,...,k 2 Rn⇥k
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Run code03.ipynb :

Compute the LLE solution for the Swiss Roll dataset.

Visualize the MNIST dataset with the LLE technique.

Swiss Roll dataset 2D and 3D LLE
of MNIST dataset

2D and 3D LLE
of Swiss Roll dataset
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Laplacian eigenmaps technique[1] was one of the first non-linear visualization                                
techniques grounded in mathematical theory.

It is based on the manifold assumption, i.e. the data distribution is sampled                                       
from a smooth and continuous manifold M.

Since the manifold cannot be directly observed, it is approximated using a k-nearest neighbor graph.

[1] Belkin, Niyogi, Laplacian eigenmaps for dimensionality reduction and data representation, 2003

GData 
points

++
MMM

Misha Belkin Partha Niyogi 
1967-2010
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Mathematical tools have been developed to analyze smooth, continuous manifolds[1].

The eigenfunctions vk ∈ Rd of the continuous Laplace-Beltrami operator ΔM can serve as 
embedding coordinates for M.

The discretization of ΔM provides the graph Laplacian L (but it is not unique, i.e. multiple 
definitions exist).

[1] Chung, Spectral graph theory, 1997 (11,000 citations)

v1

v2

Unwrap

'
v1

v2

⇒

M MUnwrap
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Let us begin with a simple 1D dimensionality reduction.

The goal is to map a given graph G = (V,E,A) onto a line with the constraint that neighboring 
data points on G remain as close as possible on the line. 

To achieve this, we can design a loss function that computes the mapping y = φ(x) such that :
<latexit sha1_base64="t3Xq1VJVmkT/LUcbYJ7bXCsytdc="></latexit>

min
y2R

X

ij

Aij(yi � yj)
2, with yi = '(xi), yj = '(xj), and

Aij =

⇢
1 if j 2 Ni

0 otherwise
as a graph adjacency matrix

xi '
yi = '(xi)

)

Line R1Graph G
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Let us analyze the loss function :

When Aij ≈ 1, i.e. xi is close to xj, then minimizing the loss encourages yi to be similar to yj.

When Aij ≈ 0, i.e. xi is far from xj, then minimizing the loss allows yi to differ significantly 
from yj.

In summary, minimizing this loss ensures that data points that are close in the high-dim space 
remain close in the low-dim space, satisfying the first key property of dimensionality reduction 
techniques.

Observe that the non-linear mapping φ is never explicitly computed. 

<latexit sha1_base64="7DClLs2RCRZW8Ss+wjWt+UihATw="></latexit>

min
y2Rn

X

ij

Aij(yi � yj)
2, with yi, yj 2 R

xi '
yi = '(xi)

)

Line R1Graph G
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Finally, the loss function can be reformulated in terms of the Laplacian operator :
<latexit sha1_base64="NjD4BSW3OUKVr9NNl1anSI5frUM="></latexit>

min
yn2R

X

ij

Aij(yi � yj)
2 =

X

ij

Lijyiyj = yTLy

with L = D �A

The unit-vector constraint, i.e. the orthogonality constraint yT y = 1,

avoids the trivial solution y = 0

The constraint yT 1n = 0, avoids a constant solution (by centering y)

In summary, we have the constrained optimization problem :

min
yn2R

yTLy s.t. yT y = 1, yT 1n = 0

which solution is given by EVD of L :

Lu1 = �1u1 2 Rn, with �1 is the smallest non-zero eigenvalue of L,

with its eigenvector u1
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Let us extend this mapping process, i.e. from a graph to a k-dimensional Euclidean space :
<latexit sha1_base64="2QiE+lY16keqUJW3PaY0hqOOnuw="></latexit>

min
yn2R

y
T
Ly s.t. yT y = 1, y

T 1n = 0 (1D mapping)

min
Y=[y1,...,yn]2Rn⇥k

kX

m=1

Y
T
·,mLY·,m = tr(Y T

LY ) (k-D mapping)

with the generalized orthogonality constraint Y T
Y = Ik

Spectral Solution : Solution is given by the k non-zero smallest eigenvectors of

the graph Laplacian L = A�D :

L
EVD
= U⇤UT ) Y = U·,1,..,k 2 Rn⇥k

Properties : Global solution (independent of initialization)

and O(n2
k) complexity
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Considering the importance of the nodes with the degree matrix D :
<latexit sha1_base64="VWEXovR0CmxPlqz7CWwRkZh43Kw="></latexit>

min
Y 2Rn⇥k

tr(Y TLY ) = tr(Y T (D �A)Y ) s.t. Y TDY = Ik

Change of variable : Z = D1/2Y so we have

Y TDY = (D�1/2Z)TD�1/2Z = ZTZ

and

min
Z2Rn⇥k

tr(D�1/2Z)T (D �A)D�1/2Z) s.t. ZTZ = Ik

tr(ZTD�1/2(D �A)D�1/2Z) s.t. ZTZ = Ik

tr(ZT (I�D�1/2AD�1/2)Z) = tr(ZTLZ) s.t. ZTZ = Ik

where L = I�D�1/2AD�1/2 is the normalized graph Laplacian
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Run code04.ipynb :

Visualize MNIST with PCA.

Compare PCA with Laplacian eigenmaps.

2D LapEigMaps
of MNIST dataset

2D PCA
of MNIST dataset

3D PCA
of MNIST dataset

3D LapEigMaps
of MNIST dataset
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T-distributed Stochastic Neighbor Embedding[1] (TSNE) has been the                                               
most successful non-linear visualization technique.

It involves four steps :

Step 1: Compute a k-nearest neighbor graph G from the high-dimensional data points 
{xi} ∈ Rd, d ≫ 1. 

Step 2: Represent the distribution of the high-dim points using exponential weights :

[1] Van der Maaten, Hinton, Visualizing data using t-SNE, 2008
[2] Interactive demo : https://distill.pub/2016/misread-tsne 

<latexit sha1_base64="96H9ZMvRyJr19MmcyOMgKCQgGoM="></latexit>

pij = Probhigh-dim(i, j) =
e�kxi�xjk2

2/�
2
i

Pn
m=1 e

�kxi�xmk2
2/�

2
i

where �i is the nearest neighbour distance from data point i

Geoffrey Hinton Laurens van der 
Maaten

https://distill.pub/2016/misread-tsne
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Step 3: Parametrize the distribution of the low-dim points using polynomial weights :

Step 4: Minimize the Kullback-Leibler divergence (/distance) between the high-dim 
distribution P and the low-dim distribution Q parametrized by Y :

[1] Van der Maaten, Hinton, Visualizing data using t-SNE, 2008

<latexit sha1_base64="OVxWQBhcwhdTPQstUms8VQfa3Lg="></latexit>

min
Y 2Rn⇥k

DKL(P,Q(Y ))

with DKL(P1, P2) =
X

m

P1(m) log
P1(m)

P2(m)

<latexit sha1_base64="7AT1J26ffxqofnzH3ndX1AsRUiQ="></latexit>

qij(y) = Problow-dim(i, j) =
(1 + kyi � yjk22)�1

Pn
m=1(1 + kyi � ymk22)�1

with y = '(x) 2 Rn⇥k are the low-dim embedding coordinates of data points.



57

Optimization problem

Xavier Bresson 57

The minimization problem is a continuous non-convex problem.

Standard gradient descent (GS) can be applied.

However, since the problem is non-convex, the GD solution is not guaranteed to reach a global 
minimum.

In practice, PCA is often used as the starting point for initialization. 

Although GD is a slow optimization process, TSNE has significant advantages :

TSNE does not enforce the manifold assumption, meaning there is no orthogonality 
constraint YTY=I, which allows for greater flexibility in representing complex structures.

Minimizing the KL loss ensures that local distances in the high-dimensional data 
distribution are preserved in the low-dimensional representation.
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Optimization problem :
<latexit sha1_base64="EFjvrTVqhQfheAxVL2F2SO4NwOE="></latexit>

min
Y 2Rn⇥k

DKL(P,Q(Y )) =
X

ij

pij log
pij

qij(Y )

is minimized by the standard gradient descent :

Initialization : Y t=0 = PCA(X) 2 Rn⇥k

Iterate until convergence, t = 1, 2, ... :

yt+1
i = yti � lr

nX

j=1

(pij � qtij)(1 + kyti � ytjk22)�1(yti � ytj) 2 Rk
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Run code05.ipynb :

Compare TSNE with Laplacian Eigenmaps using MNIST.

2D LapEigMaps
of MNIST dataset

3D LapEigMaps
of MNIST dataset

2D TSNE
of MNIST dataset

3D TSNE
of MNIST dataset
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Visualization as dimensionality reduction

Linear visualization techniques

Standard PCA

Robust PCA

Graph-based PCA 

Non-linear visualization techniques

LLE

Laplacian eigenmaps

TSNE 

UMAP

Conclusion 
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Uniform Manifold Approximation and Projection (UMAP)[1] enhances TSNE                                   
in several key aspects.

Notice that the TSNE gradient can be interpreted as an attractive force between                          
data points, similar to interactions in physics. 

UMAP generalizes this concept by introducing a more flexible attractive force, controlled by two 
hyperparameters.

Additionally, UMAP introduces a repulsive force by sampling a few non-neighboring data points.

Instead of using PCA for initialization in gradient descent, UMAP uses Laplacian Eigenmaps, 
which offer a more effective starting point.

To my opinion, both TSNE and UMAP excel in visualization.

The choice boils down to the implementation with the fastest computational speed.

[1] McInnes et-al, UMAP: Uniform manifold approximation and projection for dimension reduction, 2018

Leland McInnes
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The visualization task involves minimizing two physics-based losses, each parameterized by the 
low-dimensional embedding coordinates of the data points. 

One loss function generates attractive forces between closely connected data points on the graph, 
while the other creates repulsive forces for data points that are far apart on the graph.

Repulsive loss

<latexit sha1_base64="HlyvhjY16rp35RqqYVliCGJbxTM=">AAACAnicbVDLSsNAFJ34rPEVdSVuBovgxpIUqW6EghuXFewDmhgmk2k77eTBzEQIaXHjr7hxoYhbv8Kdf+OkzUJbD1w4nHMv997jxYwKaZrf2tLyyuraemlD39za3tk19vZbIko4Jk0csYh3PCQIoyFpSioZ6cScoMBjpO2NrnO//UC4oFF4J9OYOAHqh7RHMZJKco1D383ocHJlj1OXnqXu0B671fuqruuuUTYr5hRwkVgFKYMCDdf4sv0IJwEJJWZIiK5lxtLJEJcUMzLR7USQGOER6pOuoiEKiHCy6QsTeKIUH/YiriqUcKr+nshQIEQaeKozQHIg5r1c/M/rJrJ36WQ0jBNJQjxb1EsYlBHM84A+5QRLliqCMKfqVogHiCMsVWp5CNb8y4ukVa1YtUrt9rxcN4s4SuAIHINTYIELUAc3oAGaAINH8AxewZv2pL1o79rHrHVJK2YOwB9onz9VaZYI</latexit>

dij = kyi � yjk22

<latexit sha1_base64="2M6JP81fG4MGPf6Mxfo4l4Vtv4Y=">AAACBHicbVBNS8NAEN3Urxq/oh57CRahXkoiUj0WvHjwUMF+QFvCZjtt1242YXciltCDF/+KFw+KePVHePPfmLQ9aOuDgcd7M8zM8yPBNTrOt5FbWV1b38hvmlvbO7t71v5BQ4exYlBnoQhVy6caBJdQR44CWpECGvgCmv7oMvOb96A0D+UtjiPoBnQgeZ8ziqnkWYVrr4PwgCpIFESxmJR6XsLvJiemaXpW0Sk7U9jLxJ2TIpmj5llfnV7I4gAkMkG1brtOhN2EKuRMwMTsxBoiykZ0AO2UShqA7ibTJyb2car07H6o0pJoT9XfEwkNtB4HftoZUBzqRS8T//PaMfYvugmXUYwg2WxRPxY2hnaWiN3jChiKcUooUzy91WZDqijDNLcsBHfx5WXSOC27lXLl5qxYdeZx5EmBHJEScck5qZIrUiN1wsgjeSav5M14Ml6Md+Nj1poz5jOH5A+Mzx/Ljpd6</latexit>

Lrepul(dij)

Attractive loss

<latexit sha1_base64="HlyvhjY16rp35RqqYVliCGJbxTM=">AAACAnicbVDLSsNAFJ34rPEVdSVuBovgxpIUqW6EghuXFewDmhgmk2k77eTBzEQIaXHjr7hxoYhbv8Kdf+OkzUJbD1w4nHMv997jxYwKaZrf2tLyyuraemlD39za3tk19vZbIko4Jk0csYh3PCQIoyFpSioZ6cScoMBjpO2NrnO//UC4oFF4J9OYOAHqh7RHMZJKco1D383ocHJlj1OXnqXu0B671fuqruuuUTYr5hRwkVgFKYMCDdf4sv0IJwEJJWZIiK5lxtLJEJcUMzLR7USQGOER6pOuoiEKiHCy6QsTeKIUH/YiriqUcKr+nshQIEQaeKozQHIg5r1c/M/rJrJ36WQ0jBNJQjxb1EsYlBHM84A+5QRLliqCMKfqVogHiCMsVWp5CNb8y4ukVa1YtUrt9rxcN4s4SuAIHINTYIELUAc3oAGaAINH8AxewZv2pL1o79rHrHVJK2YOwB9onz9VaZYI</latexit>

dij = kyi � yjk22

<latexit sha1_base64="o00dLQWwY178aP0F45YmIptg6kk=">AAACA3icbVDLSsNAFJ3UV42vqDvdBItQNyURqS4Lbly4qGAf0IYwmUzbsZMHMzdiCQE3/oobF4q49Sfc+TdO2iy09cCFwzn3cu89XsyZBMv61kpLyyura+V1fWNza3vH2N1ryygRhLZIxCPR9bCknIW0BQw47caC4sDjtOONL3O/c0+FZFF4C5OYOgEehmzACAYlucbBtdsH+gAiSDGAyKq+m7K77ETXddeoWDVrCnOR2AWpoAJN1/jq+xFJAhoC4VjKnm3F4KRYACOcZno/kTTGZIyHtKdoiAMqnXT6Q2YeK8U3B5FQFYI5VX9PpDiQchJ4qjPAMJLzXi7+5/USGFw4KQvjBGhIZosGCTchMvNATJ8JSoBPFMFEMHWrSUZYYAIqtjwEe/7lRdI+rdn1Wv3mrNKwijjK6BAdoSqy0TlqoCvURC1E0CN6Rq/oTXvSXrR37WPWWtKKmX30B9rnD/YHlwM=</latexit>

Lattr(dij)

<latexit sha1_base64="ia3IcK/GY3dj0L2ZXzUn4gK9/68="></latexit>

E.g. Lattr(y) = Aij(1 + akyi � yjk22)b, b � 2

ryLattr = 2abAij(1 + akyi � yjk22)b�1(yi � yj)

<latexit sha1_base64="Hwv90l3X1QzqxLze85V4i2FvzxY="></latexit>

E.g. Lrepul(y) = (1�Aij)(1 + akyi � yjk22)�b, b � 2

ryLrepul = �2ab(1�Aij)
1

(1 + akyi � yjk22)b+1
(yi � yj)

<latexit sha1_base64="l44HWXeQ2NMdfhQzwhUhQj6HJA0=">AAACE3icbVA9S8RAEN2c3/ErammzeAhqcSQip+WBjYWFgqfCXQiTzd7deptN2J2IR8h/sPGv2FgoYmtj578x91H49WDg8d4MM/PCVAqDrvtpVaamZ2bn5hfsxaXllVVnbf3SJJlmvMkSmejrEAyXQvEmCpT8OtUc4lDyq7B/PPSvbrk2IlEXOEi5H0NXiY5ggKUUOHttBaGEII+CXNwUBT0N2sjvUMc5IOpiZ6zv2rYdOFW35o5A/xJvQqpkgrPA+WhHCctirpBJMKbluSn6OWgUTPLCbmeGp8D60OWtkiqIufHz0U8F3S6ViHYSXZZCOlK/T+QQGzOIw7IzBuyZ395Q/M9rZdg58nOh0gy5YuNFnUxSTOgwIBoJzRnKQUmAaVHeSlkPNDAsYxyG4P1++S+53K959Vr9/KDacCdxzJNNskV2iEcOSYOckDPSJIzck0fyTF6sB+vJerXexq0VazKzQX7Aev8CyOyeAg==</latexit>

rdijLattr(dij)
<latexit sha1_base64="hABnkatheO1p5noNB88psc5po1o=">AAACFHicbVA9SwNBEN3zM55fUUubxSBEhHAnEi0DNhYWEcwHJOHY20yS1b29Y3dODMf9CBv/io2FIrYWdv4bLx+FJj4YeLw3w8w8P5LCoON8WwuLS8srq7k1e31jc2s7v7NbN2GsOdR4KEPd9JkBKRTUUKCEZqSBBb6Ehn93MfIb96CNCNUNDiPoBKyvRE9whpnk5Y/bivmSeUnXS8RtmtIrr43wgDpINESxTIsT48i2bS9fcErOGHSeuFNSIFNUvfxXuxvyOACFXDJjWq4TYSdhGgWXkNrt2EDE+B3rQyujigVgOsn4qZQeZkqX9kKdlUI6Vn9PJCwwZhj4WWfAcGBmvZH4n9eKsXfeSYSKYgTFJ4t6saQY0lFCtCs0cJTDjDCuRXYr5QOmGccsx1EI7uzL86R+UnLLpfL1aaHiTOPIkX1yQIrEJWekQi5JldQIJ4/kmbySN+vJerHerY9J64I1ndkjf2B9/gCk8p55</latexit>

rdijLrepul(dij)
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Minimization problem :
<latexit sha1_base64="KLhyBiZ8bAcIVZG+Vyj62neK1SI="></latexit>

min
Y 2Rn⇥k

Lattr(A, Y ) + Lrepul(1�A, Y )

1. Compute graph adjacency matrix A with a kG-NN graph

2. Minimize by gradient descent

Initialization : Y t=0 = LapEig(X) 2 Rn⇥k

Iterate until convergence, t = 1, 2, ... :

yt+1
i = yti � lr

�
ryLattr(Aij , y

t
i , y

t
j) +ryLrepul(1�Aij , y

t
i , y

t
j)
�
2 Rk

where

ryLattr(Aij , yi, yj) =
�2abkyi � yjk2(b�1)

2

1 + kyi � yjk22
Aij(yi � yj) 2 Rk

ryLrepul(1�Aij , yi, yj) =
2b

(1 + akyi � yjk2b2 )("+ kyi � yjk22)
(1�Aij)(yi � yj) 2 Rk

where a, b are arbitrary hyper-parameters coming from the polynomials
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Run code06.ipynb :

Compare UMAP visualization with LapEigenmaps and TSNE on MNIST.

Apply UMAP on CIFAR (raw) images.

2D and 3D LapEigMaps
of MNIST dataset

2D and 3D TSNE
of MNIST dataset

2D and 3D UMAP
of MNIST dataset

2D and 3D UMAP
of CIFAR dataset

CIFAR dataset



65

Lab 7 : Visualization with deep learning
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Run code07.ipynb :

Visualize CIFAR with TSNE/UMAP and InceptionV3 features.

Create a mosaic of CIFAR images.

2D and 3D TSNE
of CIFAR inception 

features

Mosaic of CIFAR images 
with TSNE and inception 

features

2D and 3D UMAP
of CIFAR inception 

features

Mosaic of CIFAR images 
with UMAP and inception 

features

CIFAR dataset
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Lab 7 : Visualization with deep learning
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Mosaic of CIFAR images with 
TSNE and inception features

Cropped mosaic of CIFAR 
images with TSNE and 

inception features
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Visualizing ImageNet dataset
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[1] Andrej Karpathy’s course cs231n on convolutional neural networks for image recognition
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[1] Mnih, Human-level control through deep reinforcement learning, 2015

Visualizing video games

Xavier Bresson 68
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Visualization as dimensionality reduction

Linear visualization techniques

Standard PCA

Robust PCA

Graph-based PCA 

Non-linear visualization techniques

LLE

Laplacian eigenmaps

TSNE 

UMAP

Conclusion 
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Data

Linear
structure

Non-linear
structure

Low-dim
data

High-dim
data

zi = Axi

Dictionary/pattern matching

PCA Sparse Coding

Non-linear mapping/embedding

zi = '(xi)

Kernel PCA LLE LapEigMaps T-SNE

Most popular 
non-linear technique

NMF

Main property
φ preserves local distances in high-dim

and in low-dim spaces:

Rd, d � 1

xi

xj

R3

' '(xi)
'(xj)

++
+ +

UMAP

Low-dim
data

High-dim
data

ICA LDA

Most popular 
linear technique

1901 1936 19961985 19991998 2000 2008 20182003
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Non-linear visualization techniques typically involve two key steps :

Construct a k-nearest neighbors (kNN) graph from the high-dim data points, and

Determine low-dim embedding coordinates, usually in 2D or 3D, that preserve the pairwise 
distances between the high-dim data points while maintaining a specific visualization 
property :

In spectral-based methods like LLE and Laplacian Eigenmaps, the embedding 
coordinates Y are orthogonal,

In TSNE, the low-dim distribution is optimized to match the high-dim distribution using 
the Kullback-Leibler (KL) distance,

UMAP achieves its embedding Y by balancing attractive and repulsive forces based on 
the high- and low-dim data representations.
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LLE and LapEigenmaps 

Offer global solutions but lack flexibility in adjusting the visualization outcome. 

The spectral orthogonality constraint, needed to avoid trivial solutions, restricts                      
the low-dimensional embeddings. 

TSNE and UMAP

Produce local solutions through non-linear loss functions,                                                
offering greater flexibility and often more visually appealing results. 

Without the orthogonality constraint, the class of possible solutions is larger,                    
and more diverse than those provided by spectral methods. 

UMAP includes two hyperparameters that control the visualization aspect. 

While this flexibility is advantageous, it also raises the question: what are the optimal    
UMAP hyperparameter values for visualizing a new dataset? 



73

Conclusion

Xavier Bresson 73

No visualization technique, whether linear or non-linear, is universally effective for high-
dimensional data due to the curse of dimensionality. 

A key prerequisite for successful visualization is that the input data must be sufficiently 
expressive.

In some cases, representing e.g. a text document as a bag of words (a distribution over the 
dictionary) may work.

But typically, the most effective visualizations are achieved using the hidden representations 
from a deep neural network. 

For example, extracting the hidden vector R2048 of one of the last layers of an Inception or 
ResNet network can provide a strong representation of images. 

Similarly, using the memory state vector R512 from an RNN can effectively represent a time 
series, or a class token embedding R1024 from the last layer of a Transformer.
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