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Course lectures 

Introduction to Graph Machine Learning
Part 1: GML without feature learning 
(before 2014)

Introduction to Graph Science
Graph Analysis Techniques without 
Feature Learning

Graph clustering
Graph SVM
Recommendation on graphs
Graph-based visualization

Part 2 : GML with shallow feature learning 
(2014-2016)

Shallow graph learning

Part 3 : GML with deep feature learning, 
a.k.a. GNNs (after 2016)

Graph Convolutional Networks 
(spectral and spatial)
Weisfeiler-Lehman GNNs
Graph Transformer & Graph ViT
Graph generation & molecular science 
Material design
Integrating GNNs and LLMs
Deep Learning for Combinatorial 
optimization
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Outline
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Graph prediction tasks and features

Hand-crafted graph feature 

Node feature

Edge feature

Graph feature

Shallow graph feature learning

Node feature

Edge & graph feature

Conclusion
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Prediction tasks on graphs
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There are three fundamental levels of prediction on graphs :

Node-level prediction, e.g. identifying a fraudulent account in a financial network.

Edge/link-level prediction, e.g. detecting a fraudulent transaction.

Graph/subgraph-level prediction, e.g. identifying a money-laundering ring.

+

Graph 
Machine 
Learning 
(GML)

+

G

Node-level prediction

Edge-level prediction

Graph-level prediction
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Aij =

⇢
1 if ij bond
0 otherwise
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Designing graph features

Xavier Bresson 6

A key requirement for successful node, edge and graph-level prediction tasks
Expressive, transferable / generalizable representation features

Type of raw input features
Intrinsic/structural features : node features (node degree), link features (pairwise distance 
between nodes), graph features (graph motifs).
Extrinsic data features : node features (atom type, 3D coordinates), edge features (bond 
type), graph features (molecular charge, energy).

Evolution of graph representation learning
Before 2014 : Engineered/hand-crafted features, e.g. PageRank
2014-2016 : Shallow learned features, e.g. Node2Vec 
After 2016 : Deep learned features, e.g. GNNs 
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Outline
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Graph prediction tasks and features

Hand-crafted graph feature 

Node feature

Edge feature

Graph feature

Shallow graph feature learning

Node feature

Edge & graph feature

Conclusion
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Node-level features

Xavier Bresson 8

There are two complementary sources of information to characterize nodes in a graph.

Structural information : Topology-derived properties, e.g. node degree or centrality.

Positional information : Graph-relative or geometric position, e.g. positional encodings or 
3D atomic coordinates.

G

Node feature

Structural information 
e.g. node degree
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i, hi = di 2 N+

Positional information 
e.g. Euclidean coordinates
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Structural node features

Xavier Bresson 9

Structural node features are derived from the topology of the graph.

Local properties of graphs

E.g. node degree : The number of neighboring nodes directly connected to a node.

Semi-local/neighborhood-level properties

E.g. graphlet degree vector : Characterizes the topology of a node’s local neighborhood. 
(discussed later)

Global path-based properties

E.g. betweenness centrality :  Measures how often a node lies                                         
on shortest paths between other nodes.

Global spectral/diffusion properties

E.g. eigenvector centrality s.a PageRank : Measures a node’s                                                    
influence through the connectivity of the entire graph.                                          
(discussed previously) G

Local
Semi-local

Semi-global

Global
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Graphlets

Xavier Bresson 10

Graphlets[1] : Small, connected and induced subgraphs that capture local graph structure.

An induced subgraph is formed by selecting a set of nodes and keeping all edges between them 
that exist in the original graph.

For example, the induced subgraph of nodes {a,b,c,d} is a cycle.

A graph and its nodes can be characterized by the types and                                                 
frequencies of graphlets it contains.

The number of graphlets grows as O(2
!
" ) = O(2!"), i.e. super-exponentially                                                   

with graphlet size k. 

Brute-force counting of all k-node graphlets has O(("!)) = O(Nk) complexity, i.e.                                     
polynomial in N for fixed k, but exponential in the graphlet size k.

[1] Przulj, Corneil, Jurisica, Modeling Interactome, Scale-Free or Geometric, 2004

a
b

c
d
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Graphlets

Xavier Bresson 11

All 3-node, 4-node, and 5-node graphlets, ordered from the least to the most dense w.r.t. the 
number of edges[1].

[1] Przulj, Corneil, Jurisica, Modeling Interactome, Scale-Free or Geometric, 2004



12

Graphlet orbit

Xavier Bresson 12

Graphlet orbit : A set of structurally equivalent nodes within a graphlet, i.e. nodes that can be 
mapped to one another under graph automorphism.

Graph automorphism : It is a relabeling of the nodes that leaves the graph unchanged, i.e. 
adjacency relationships are preserved. 

Two nodes belong to the same orbit if some such relabeling can swap one node with the other.

For example, nodes 1&3, 50&51 and 47-49 can be changed without changing the graph structure.

1

3

Nodes 1&3 belong 
to the same orbit, 
and Node 2 belong 
to another orbit

2-node 
graphlet G1 

⇒

1

Orbit 1 of 
graphlet G1 

2

Orbit 2 of 
graphlet G1 

and2

Orbit 49 of 
graphlet G20 

50

49

5-node 
Graphlet G20 

⇒ and
49

Orbit 50 of 
graphlet G20 

Nodes 50&51 
belong to the same 
orbit, and Nodes 

47,48,49 belong to 
another orbit

48

51

47

50
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Graphlet orbits

Xavier Bresson 13

The 30 connected 2–5-node graphlets Gi, i ∈ {0, 1, ... , 29}, contain 73 distinct node orbits, 
indexed by 0,…,72[1].

Each node orbit index {0,..,72} identifies a specific structural position within a graphlet.

[1] Milenkovic, Przulj, Uncovering Biological Network Function via Graphlet Degree Signatures, 2008
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Graphlet degree vector

Xavier Bresson 14

Graphlet Degree Vector (GDV) : 

A vector hi counting how many times a node i participates in each graphlet orbit. 

hi,r counts the number of occurrences in which node i occupies orbit r.

GDV provides a detailed multiscale description of the local topology around node i. 

<latexit sha1_base64="QaDxqbVzKEL/IwJNoor1fXCL7fI="></latexit>

hi = [hi,0, hi,1, . . . , hi,72]
T 2 N73

with hi,r = # {induced graphlet occurrences containing node i in orbit r}

and r 2 {0, . . . , 72}, 2  k  5
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Example

Xavier Bresson 15

Recall that graphlets are induced subgraphs, i.e. once a set of nodes is selected, all edges between 
those nodes present in the original graph are included.

Consequence : If the orbit is defined as a node-path, it cannot simultaneously be a node-cycle. 

For example, for orbit G34, the sequence i-a-c-b is not counted because edge b-i closes the path 
into a cycle. Similarly, for orbit G35 and the sequence a-i-b-c.

3-node 
graphlets

4-node 
graphlets

2-node 
graphlet

Graphlet degree 
vector (GDV)G

<latexit sha1_base64="/567GNfqs6hI1+r9uu/P1P0myJ4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU5INS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1YpXq9Sa1+V6NY+jAOdwAVfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8Azj+M6A==</latexit>

i

a

b

c

<latexit sha1_base64="QPSQ+3b37dee/BK8/cFvuMgjMCs="></latexit>

hi =

2

666666664

2 (#G0
0)

4 (#G1
1)

1 (#G2
1)

0 (#G3
2)

8 (#G4
3)

2 (#G5
3)

...

3

777777775

2 N73

Graphlet index

Orbit index
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Lab 1 : Clustering with GDV

Xavier Bresson 16

Implement node classification with graphlet degree vector.
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Eigenvector centrality

Xavier Bresson 17

A global structural property associated to each node.
Measures a node’s influence within the network.
A node has high centrality when it is connected to other high-centrality nodes.
Several spectral centrality measures are based on eigenvectors of graph-related matrices.
PageRank[1] is a popular spectral centrality measure based on the dominant eigenvector of a 
stochastic transition matrix.
By the Perron-Frobenius Theorem[2,3], under connectivity conditions, eigenvector centrality 
is given by a nonnegative dominant eigenvector of the adjacency matrix.

[1] Page, Brin, Motwani, Winograd, The PageRank citation ranking: Bringing order to the web, 1999
[2] Perron, Zur Theorie der Matrices, 1907
[3] Frobenius, Ueber Matrizen aus nicht negativen Elementen, 1912

Adjacency matrix 
of the graph

Largest eigenvector/ 
eigenvector centrality

<latexit sha1_base64="cLcrBKUAHuVXRKB41wZkLUd7RMA=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0UQLCUpRd0IFTeupIp9QBPDZDpthk4mYWYilNCfcOOvuHGhiFvBnX/jpO3Cth64cDjnXu69x48Zlcqyfozc0vLK6lp+vbCxubW9Y+7uNWWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6TlD64yv/VIhKQRv1fDmLgh6nPaoxgpLXlm6TKAFzCADuVOiFTg++nd6OGmBB0YeHRG9U48s2iVrTHgIrGnpAimqHvmt9ONcBISrjBDUnZsK1ZuioSimJFRwUkkiREeoD7paMpRSKSbjr8awSOtdGEvErq4gmP170SKQimHoa87sxvlvJeJ/3mdRPXO3ZTyOFGE48miXsKgimAWEexSQbBiQ00QFlTfCnGABMJKB1nQIdjzLy+SZqVsn5art9VirTKNIw8OwCE4BjY4AzVwDeqgATB4Ai/gDbwbz8ar8WF8TlpzxnRmH8zA+PoFfj+dxg==</latexit>

Ah = h 2 RN , hi 2 R+
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Eigenvector embedding

Xavier Bresson 18

Geometric features : Raw spatial information, e.g. 3D coordinates or relative orientations of atoms.

Structural positional features : Node positions derived directly from the structure of the graph, 
rather than from physical coordinates.

Spectral embedding : Laplacian eigenvectors[1] map nodes to a d-dimensional Euclidean space while 
approximately preserving local relationships in the graph.

[1] Belkin, Niyogi, Laplacian eigenmaps for dimensionality reduction and data representation, 2003

Euclidean embedding of the graph 
with Laplacian eigenvectors

+<latexit sha1_base64="Tp6UDkOJroxoBaF8xuNjP9FUT6o=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsN+3SzSbsToRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbjO/88S1EbF6xGnC/YiOlAgFo2ilB1EalCtu1V2ArBMvJxXI0RyUv/rDmKURV8gkNabnuQn6M6pRMMnnpX5qeELZhI54z1JFI2782eLSObmwypCEsbalkCzU3xMzGhkzjQLbGVEcm1UvE//zeimGN/5MqCRFrthyUZhKgjHJ3iZDoTlDObWEMi3srYSNqaYMbThZCN7qy+ukXat6V9X6fb3SqOVxFOEMzuESPLiGBtxBE1rAIIRneIU3Z+K8OO/Ox7K14OQzp/AHzucPAh+M+g==</latexit>

i

MNIST 
embedded ∈ R3

<latexit sha1_base64="8+jVC9qM5vEz2StAcwLfX6w4zsI=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQkpSiroRCm5cVrEPaGKYTCbN0MkkzEyEErpy46+4caGIW7/BnX/jpO1CWw9cOJxzL/fe46eMSmVZ30ZpaXllda28XtnY3NreMXf3OjLJBCZtnLBE9HwkCaOctBVVjPRSQVDsM9L1h1eF330gQtKE36lRStwYDTgNKUZKS555SE9h5NFLJ42oRx3KnRipyPfz2/F9UPHMqlWzJoCLxJ6RKpih5ZlfTpDgLCZcYYak7NtWqtwcCUUxI+OKk0mSIjxEA9LXlKOYSDefvDGGx1oJYJgIXVzBifp7IkexlKPY153FkXLeK8T/vH6mwgs3pzzNFOF4uijMGFQJLDKBARUEKzbSBGFB9a0QR0ggrHRyRQj2/MuLpFOv2We1xk2j2qzP4iiDA3AEToANzkETXIMWaAMMHsEzeAVvxpPxYrwbH9PWkjGb2Qd/YHz+AFfcmGA=</latexit>

i, hi = �i 2 Rd

G

<latexit sha1_base64="jwZgI2KUrmpDRsIYAO3JjVhZAiQ="></latexit>

L = I�D�1/2AD�1/2 = �⇤�T 2 RN⇥N
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Spectral graph clustering

Xavier Bresson 19

Compute k clusters as follows : 

Compute the Normalized Graph Laplacian :  L = I	 − D#$/&A D#$/& ∈ R"	(	", where A is the 
adjacency matrix

Compute its k smallest eigenpairs : Luq = λquq	, 	uq ∈ R", 1	 ≤ q	 ≤ k 

Form the spectral embedding :  Y* = (u1,..,uk) ∈ R"	(	!

Binarize spectral solution Y* to obtain discrete clusters :

Generally, solution Y* is not binary, i.e. no cluster can be directly identified.

Consider Y* as k-dim embedding coordinates of X and

Apply standard k-means to the rows of Y* to identify k clusters.

This procedure is known as spectral clustering[1], where NormalizedCut[2,3] is the most used.

[1] Von Luxburg, A tutorial on spectral clustering, 2007
[2] Shi, Malik, Normalized cuts and image segmentation, 2000
[3] Yu, Shi, Multiclass spectral clustering, 2003
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Outline

Xavier Bresson 20

Graph prediction tasks and features

Hand-crafted graph feature 

Node feature

Edge feature

Graph feature

Shallow graph feature learning

Node feature

Edge & graph feature

Conclusion
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Edge-level features

Xavier Bresson 21

An edge/link connects a pair of nodes, and its features describe the relationship between them.

Edge features

Structural information 
e.g. common neighbors 

or shortest-path 
distance for a link (i,j) 

or link (i,j’) 

Geometric/positional 
information e.g. 
relative position 

hij = hj-hi ∈ Rd or scalar 
distance ||hj-hi||. 

<latexit sha1_base64="Px11hGqnIJQW1SeJV5tqnzWjB+U=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS1GXBjcsq9gFNLJPJpB06mYSZiRBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DPHTzhT2ra/rcra+sbmVnW7trO7t39QPzzqqTiVhHZJzGM58LGinAna1UxzOkgkxZHPad+f3hR+/4lKxWLxoLOEehEeCxYygrWRXDfCeuL7+f3sMRjVG3bTngOtEqckDSjRGdW/3CAmaUSFJhwrNXTsRHs5lpoRTmc1N1U0wWSKx3RoqMARVV4+zzxDZ0YJUBhL84RGc/X3Ro4jpbLIN5NFRrXsFeJ/3jDV4bWXM5GkmgqyOBSmHOkYFQWggElKNM8MwUQykxWRCZaYaFNTzZTgLH95lfQums5ls3XXarTtso4qnMApnIMDV9CGW+hAFwgk8Ayv8Gal1ov1bn0sRitWuXMMf2B9/gAzfZG/</latexit>

Rd

+
G

<latexit sha1_base64="BS66XtIF/CVEDIwGpIwWOOAo3bY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AzQGM5A==</latexit>

i

<latexit sha1_base64="l2e/gdINlzC2v9O+JN0ul47yYfs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasI7P+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6N9XrxnWl5uZxFOEMzuESPLiFGjxAHZrAAOEZXuHNGTsvzrvzsWwtOPnMKfyB8/kDzoWM5Q==</latexit>

j

<latexit sha1_base64="XkuIP0XKm0rj2c/BXfm3pzl5Fks=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF49V7Ae0oWy2k3btZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0zx/75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6q3mW1dler1N08jiKcwCmcgwdXUIdbaEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AZMFjVg=</latexit>

ij <latexit sha1_base64="tPGKF0XbBQvA/ji8peTBpAUjMtc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokU9Vjw4rGi/YA2lM12067dbMLuRCilP8GLB0W8+ou8+W/ctDlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRTea3nrg2IlYPOE64H9GBEqFgFK10/3hW7JXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hOqUTDJp8VuanhC2YgOeMdSRSNu/Mns1Ck5tUqfhLG2pZDM1N8TExoZM44C2xlRHJpFLxP/8zophtf+RKgkRa7YfFGYSoIxyf4mfaE5Qzm2hDIt7K2EDammDG06WQje4svLpHlR8S4r1btquebmcRTgGE7gHDy4ghrcQh0awGAAz/AKb450Xpx352PeuuLkM0fwB87nD2OdjSo=</latexit>

j0

<latexit sha1_base64="maZrmEaKP4mIEAMCbTJCEqjV+Do=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbRU0mkqMeCF48VTFtoQ9lsN+3azSbsboQS+hu8eFDEqz/Im//GTZqDtj4YeLw3w8y8IOFMacf5tipr6xubW9Vte2d3b/+gdnjUUXEqCfVIzGPZC7CinAnqaaY57SWS4ijgtBtMb3O/+0SlYrF40LOE+hEeCxYygrWRPPZ4btvDWt1pOAXQKnFLUocS7WHtazCKSRpRoQnHSvVdJ9F+hqVmhNO5PUgVTTCZ4jHtGypwRJWfFcfO0ZlRRiiMpSmhUaH+nshwpNQsCkxnhPVELXu5+J/XT3V442dMJKmmgiwWhSlHOkb552jEJCWazwzBRDJzKyITLDHRJp88BHf55VXSuWy4V43mfbPecso4qnACp3ABLlxDC+6gDR4QYPAMr/BmCevFerc+Fq0Vq5w5hj+wPn8AXgmNsQ==</latexit>

ij0 <latexit sha1_base64="T+WztqUJ9TmaqbFLv4SzgOf/9/Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREirosuHFZxT6giWEymbTTTiZhZiKUEHDjr7hxoYhbf8Kdf+Ok7UJbD1w4nHMv997jJ4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMk4FJi0cs1h0fSQJo5y0FFWMdBNBUOQz0vFHV4XfeSBC0pjfqXFC3Aj1OQ0pRkpLnnlAh6dw4GV0mDuUOxFSA9/PbvP7oOKZVatmTQAXiT0jVTBD0zO/nCDGaUS4wgxJ2bOtRLkZEopiRvKKk0qSIDxCfdLTlKOISDeb/JDDY60EMIyFLq7gRP09kaFIynHk687iSDnvFeJ/Xi9V4aWbUZ6kinA8XRSmDKoYFoHAgAqCFRtrgrCg+laIB0ggrHRsRQj2/MuLpH1Ws89r9Zt6tWHN4iiDQ3AEToANLkADXIMmaAEMHsEzeAVvxpPxYrwbH9PWkjGb2Qd/YHz+AIv7l2o=</latexit>

ij, hij 2 Rd

<latexit sha1_base64="BS66XtIF/CVEDIwGpIwWOOAo3bY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AzQGM5A==</latexit>

i

<latexit sha1_base64="l2e/gdINlzC2v9O+JN0ul47yYfs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasI7P+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6N9XrxnWl5uZxFOEMzuESPLiFGjxAHZrAAOEZXuHNGTsvzrvzsWwtOPnMKfyB8/kDzoWM5Q==</latexit>

j

<latexit sha1_base64="tPGKF0XbBQvA/ji8peTBpAUjMtc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokU9Vjw4rGi/YA2lM12067dbMLuRCilP8GLB0W8+ou8+W/ctDlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRTea3nrg2IlYPOE64H9GBEqFgFK10/3hW7JXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hOqUTDJp8VuanhC2YgOeMdSRSNu/Mns1Ck5tUqfhLG2pZDM1N8TExoZM44C2xlRHJpFLxP/8zophtf+RKgkRa7YfFGYSoIxyf4mfaE5Qzm2hDIt7K2EDammDG06WQje4svLpHlR8S4r1btquebmcRTgGE7gHDy4ghrcQh0awGAAz/AKb450Xpx352PeuuLkM0fwB87nD2OdjSo=</latexit>

j0

<latexit sha1_base64="o2r5URisXrQ7sc6scRr6KjvtRSk=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwrBgKoEVcBYiYWxIPqQmhA5jtuaOk5kO0hVlIWFX2FhACFW/oGNv8FpM0DLkSwfnXOv7r3HjxmVyrK+jdLC4tLySnm1sra+sbllbu+0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPLnO/80CEpBG/VeOYuCEacNqnGCkteeY+vT86gUMv1X/mUO6ESA19P73J7oKKZ1atmjUBnCd2QaqgQNMzv5wgwklIuMIMSdmzrVi5KRKKYkayipNIEiM8QgPS05SjkEg3nVyRwUOtBLAfCf24ghP1d0eKQinHoa8r8yXlrJeL/3m9RPUv3JTyOFGE4+mgfsKgimAeCQyoIFixsSYIC6p3hXiIBMJKB5eHYM+ePE/apzX7rFa/rlcbVhFHGeyBA3AMbHAOGuAKNEELYPAInsEreDOejBfj3fiYlpaMomcX/IHx+QNXG5fM</latexit>

ij0, hij0 2 Rd
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Edge-level features

Xavier Bresson 22

Edge features derived from graph topology :
Local neighborhood properties

Jaccard index[1] : Measures the similarity between two nodes as the fraction of neighbors 
shared by their combined neighborhoods.

Path- and diffusion-based properties (next slides)
Katz index 
Shortest path
Diffusion distance

[1] Jaccard, The Distribution of the Flora in the Alpine Zone, 1912

G

<latexit sha1_base64="Tp6UDkOJroxoBaF8xuNjP9FUT6o=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsN+3SzSbsToRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbjO/88S1EbF6xGnC/YiOlAgFo2ilB1EalCtu1V2ArBMvJxXI0RyUv/rDmKURV8gkNabnuQn6M6pRMMnnpX5qeELZhI54z1JFI2782eLSObmwypCEsbalkCzU3xMzGhkzjQLbGVEcm1UvE//zeimGN/5MqCRFrthyUZhKgjHJ3iZDoTlDObWEMi3srYSNqaYMbThZCN7qy+ukXat6V9X6fb3SqOVxFOEMzuESPLiGBtxBE1rAIIRneIU3Z+K8OO/Ox7K14OQzp/AHzucPAh+M+g==</latexit>

i

<latexit sha1_base64="mWF63HasMblid8n0ayvpPu5eA04=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWMV+wFtKZvtpF272YTdjVBC/4EXD4p49R9589+4aXPQ1gcDj/dmmJnnx4Jr47rfztr6xubWdmGnuLu3f3BYOjpu6ShRDJssEpHq+FSj4BKbhhuBnVghDX2BbX9yk/ntJ1SaR/LBTGPsh3QkecAZNVa6fywOSmW34s5BVomXkzLkaAxKX71hxJIQpWGCat313Nj0U6oMZwJnxV6iMaZsQkfYtVTSEHU/nV86I+dWGZIgUrakIXP190RKQ62noW87Q2rGetnLxP+8bmKC637KZZwYlGyxKEgEMRHJ3iZDrpAZMbWEMsXtrYSNqaLM2HCyELzll1dJq1rxLiu1u1q5Xs3jKMApnMEFeHAFdbiFBjSBQQDP8ApvzsR5cd6dj0XrmpPPnMAfOJ8/A6SM+w==</latexit>

j

<latexit sha1_base64="cgKQWSa6JdMSROkQeyaTqkg0/t4=">AAAB9XicbVDLSgMxFL2pr1pfVZdugkVwVWZKUZcFN66kgn1AO5ZMmmlDM5khyShl6H+4caGIW//FnX9jpp2Fth4IHM65l3ty/FhwbRznGxXW1jc2t4rbpZ3dvf2D8uFRW0eJoqxFIxGprk80E1yyluFGsG6sGAl9wTr+5DrzO49MaR7JezONmReSkeQBp8RY6aEfEjOmRKS3swHHg3LFqTpz4FXi5qQCOZqD8ld/GNEkZNJQQbTuuU5svJQow6lgs1I/0SwmdEJGrGepJCHTXjpPPcNnVhniIFL2SYPn6u+NlIRaT0PfTmYp9bKXif95vcQEV17KZZwYJuniUJAIbCKcVYCHXDFqxNQSQhW3WTEdE0WosUWVbAnu8pdXSbtWdS+q9bt6pVHL6yjCCZzCObhwCQ24gSa0gIKCZ3iFN/SEXtA7+liMFlC+cwx/gD5/AF90kmM=</latexit>

Ni

<latexit sha1_base64="qZvPaAySljiC96X7gjKORhXI9bI=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAiuykwp6rLgxpVUsA9oh5JJM21sJjMmmUIZ+h1uXCji1o9x59+YaWehrQcCh3Pu5Z4cPxZcG8f5RmvrG5tb24Wd4u7e/sFh6ei4paNEUdakkYhUxyeaCS5Z03AjWCdWjIS+YG1/fJP57QlTmkfywUxj5oVkKHnAKTFW8nohMSNKRHo36z/2S2Wn4syBV4mbkzLkaPRLX71BRJOQSUMF0brrOrHxUqIMp4LNir1Es5jQMRmyrqWShEx76Tz0DJ9bZYCDSNknDZ6rvzdSEmo9DX07mYXUy14m/ud1ExNceymXcWKYpItDQSKwiXDWAB5wxagRU0sIVdxmxXREFKHG9lS0JbjLX14lrWrFvazU7mvlejWvowCncAYX4MIV1OEWGtAECk/wDK/whiboBb2jj8XoGsp3TuAP0OcPBjiSOg==</latexit>

Nj

<latexit sha1_base64="jrDyGdlOLYzozEI4PXa/gmwKnEY=">AAACE3icbZDLSsNAFIYn9VbrLerSzWgRxEVJSlGXBTeupIK9QBPCZDppx04mYWYilNB3cOOruHGhiFs37nwbJ2kWtfXAwMf/n8Oc8/sxo1JZ1o9RWlldW98ob1a2tnd298z9g46MEoFJG0csEj0fScIoJ21FFSO9WBAU+ox0/fF15ncfiZA04vdqEhM3RENOA4qR0pJnnjshUiOMWHo79Sh0jqEDHYxiJ8c57wF6ZtWqWXnBZbALqIKiWp757QwinISEK8yQlH3bipWbIqEoZmRacRJJYoTHaEj6GjkKiXTT/KYpPNXKAAaR0I8rmKvzEykKpZyEvu7MtpSLXib+5/UTFVy5KeVxogjHs4+ChEEVwSwgOKCCYMUmGhAWVO8K8QgJhJWOsaJDsBdPXoZOvWZf1Bp3jWqzXsRRBkfgBJwBG1yCJrgBLdAGGDyBF/AG3o1n49X4MD5nrSWjmDkEf8r4+gXSm5zT</latexit>

Ni \ Nj

<latexit sha1_base64="su1T5jVO6toU39SqWdjzq+7Ev4E=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlKfWyEghuXFewD2lAm00k7djIJMxOxhPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPX7MmdKO820V1tY3NreK26Wd3b39A/uw3FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7mZ+Z1HKhWLxL2extQL8UiwgBGsjTSwy+NByh6y634gMUndLD3PBnbFqTpzoFXi5qQCOZoD+6s/jEgSUqEJx0r1XCfWXoqlZoTTrNRPFI0xmeAR7RkqcEiVl85vz9CpUYYoiKQpodFc/T2R4lCpaeibzhDrsVr2ZuJ/Xi/RwZWXMhEnmgqyWBQkHOkIzYJAQyYp0XxqCCaSmVsRGWOTgjZxlUwI7vLLq6Rdq7oX1fpdvdKo5XEU4RhO4AxcuIQG3EITWkDgCZ7hFd6szHqx3q2PRWvBymeO4A+szx8gr5R1</latexit>

hij =
1

5

<latexit sha1_base64="+nv0guZgB5xZi8gORNLagyIiWXc="></latexit>

hij =
|Ni \Nj |
|Ni [Nj |

2 [0, 1]
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Katz index

Xavier Bresson 23

The Katz index[1] measures the similarity between two nodes by counting walks of all lengths, 
with longer walks receiving smaller weights.
The number of walks of length k from node i to node j is given by the k-th power of the 
adjacency matrix Ak, where each entry Aij ∈ {0,1} is the adjacency matrix.

[1] Katz, A New Status Index Derived from Sociometric Analysis, 1953

G
a b

c d

<latexit sha1_base64="Xp75hvJszIz518m88MaTEjh3s7w="></latexit>

A = A1 =

2

664

0 1 1 1
1 0 0 1
1 0 0 1
1 1 1 0

3

775

a   b   c   d   (node index)
a
b
c
d

<latexit sha1_base64="04ZIcEBV8pw7nM8db25lMIS8o2U="></latexit>

A2 = A1.A1 =

2

664

3 1 1 2
1 2 2 1
1 2 2 1
2 1 1 3

3

775

a
b
c
d

a   b   c   d

<latexit sha1_base64="hlPi8rOS4vtAkGyTVysxEi1R4cI="></latexit>

(Ak)ij = #{walks of length k from i to j} 2 N

hKatz
ij =

1X

k=1

�k(Ak)ij , 0 < � <
1

⇢(A)
< 1,

where ⇢(A) is the spectral radius of A, i.e. ⇢(A) = max
�2eigenvalues(A)

|�|.
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Shortest path

Xavier Bresson 24

The shortest-path distance between two nodes provides a structural feature describing their 
proximity in the graph.

Dijkstra’s algorithm computes shortest-path distances in O((E + V)  log  V) time using a binary-
heap priority queue:

Using a Fibonacci heap min-priority queue[2], the complexity improves to O(E + V   log  V) = O(E).

[1] Dijkstra, A note on two problems in connexion with graphs, 1959
[2] Fredman, Tarjan, Fibonacci heaps and their uses in improved network optimization algorithms, 1987

<latexit sha1_base64="iDPA4WvdY1r5m0M2xXcuQwvJRV8="></latexit>

d(s) = 0, d(v) =1 (v 6= s),

u argmin
v/2S

d(v),

d(v) min{d(v), d(u) + w(u, v)},
S  S [ {u},

dshortestij = min
p:i!j

X

e2p

we.
Source: 

Mathematica

<latexit sha1_base64="/567GNfqs6hI1+r9uu/P1P0myJ4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU5INS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1YpXq9Sa1+V6NY+jAOdwAVfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8Azj+M6A==</latexit>

i

<latexit sha1_base64="UeR/RbFXcM5OszSfL2wz/T9FNMs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY8kXjxCIo8ENmR2aGBgdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzlo4SxbDJIhGpTkA1Ci6xabgR2IkV0jAQ2A6m9wu//YRK80g+mlmMfkhHkg85o8ZKjUm/WHLL7hJkk3gZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgv9BKNMWVTOsKupZKGqP10eeicXFllQIaRsiUNWaq/J1Iaaj0LA9sZUjPW695C/M/rJmZ456dcxolByVaLhokgJiKLr8mAK2RGzCyhTHF7K2FjqigzNpuCDcFbf3mTtCplr1quNm5KtUoWRx4u4BKuwYNbqMED1KEJDBCe4RXenInz4rw7H6vWnJPNnMMfOJ8/z8OM6Q==</latexit>

j
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Diffusion distance

Xavier Bresson 25

Diffusion distance measures the structural proximity between two nodes through the way 
information diffuses over the graph.

Random walk distance[1] : Compares the probability distributions reached from two nodes 
after t steps.

Heat/Laplacian diffusion distance[2] : Compares the diffusion profiles generated by the 
graph heat kernel.

Diffusion distances provide informative multiscale                                                            
features for link prediction.

[1] Coifman, Lafon, Diffusion Maps, Applied and Computational Harmonic Analysis, 2006
[2] Kondor, Lafferty, Diffusion Kernels on Graphs and Other Discrete Input Spaces, 2002
[3] Lafon, Diffusion Maps and Geometric Harmonics, 2004

Diffusion distance[3]
<latexit sha1_base64="Hf+rqtEZnZ3XTLDS2T0vNhqTOQE=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVwVWZKUVdSWxcuK9gHtLVk0kwbmnmQ3BHL0L9x46+4EVREl/6JmXYW2vZA4HDOudzc44SCK7CsbyOzsrq2vpHdzG1t7+zumfsHDRVEkrI6DUQgWw5RTHCf1YGDYK1QMuI5gjWdUTXxmw9MKh74dzAOWdcjA5+7nBLQUs+87Pfiq8rkvgPsEaQXX3PXjZL0pDMYYG1WqsvMXIqembcK1hR4kdgpyaMUtZ751ukHNPKYD1QQpdq2FUI3JhI4FWyS60SKhYSOyIC1NfWJx1Q3nt45wSda6WM3kPr5gKfq34mYeEqNPUcnPQJDNe8l4jKvHYF70Y25H0bAfDpb5EYCQ4CT0nCfS0ZBjDUhVHL9V0yHRBIKutqkBHv+5EXSKBbss0LptpQvF9M6sugIHaNTZKNzVEY3qIbqiKIn9ILe0YfxbLwan8bXLJox0plD9A/Gzy/iraUi</latexit>

dDi↵usion
AB � dDi↵usion

BC
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Random walk distance

Xavier Bresson 26

Define the random-walk transition matrix : P = D-1A ∈ R"	(	", where Pij is the probability of 
moving from node i to node j.

After t steps, (Pt)ik = Pr(Xt = k | X0 = i) gives the probability of reaching node k from node i.

The diffusion distance[1] between nodes i and j compares their t-step probability distributions :

Interpretation : Two nodes are close when random walks starting from them spread similarly over 
the graph after t steps.

<latexit sha1_base64="21znw5qZoCZxOzeXSmLgzg5l2sw="></latexit>

ddi↵t (i, j)2 =
X

k2V

⇥
(P t)ik � (P t)jk

⇤2
/⇡k,

where ⇡ is the stationary distribution defined as

⇡k =
dkP
m dm

, PT⇡ = ⇡,
X

k

⇡k = 1

For undirected graphs,

ddi↵t (i, j)2 =
nX

`=1

�2t` [ `(i)�  `(j)]
2 , with P ` = �` `, (�`, `) eigenpairs

[1] Coifman, Lafon, Diffusion Maps, 2006
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Heat/Laplacian diffusion distance

Xavier Bresson 27

Define the normalized graph Laplacian : L = I - D-1/2 A D-1/2 ∈ R"	(	"

The heat kernel[1] Ht = e-tL ∈ R"	(	", t > 0, describes continuous diffusion over the graph.

The heat diffusion distance compares the diffusion profiles starting from nodes i and j :

Interpretation : The diffusion time t controls the structural scale being explored.

Small t emphasizes local neighborhood structure.

Larger t suppresses local variations and emphasizes global structure/community.

<latexit sha1_base64="RPAHh+VslOKF2DMy/Ut6XW2Sfg8="></latexit>

d
heat
t (i, j)2 = kHt(i, ·)�Ht(j, ·)k22

=
nX

`=1

e
�2tµ` [�`(i)� �`(j)]

2
, with L�` = µ`�`

[1] Kondor, Lafferty, Diffusion Kernels on Graphs and Other Discrete Input Spaces, 2002
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Diffusion vs. shortest path

Xavier Bresson 28

The two distances capture fundamentally different notions of proximity:

Shortest-path distance[1] measures geodesic proximity via the shortest connecting path.

Diffusion distance[2,3] measures connectivity similarity via random-walk propagation on graph.

Here, dSP(A,B) ≈ dSP(B,C), the shortest connecting paths have comparable lengths despite the 
different community structure. 

But dtdiff(A,B) ≫ dtdiff(B,C), because Pt(B,⋅) ≈ Pt(C,⋅), while Pt(A,⋅) differs strongly from Pt(B,⋅).

[1] Dijkstra, A Note on Two Problems in Connexion with Graphs, 1959
[2] Talmon, Cohen, Gannot, Coifman, Diffusion Maps for Signal Processing, 2013
[3] Lafon, Diffusion Maps and Geometric Harmonics, 2004

<latexit sha1_base64="HqVdF+I3Cgd34gxZSz9OZRym88I=">AAACG3icbVBNS0JBFJ1nX2ZfVss2QxIoiLwnYS1NNy0N8gPUZN68eTo474OZ+yJ5+D/a9FfatCiiVdCif9Oob1HagQuHc+7l3nvsUHAFpvltpNbWNza30tuZnd29/YPs4VFLBZGkrEkDEciOTRQT3GdN4CBYJ5SMeLZgbXtcn/nteyYVD/xbmISs75Ghz11OCWhpkC07A7jrAXsA6cUOd91p/qpYK+DecIhXrVqxXsCDbM4smXPgVWIlJIcSNAbZz54T0MhjPlBBlOpaZgj9mEjgVLBpphcpFhI6JkPW1dQnHlP9eP7bFJ9pxcFuIHX5gOfq74mYeEpNPFt3egRGatmbif953Qjcy37M/TAC5tPFIjcSGAI8Cwo7XDIKYqIJoZLrWzEdEUko6DgzOgRr+eVV0iqXrEqpcnOeq5aTONLoBJ2iPLLQBaqia9RATUTRI3pGr+jNeDJejHfjY9GaMpKZY/QHxtcPnKCgcg==</latexit>

ddi↵t (A,B) � ddi↵t (B,C)
<latexit sha1_base64="3p/pZ8FZ5JpLarJ/6e76M8olGlk=">AAACF3icbVBNT8JAEN3iF+IX6tHLRmICCWlaYtAjwsUjRkESQLLdbmHD9iO7UwNp+Bde/CtePGiMV735byzQg4AvmeTlvZnMzLMCwRUYxo+WWlvf2NxKb2d2dvf2D7KHR03lh5KyBvWFL1sWUUxwjzWAg2CtQDLiWoLdW8Pa1L9/ZFJx37uDccC6Lul73OGUQCz1srr90AE2AulGt/VJ/qpYLeAOCQLpj/CiVS3WCpleNmfoxgx4lZgJyaEE9V72u2P7NHSZB1QQpdqmEUA3IhI4FWyS6YSKBYQOSZ+1Y+oRl6luNPtrgs9ixcaOL+PyAM/UvxMRcZUau1bc6RIYqGVvKv7ntUNwLrsR94IQmEfni5xQYPDxNCRsc8koiHFMCJU8vhXTAZGEQhzlNARz+eVV0izpZlkv35znKqUkjjQ6Qacoj0x0gSroGtVRA1H0hF7QG3rXnrVX7UP7nLemtGTmGC1A+/oF5Yqebg==</latexit>

dSP(A,B) ⇡ dSP(B,C)
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Outline

Xavier Bresson 29

Graph prediction tasks and features

Hand-crafted graph feature 

Node feature

Edge feature

Graph feature

Shallow graph feature learning

Node feature

Edge & graph feature

Conclusion
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Graph-level features

Xavier Bresson 30

Graphs vary in size and node ordering : how can we compare them?

Construct a fixed-size, permutation-invariant representation that summarizes the graph structure.

Graph feature maps and kernels compare graphs through structural patterns and define graph 
similarities.

Graphlet kernels[1] : Compare graphs using counts of small subgraph patterns.

Weisfeiler-Lehman kernels[2] : Compare graphs using iteratively refined node-label patterns.

[1] Shervashidze, Vishwanathan, Petri, Mehlhorn, Borgwardt, Efficient graphlet kernels for large graph comparison, 2009
[2] Shervashidze, Schweitzer, Van Leeuwen, Mehlhorn, Borgwardt, Weisfeiler-lehman graph kernels, 2011

Graph feature 
representation

+

G

<latexit sha1_base64="zwhVvP7bDHnRbUa8DE7DoK8NdFc="></latexit>

hG =

2

4

3

5 2 Rd
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Graphlet feature vector

Xavier Bresson 31

Choose the set of k-size graphlets : Sk = {G1,…,Gm}, |Gj | = k, ∀j.

For each graph G = (V,E), count how many times every graphlet occurs : cj(G) = #{Gj ⊆  G}.

This gives a graph-level count feature vector c(G) ∈ Nm.

After normalizing the counts, we obtain a graph-level feature vector ϕ(G) ∈ Rm representing the 
graphlet frequency distribution of the graph[1] :

[1] Shervashidze, Vishwanathan, Petri, Mehlhorn, Borgwardt, Efficient graphlet kernels for large graph comparison, 2009

<latexit sha1_base64="Wy9uwuEU0fKdYyurhipWlo9QTJI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgQY9V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2MbzK//cS1EbF6xEnC/YgOlQgFo2ilh9tiv1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qn1KNgkk+K/ZSwxPKxnTIu5YqGnHjT+eXzsi5VQYkjLUthWSu/p6Y0siYSRTYzojiyCx7mfif100xvPanQiUpcsUWi8JUEoxJ9jYZCM0ZyokllGlhbyVsRDVlaMPJQvCWX14lrWrFq1Vq95flejWPowCncAYX4MEV1OEOGtAEBiE8wyu8OWPnxXl3Phata04+cwJ/4Hz+AM8KjNo=</latexit>

G

<latexit sha1_base64="7cY2Ozan7xws+9D/ijq6itlezfI="></latexit>

�(G) =

2

64
�1(G)

...
�m(G)

3

75 2 Rm, �j(G) =
cj(G)
� |G|
|Gj |

� =
cj(G)
�|G|

k

� ,

where

✓
|G|
k

◆
=

|G|!
k! (|G|� k)!

is the number of

possible subsets of |Gj | = k nodes in G.
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Graphlet kernel

Xavier Bresson 32

Given the m-dimensional graphlet feature vector ϕ(G) for a graph, two graphs Gi and Gj can be 
compared using the normalized graphlet kernel K :

The resulting kernel matrix can be used with kernel methods s.a. SVMs for graph classification.

Computational bottleneck : Brute-force counting size-k graphlets in a graph of size N has a 
complexity of O(Nk), making this method impractical for large values of k.

[1] Shervashidze, Vishwanathan, Petri, Mehlhorn, Borgwardt, Efficient graphlet kernels for large graph comparison, 2009

<latexit sha1_base64="Jo/FGtoEoU/W0x+SYz9vAtrqvEs="></latexit>✓
|G|
k

◆
=

|G|!
k! (|G|� k)!

= O(|G|k) !
✓
N

k

◆
= O(Nk)

<latexit sha1_base64="WsgqqUHTDy8YHLHVwTzwZqQgiDA="></latexit>

K(Gi, Gj) = Kij =
�(Gi)T�(Gj)

k�(Gi)k2 k�(Gj)k2
2 [0, 1]

K = ��T 2 RNG⇥NG , � 2 RNG⇥m
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Lab 2 : Graph classification with Graphlets

Xavier Bresson 33

Implement graph classification with the graphlet kernel :
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Graph isomorphism

Xavier Bresson 34
[1] Weisfeiler, Lehman, A reduction of a graph to a canonical form and an algebra arising during this reduction, 1968

Isomorphic
graphs

,
<latexit sha1_base64="jlSS2Q+jSNVYymThqn4ESI/jvU8=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuiHoMePHgIYJ5QLKE2clsMmR2ZpnpVeIS/BUvHhTx6n9482+cTXLQxIKGoqqb7q4wEdyA5307haXlldW14nppY3Nre8fd3WsYlWrK6lQJpVshMUxwyerAQbBWohmJQ8Ga4fAq95v3TBuu5B2MEhbEpC95xCkBK3Xdg84Ni0Dz/gCI1uqhlKPrlr2KNwFeJP6MlNEMta771ekpmsZMAhXEmLbvJRBkRAOngo1LndSwhNAh6bO2pZLEzATZ5PoxPrZKD0dK25KAJ+rviYzExozi0HbGBAZm3svF/7x2CtFlkHGZpMAknS6KUoFB4TwK3OOaURAjSwjV3N6K6YBoQsEGlofgz7+8SBqnFd+r+Ldn5er5LI4iOkRH6AT56AJV0TWqoTqi6BE9o1f05jw5L8678zFtLTizmX30B87nD1l0k8k=</latexit><latexit sha1_base64="jlSS2Q+jSNVYymThqn4ESI/jvU8=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuiHoMePHgIYJ5QLKE2clsMmR2ZpnpVeIS/BUvHhTx6n9482+cTXLQxIKGoqqb7q4wEdyA5307haXlldW14nppY3Nre8fd3WsYlWrK6lQJpVshMUxwyerAQbBWohmJQ8Ga4fAq95v3TBuu5B2MEhbEpC95xCkBK3Xdg84Ni0Dz/gCI1uqhlKPrlr2KNwFeJP6MlNEMta771ekpmsZMAhXEmLbvJRBkRAOngo1LndSwhNAh6bO2pZLEzATZ5PoxPrZKD0dK25KAJ+rviYzExozi0HbGBAZm3svF/7x2CtFlkHGZpMAknS6KUoFB4TwK3OOaURAjSwjV3N6K6YBoQsEGlofgz7+8SBqnFd+r+Ldn5er5LI4iOkRH6AT56AJV0TWqoTqi6BE9o1f05jw5L8678zFtLTizmX30B87nD1l0k8k=</latexit><latexit sha1_base64="jlSS2Q+jSNVYymThqn4ESI/jvU8=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuiHoMePHgIYJ5QLKE2clsMmR2ZpnpVeIS/BUvHhTx6n9482+cTXLQxIKGoqqb7q4wEdyA5307haXlldW14nppY3Nre8fd3WsYlWrK6lQJpVshMUxwyerAQbBWohmJQ8Ga4fAq95v3TBuu5B2MEhbEpC95xCkBK3Xdg84Ni0Dz/gCI1uqhlKPrlr2KNwFeJP6MlNEMta771ekpmsZMAhXEmLbvJRBkRAOngo1LndSwhNAh6bO2pZLEzATZ5PoxPrZKD0dK25KAJ+rviYzExozi0HbGBAZm3svF/7x2CtFlkHGZpMAknS6KUoFB4TwK3OOaURAjSwjV3N6K6YBoQsEGlofgz7+8SBqnFd+r+Ldn5er5LI4iOkRH6AT56AJV0TWqoTqi6BE9o1f05jw5L8678zFtLTizmX30B87nD1l0k8k=</latexit><latexit sha1_base64="jlSS2Q+jSNVYymThqn4ESI/jvU8=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuiHoMePHgIYJ5QLKE2clsMmR2ZpnpVeIS/BUvHhTx6n9482+cTXLQxIKGoqqb7q4wEdyA5307haXlldW14nppY3Nre8fd3WsYlWrK6lQJpVshMUxwyerAQbBWohmJQ8Ga4fAq95v3TBuu5B2MEhbEpC95xCkBK3Xdg84Ni0Dz/gCI1uqhlKPrlr2KNwFeJP6MlNEMta771ekpmsZMAhXEmLbvJRBkRAOngo1LndSwhNAh6bO2pZLEzATZ5PoxPrZKD0dK25KAJ+rviYzExozi0HbGBAZm3svF/7x2CtFlkHGZpMAknS6KUoFB4TwK3OOaURAjSwjV3N6K6YBoQsEGlofgz7+8SBqnFd+r+Ldn5er5LI4iOkRH6AT56AJV0TWqoTqi6BE9o1f05jw5L8678zFtLTizmX30B87nD1l0k8k=</latexit>
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Graph isomorphism : Two graphs are isomorphic if there is an index permutation between nodes 
that preserves node adjacencies, i.e. (u,v) ∈ EG1 ⟺ (π(u),π(v)) ∈ EG2, for a bijection π : VG1→	VG2.

An example of two isomorphic molecular graphs, node colors indicate the corresponding nodes. 

Determining whether two graphs are isomorphic is NP-intermediate : It is not known if a 
polynomial time algorithm exists, or the problem is NP-hard.

A graph-level representation should be invariant to node permutations : Isomorphic graphs must 
receive the same representation.

Weisfeiler-Lehman (WL) proposed a fast algorithm[1] to test if two graphs are not isomorphic. 
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Weisfeiler-Lehman algorithm

Xavier Bresson 35

The Weisfeiler-Lehman algorithm[1,2] is an interative coloring process of the nodes of a graph.

At each iteration, a node color is updated from its current color and the multiset of its 
neighbors’ colors.

The refinement is repeated until the node coloring stabilizes (i.e. no new color can be created).

The resulting color histogram defines a representation of the graph structure.

Mathematically, the coloring function f maps a (node color, neighborhood color multiset) pair 
to a new node color as follows :

[1] Weisfeiler, Lehman, A reduction of a graph to a canonical form and an algebra arising during this reduction, 1968
[2] Shervashidze, Schweitzer, Van Leeuwen, Mehlhorn, Borgwardt, Weisfeiler-lehman graph kernels, 2011

+

<latexit sha1_base64="v3CO2eV0kiqNsWdTddUT6myeGz0="></latexit>

ct+1

i = fWL-coloring(c
t
i, {ctj}j2Ni) 2 C = {1, ..., ncolor}

= fHash(c
t
i, {ctj}j2Ni) 2 C

hG,c = #{i : ct=T
t = c}, c 2 C, and

T is the final WL iteration
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Coloring property

Xavier Bresson 36

The coloring function is injective, c1 ≠ c2 ⇒ f(c1) ≠ f(c2), w.r.t. the node–neighborhood colors :

Consequence of fWL  injectivy :

Identical (node color, neighborhood color multiset) pairs receive the same color.

Distinct (node color, neighborhood color multiset) pairs receive different colors.

iteration

Multiset (set of unordered 
and repeated elements)

<latexit sha1_base64="SWjxECGN38X+AnH+Mp6sg1/M5OQ="></latexit>

fWL-coloring

�
cti, {ctj}j2Ni

�
= ct+1

i

fWL(      )F
C

C
O fWL(      )F CC

O

=<latexit sha1_base64="Uri9/tH+q8clauN/epOPReozRfQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0INCwYvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1Ljtlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWajd5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AYr/jLs=</latexit><latexit sha1_base64="Uri9/tH+q8clauN/epOPReozRfQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0INCwYvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1Ljtlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWajd5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AYr/jLs=</latexit><latexit sha1_base64="Uri9/tH+q8clauN/epOPReozRfQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0INCwYvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1Ljtlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWajd5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AYr/jLs=</latexit><latexit sha1_base64="Uri9/tH+q8clauN/epOPReozRfQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0INCwYvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1Ljtlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWajd5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AYr/jLs=</latexit>

Same 
color

fWL(F,{C,C,O})= fWL(F,{O,C,C})=

fWL(       )C
F O fWL(     )C

F C
Different 

color
6=

<latexit sha1_base64="WKlIVVgMBl/CISRqMlZ5WC/tXy4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6EGh4MVjBdMW2lA22027dLMbdidCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpQKbtDzvp3S2vrG5lZ5u7Kzu7d/UD08ahmVacoCqoTSnYgYJrhkAXIUrJNqRpJIsHY0vpv57SemDVfyEScpCxMylDzmlKCVgp5UeNuv1ry6N4e7SvyC1KBAs1/96g0UzRImkQpiTNf3UgxzopFTwaaVXmZYSuiYDFnXUkkSZsJ8fuzUPbPKwI2VtiXRnau/J3KSGDNJItuZEByZZW8m/ud1M4yvw5zLNEMm6WJRnAkXlTv73B1wzSiKiSWEam5vdemIaELR5lOxIfjLL6+S1kXd9+r+w2WtcVPEUYYTOIVz8OEKGnAPTQiAAodneIU3RzovzrvzsWgtOcXMMfyB8/kDrQiOkA==</latexit><latexit sha1_base64="WKlIVVgMBl/CISRqMlZ5WC/tXy4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6EGh4MVjBdMW2lA22027dLMbdidCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpQKbtDzvp3S2vrG5lZ5u7Kzu7d/UD08ahmVacoCqoTSnYgYJrhkAXIUrJNqRpJIsHY0vpv57SemDVfyEScpCxMylDzmlKCVgp5UeNuv1ry6N4e7SvyC1KBAs1/96g0UzRImkQpiTNf3UgxzopFTwaaVXmZYSuiYDFnXUkkSZsJ8fuzUPbPKwI2VtiXRnau/J3KSGDNJItuZEByZZW8m/ud1M4yvw5zLNEMm6WJRnAkXlTv73B1wzSiKiSWEam5vdemIaELR5lOxIfjLL6+S1kXd9+r+w2WtcVPEUYYTOIVz8OEKGnAPTQiAAodneIU3RzovzrvzsWgtOcXMMfyB8/kDrQiOkA==</latexit><latexit sha1_base64="WKlIVVgMBl/CISRqMlZ5WC/tXy4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6EGh4MVjBdMW2lA22027dLMbdidCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpQKbtDzvp3S2vrG5lZ5u7Kzu7d/UD08ahmVacoCqoTSnYgYJrhkAXIUrJNqRpJIsHY0vpv57SemDVfyEScpCxMylDzmlKCVgp5UeNuv1ry6N4e7SvyC1KBAs1/96g0UzRImkQpiTNf3UgxzopFTwaaVXmZYSuiYDFnXUkkSZsJ8fuzUPbPKwI2VtiXRnau/J3KSGDNJItuZEByZZW8m/ud1M4yvw5zLNEMm6WJRnAkXlTv73B1wzSiKiSWEam5vdemIaELR5lOxIfjLL6+S1kXd9+r+w2WtcVPEUYYTOIVz8OEKGnAPTQiAAodneIU3RzovzrvzsWgtOcXMMfyB8/kDrQiOkA==</latexit><latexit sha1_base64="WKlIVVgMBl/CISRqMlZ5WC/tXy4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6EGh4MVjBdMW2lA22027dLMbdidCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpQKbtDzvp3S2vrG5lZ5u7Kzu7d/UD08ahmVacoCqoTSnYgYJrhkAXIUrJNqRpJIsHY0vpv57SemDVfyEScpCxMylDzmlKCVgp5UeNuv1ry6N4e7SvyC1KBAs1/96g0UzRImkQpiTNf3UgxzopFTwaaVXmZYSuiYDFnXUkkSZsJ8fuzUPbPKwI2VtiXRnau/J3KSGDNJItuZEByZZW8m/ud1M4yvw5zLNEMm6WJRnAkXlTv73B1wzSiKiSWEam5vdemIaELR5lOxIfjLL6+S1kXd9+r+w2WtcVPEUYYTOIVz8OEKGnAPTQiAAodneIU3RzovzrvzsWgtOcXMMfyB8/kDrQiOkA==</latexit>

fWL(F,{C,O})= fWL(F,{C,C})=
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Example
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F
C

C

H

H

H

H

O

t = 2t = 1 t = 3 t = 4+ ++Graph 1

No new colors created, 
process stops.

Final color histogram

t = 2t = 1 t = 3 t = 4+ ++

F CC

H H

HH

O

Graph 2

No new colors created, 
process stops.

Final color histogram

These 2 graphs are 
isomorphic/indistinguishable 

w.r.t.  the WL test.

,
<latexit sha1_base64="jlSS2Q+jSNVYymThqn4ESI/jvU8=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuiHoMePHgIYJ5QLKE2clsMmR2ZpnpVeIS/BUvHhTx6n9482+cTXLQxIKGoqqb7q4wEdyA5307haXlldW14nppY3Nre8fd3WsYlWrK6lQJpVshMUxwyerAQbBWohmJQ8Ga4fAq95v3TBuu5B2MEhbEpC95xCkBK3Xdg84Ni0Dz/gCI1uqhlKPrlr2KNwFeJP6MlNEMta771ekpmsZMAhXEmLbvJRBkRAOngo1LndSwhNAh6bO2pZLEzATZ5PoxPrZKD0dK25KAJ+rviYzExozi0HbGBAZm3svF/7x2CtFlkHGZpMAknS6KUoFB4TwK3OOaURAjSwjV3N6K6YBoQsEGlofgz7+8SBqnFd+r+Ldn5er5LI4iOkRH6AT56AJV0TWqoTqi6BE9o1f05jw5L8678zFtLTizmX30B87nD1l0k8k=</latexit><latexit sha1_base64="jlSS2Q+jSNVYymThqn4ESI/jvU8=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuiHoMePHgIYJ5QLKE2clsMmR2ZpnpVeIS/BUvHhTx6n9482+cTXLQxIKGoqqb7q4wEdyA5307haXlldW14nppY3Nre8fd3WsYlWrK6lQJpVshMUxwyerAQbBWohmJQ8Ga4fAq95v3TBuu5B2MEhbEpC95xCkBK3Xdg84Ni0Dz/gCI1uqhlKPrlr2KNwFeJP6MlNEMta771ekpmsZMAhXEmLbvJRBkRAOngo1LndSwhNAh6bO2pZLEzATZ5PoxPrZKD0dK25KAJ+rviYzExozi0HbGBAZm3svF/7x2CtFlkHGZpMAknS6KUoFB4TwK3OOaURAjSwjV3N6K6YBoQsEGlofgz7+8SBqnFd+r+Ldn5er5LI4iOkRH6AT56AJV0TWqoTqi6BE9o1f05jw5L8678zFtLTizmX30B87nD1l0k8k=</latexit><latexit sha1_base64="jlSS2Q+jSNVYymThqn4ESI/jvU8=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuiHoMePHgIYJ5QLKE2clsMmR2ZpnpVeIS/BUvHhTx6n9482+cTXLQxIKGoqqb7q4wEdyA5307haXlldW14nppY3Nre8fd3WsYlWrK6lQJpVshMUxwyerAQbBWohmJQ8Ga4fAq95v3TBuu5B2MEhbEpC95xCkBK3Xdg84Ni0Dz/gCI1uqhlKPrlr2KNwFeJP6MlNEMta771ekpmsZMAhXEmLbvJRBkRAOngo1LndSwhNAh6bO2pZLEzATZ5PoxPrZKD0dK25KAJ+rviYzExozi0HbGBAZm3svF/7x2CtFlkHGZpMAknS6KUoFB4TwK3OOaURAjSwjV3N6K6YBoQsEGlofgz7+8SBqnFd+r+Ldn5er5LI4iOkRH6AT56AJV0TWqoTqi6BE9o1f05jw5L8678zFtLTizmX30B87nD1l0k8k=</latexit><latexit sha1_base64="jlSS2Q+jSNVYymThqn4ESI/jvU8=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuiHoMePHgIYJ5QLKE2clsMmR2ZpnpVeIS/BUvHhTx6n9482+cTXLQxIKGoqqb7q4wEdyA5307haXlldW14nppY3Nre8fd3WsYlWrK6lQJpVshMUxwyerAQbBWohmJQ8Ga4fAq95v3TBuu5B2MEhbEpC95xCkBK3Xdg84Ni0Dz/gCI1uqhlKPrlr2KNwFeJP6MlNEMta771ekpmsZMAhXEmLbvJRBkRAOngo1LndSwhNAh6bO2pZLEzATZ5PoxPrZKD0dK25KAJ+rviYzExozi0HbGBAZm3svF/7x2CtFlkHGZpMAknS6KUoFB4TwK3OOaURAjSwjV3N6K6YBoQsEGlofgz7+8SBqnFd+r+Ldn5er5LI4iOkRH6AT56AJV0TWqoTqi6BE9o1f05jw5L8678zFtLTizmX30B87nD1l0k8k=</latexit>
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Counter-example
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C
C

C
C

C
C

C
C

C

C

Graph 1 
(Decalin)

Histogram of colors

C C

C
C

C C C

CC

C

Graph 2 
(Bicyclopentyl)

Histogram of colors

Are the two graphs below considered isomorphic according to the Weisfeiler–Lehman test ?

Yes, according to the WL test, the two graphs appear to be isomorphic. 

However, it is clear that they are not actually isomorphic, demonstrating that the WL test 
provides a necessary but not sufficient condition for graph isomorphism.
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Weisfeiler-Lehman kernel

Xavier Bresson 39

This produces a permutation-invariant representation of a graph from its color histograms, which 
can be used to compare graphs and build a kernel[1] for graph classification.

We build the WL features as follows :

At iteration t, let Lt denote the set of WL color labels. 

For each color label ℓ ∈ Lt, we can count the nodes in G with color ℓ at iteration t :

The WL feature vector is obtained by concatenating the color-count histograms from all 
iterations (Nc = Σt=0T|Lt| is the number of created colors) :

The WL kernel between two graphs is then defined as :

<latexit sha1_base64="RFUnjB8jwdXwRMRRJ4PwYBzaKu8=">AAACGnicbVBNS8NAEN34bf2qevSyWAS9lESkilAQPOhRwbZCU8JmO2kXN5uwOymUtL/Di3/FiwdFvIkX/43b2oNWHww83pthZl6YSmHQdT+dmdm5+YXFpeXCyura+kZxc6tukkxzqPFEJvo2ZAakUFBDgRJuUw0sDiU0wrvzkd/ogTYiUTfYT6EVs44SkeAMrRQUvW6A+xcHgQ9S0ir1JUQ48POeLxStn3Jr9g6qI9Mf+lp0ujgIiiW37I5B/xJvQkpkgqug+O63E57FoJBLZkzTc1Ns5Uyj4BKGBT8zkDJ+xzrQtFSxGEwrH782pHtWadMo0bYU0rH6cyJnsTH9OLSdMcOumfZG4n9eM8PopJULlWYIin8vijJJMaGjnGhbaOAo+5YwroW9lfIu04yjTbNgQ/CmX/5L6odlr1KuXB+Vzg4ncSyRHbJL9olHjskZuSRXpEY4uSeP5Jm8OA/Ok/PqvH23zjiTmW3yC87HF+dVoC0=</latexit>

ht(G)` = |{v 2 V : ct(v) = `}|

<latexit sha1_base64="e5yLGu2BgWRLMtMUCAgXH/dZKv4="></latexit>

�T (G) = [h0(G), h1(G), · · · , hT (G)]T 2 RNc

<latexit sha1_base64="iw+3zqt84S0ZITNsYAhuwVLGixo="></latexit>

K = �T
T�T 2 RNG⇥NG , �T 2 RNc⇥NG

[1] Shervashidze, Schweitzer, Van Leeuwen, Mehlhorn, Borgwardt, Weisfeiler-lehman graph kernels, 2011
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Lab 3 : Graph classification with WL
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Implement graph classification with WL kernel.
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Outline

Xavier Bresson 41

Graph prediction tasks and features

Hand-crafted graph feature 

Node feature

Edge feature

Graph feature

Shallow graph feature learning

Node feature

Edge & graph feature

Conclusion
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Graph machine learning

Xavier Bresson 42

The graph machine learning pipeline :

+

Node-level prediction

Edge-level prediction

Graph-level prediction

Output/
prediction

Graph
feature
learning

Downstream 
task 

GML
+

Input

+

Graph 
Machine 
Learning 
(GML)

Quantum Chemistry 

Atomi

Bondij

i
<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

j
<latexit sha1_base64="IvN7ZIjsPg5Gkwiu2YyISSTnuhw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzdJWeXtnd2+/cnDYMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnC/YgOlQgFo2il+8dyuV+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nns1Ck5tcqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw2s/EypJkSs2XxSmkmBM8r/JQGjOUE4soUwLeythI6opQ5tOHoK3+PIyaV3UPLfm3V1W6+dFHCU4hhM4Aw+uoA630IAmMBjCM7zCmyOdF+fd+Zi3rjjFzBH8gfP5AzNqjQA=</latexit><latexit sha1_base64="IvN7ZIjsPg5Gkwiu2YyISSTnuhw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzdJWeXtnd2+/cnDYMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnC/YgOlQgFo2il+8dyuV+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nns1Ck5tcqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw2s/EypJkSs2XxSmkmBM8r/JQGjOUE4soUwLeythI6opQ5tOHoK3+PIyaV3UPLfm3V1W6+dFHCU4hhM4Aw+uoA630IAmMBjCM7zCmyOdF+fd+Zi3rjjFzBH8gfP5AzNqjQA=</latexit><latexit sha1_base64="IvN7ZIjsPg5Gkwiu2YyISSTnuhw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzdJWeXtnd2+/cnDYMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnC/YgOlQgFo2il+8dyuV+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nns1Ck5tcqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw2s/EypJkSs2XxSmkmBM8r/JQGjOUE4soUwLeythI6opQ5tOHoK3+PIyaV3UPLfm3V1W6+dFHCU4hhM4Aw+uoA630IAmMBjCM7zCmyOdF+fd+Zi3rjjFzBH8gfP5AzNqjQA=</latexit><latexit sha1_base64="IvN7ZIjsPg5Gkwiu2YyISSTnuhw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzdJWeXtnd2+/cnDYMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnC/YgOlQgFo2il+8dyuV+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nns1Ck5tcqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw2s/EypJkSs2XxSmkmBM8r/JQGjOUE4soUwLeythI6opQ5tOHoK3+PIyaV3UPLfm3V1W6+dFHCU4hhM4Aw+uoA630IAmMBjCM7zCmyOdF+fd+Zi3rjjFzBH8gfP5AzNqjQA=</latexit>

ij
<latexit sha1_base64="f8VGxI+5fMbgb8XS6gM2gFgsuvQ=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisYD+gDWWz3bRrdzdhdyKU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzwkQKi5737ZTW1jc2t8rb7s7u3v5B5fCoZePUMN5ksYxNJ6SWS6F5EwVK3kkMpyqUvB2Ob3O//cSNFbF+wEnCA0WHWkSCUcwl8ei6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/m319V6xdFHGU4gVM4Bx+uoQ530IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AfixjXM=</latexit><latexit sha1_base64="f8VGxI+5fMbgb8XS6gM2gFgsuvQ=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisYD+gDWWz3bRrdzdhdyKU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzwkQKi5737ZTW1jc2t8rb7s7u3v5B5fCoZePUMN5ksYxNJ6SWS6F5EwVK3kkMpyqUvB2Ob3O//cSNFbF+wEnCA0WHWkSCUcwl8ei6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/m319V6xdFHGU4gVM4Bx+uoQ530IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AfixjXM=</latexit><latexit sha1_base64="f8VGxI+5fMbgb8XS6gM2gFgsuvQ=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisYD+gDWWz3bRrdzdhdyKU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzwkQKi5737ZTW1jc2t8rb7s7u3v5B5fCoZePUMN5ksYxNJ6SWS6F5EwVK3kkMpyqUvB2Ob3O//cSNFbF+wEnCA0WHWkSCUcwl8ei6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/m319V6xdFHGU4gVM4Bx+uoQ530IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AfixjXM=</latexit><latexit sha1_base64="f8VGxI+5fMbgb8XS6gM2gFgsuvQ=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisYD+gDWWz3bRrdzdhdyKU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzwkQKi5737ZTW1jc2t8rb7s7u3v5B5fCoZePUMN5ksYxNJ6SWS6F5EwVK3kkMpyqUvB2Ob3O//cSNFbF+wEnCA0WHWkSCUcwl8ei6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/m319V6xdFHGU4gVM4Bx+uoQ530IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AfixjXM=</latexit>

Atomj


type
energy

�

ij

2 Rde

<latexit sha1_base64="j1AqJOvHFkVK1adBuFYlSGbt+wQ="></latexit><latexit sha1_base64="j1AqJOvHFkVK1adBuFYlSGbt+wQ="></latexit><latexit sha1_base64="j1AqJOvHFkVK1adBuFYlSGbt+wQ="></latexit><latexit sha1_base64="j1AqJOvHFkVK1adBuFYlSGbt+wQ="></latexit>

2

4
type

coordinates
charge

3

5

j

2 Rdv

<latexit sha1_base64="jWfbUWAOv5Km2Y6nWW9FZ8Jfyxg="></latexit><latexit sha1_base64="jWfbUWAOv5Km2Y6nWW9FZ8Jfyxg="></latexit><latexit sha1_base64="jWfbUWAOv5Km2Y6nWW9FZ8Jfyxg="></latexit><latexit sha1_base64="jWfbUWAOv5Km2Y6nWW9FZ8Jfyxg="></latexit>

2

4
type

coordinates
charge

3

5

i

2 Rdv

<latexit sha1_base64="eM9FjXFYt9MdTuvIcqbvfphanyk="></latexit><latexit sha1_base64="eM9FjXFYt9MdTuvIcqbvfphanyk="></latexit><latexit sha1_base64="eM9FjXFYt9MdTuvIcqbvfphanyk="></latexit><latexit sha1_base64="eM9FjXFYt9MdTuvIcqbvfphanyk="></latexit>

Aij =

⇢
1 if ij bond
0 otherwise

<latexit sha1_base64="bTNTV9FCbrI+njHorojZrqu7rQ4="></latexit><latexit sha1_base64="bTNTV9FCbrI+njHorojZrqu7rQ4="></latexit><latexit sha1_base64="bTNTV9FCbrI+njHorojZrqu7rQ4="></latexit><latexit sha1_base64="bTNTV9FCbrI+njHorojZrqu7rQ4="></latexit> + + Molecular
energy

1) Graph topology
2) Node-, edge-, and   
    graph-level features

<latexit sha1_base64="zpDVDWyT5IVumKMSMksrHS5GkKA="></latexit>

+

2

4

3

5 2 Rd



43

In this lecture, we focus on the node feature learning task :

Terminology : “Node representation learning” is commonly used interchangeably with “node 
feature learning”. More generally, representation learning can be performed at the node, edge,  
or graph level.

Node feature learning

Xavier Bresson 43

+

Input
Node 

feature
learning

+

Node 
embeddings

+

Downstream 
task

<latexit sha1_base64="PqYETTT0skyYGLpdo+SS+1dWRmk=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAILqQkpajLghuXVewDmlgm00k7dDIJMxOhhIK/4saFIm79Dnf+jZO2C209MHA4517umRMknCntON9WYWV1bX2juFna2t7Z3bP3D1oqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkbXud9+pFKxWNzrcUL9CA8ECxnB2kg9+4ido2GPeUx4EdbDIMjuJg/9nl12Ks4UaJm4c1KGORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz6bxJ+jUKH0UxtI8odFU/b2R4UipcRSYyTyjWvRy8T+vm+rwys+YSFJNBZkdClOOdIzyLlCfSUo0HxuCiWQmKyJDLDHRprGSKcFd/PIyaVUr7kWldlsr16vzOopwDCdwBi5cQh1uoAFNIJDBM7zCm/VkvVjv1sdstGDNdw7hD6zPH9qOlWQ=</latexit>

i, hi 2 Rd
<latexit sha1_base64="FHd8pSSX3GNKgaq0YjPZXKiPx5s=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEF1KSUtRlwY3LKvYBTQyTyaSddjIJMxOhhIK/4saFIm79Dnf+jZM2C209MHA4517umeMnjEplWd9GaWV1bX2jvFnZ2t7Z3TP3DzoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9cfXud99JELSmN+rSULcCA04DSlGSkueeTQ6h0Nv5FDuREgNfT+7mz4Enlm1atYMcJnYBamCAi3P/HKCGKcR4QozJGXfthLlZkgoihmZVpxUkgThMRqQvqYcRUS62Sz+FJ5qJYBhLPTjCs7U3xsZiqScRL6ezDPKRS8X//P6qQqv3IzyJFWE4/mhMGVQxTDvAgZUEKzYRBOEBdVZIR4igbDSjVV0Cfbil5dJp16zL2qN20a1WS/qKINjcALOgA0uQRPcgBZoAwwy8AxewZvxZLwY78bHfLRkFDuH4A+Mzx/duZVm</latexit>

j, hj 2 Rd

G

1) Graph topology
2) Node-level features

<latexit sha1_base64="8VP0/IVDU56QPwB38CRfUSxlad8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU5INS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak1a+V6NY+jAOdwAVfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8AzZuM5g==</latexit>

i
<latexit sha1_base64="j4RWcQhFTsXFOFPPChFUIwlRNX4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjwmYB6QLGF20ptMMju7zMwKYckXePGgiFc/yZt/4+Rx0MSChqKqm+6uIBFcG9f9dnJb2zu7e/n9wsHh0fFJ8fSspeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe4XS27ZXYBsEm9FSrBCvV/86g1ilkYoDRNU667nJsbPqDKcCZwVeqnGhLIJHWLXUkkj1H62OHRGrqwyIGGsbElDFurviYxGWk+jwHZG1Iz0ujcX//O6qQnv/IzLJDUo2XJRmApiYjL/mgy4QmbE1BLKFLe3EjaiijJjsynYELz1lzdJq1L2bsrVRrVUq6ziyMMFXMI1eHALNXiAOjSBAcIzvMKbM3ZenHfnY9mac1Yz5/AHzucPzx+M5w==</latexit>

j
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Shallow node feature learning 

Xavier Bresson 44

Hypothesis

Shallow learning : We use a single learning layer to assign a vector to each node,                 
a.k.a. node embedding / encoding layer.

The embeddings are learned from graph topology, typically encoded by the graph adjacency 
matrix.

No external node-level attributes are used, e.g. no atom types nor other input features.

How do we learn node embedding vectors hi ∈ Rd, i ∈ V, from the graph topology only?

+ +Node 
embedding

<latexit sha1_base64="PqYETTT0skyYGLpdo+SS+1dWRmk=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAILqQkpajLghuXVewDmlgm00k7dDIJMxOhhIK/4saFIm79Dnf+jZO2C209MHA4517umRMknCntON9WYWV1bX2juFna2t7Z3bP3D1oqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkbXud9+pFKxWNzrcUL9CA8ECxnB2kg9+4ido2GPeUx4EdbDIMjuJg/9nl12Ks4UaJm4c1KGORo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz6bxJ+jUKH0UxtI8odFU/b2R4UipcRSYyTyjWvRy8T+vm+rwys+YSFJNBZkdClOOdIzyLlCfSUo0HxuCiWQmKyJDLDHRprGSKcFd/PIyaVUr7kWldlsr16vzOopwDCdwBi5cQh1uoAFNIJDBM7zCm/VkvVjv1sdstGDNdw7hD6zPH9qOlWQ=</latexit>

i, hi 2 Rd

<latexit sha1_base64="FHd8pSSX3GNKgaq0YjPZXKiPx5s=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEF1KSUtRlwY3LKvYBTQyTyaSddjIJMxOhhIK/4saFIm79Dnf+jZM2C209MHA4517umeMnjEplWd9GaWV1bX2jvFnZ2t7Z3TP3DzoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9cfXud99JELSmN+rSULcCA04DSlGSkueeTQ6h0Nv5FDuREgNfT+7mz4Enlm1atYMcJnYBamCAi3P/HKCGKcR4QozJGXfthLlZkgoihmZVpxUkgThMRqQvqYcRUS62Sz+FJ5qJYBhLPTjCs7U3xsZiqScRL6ezDPKRS8X//P6qQqv3IzyJFWE4/mhMGVQxTDvAgZUEKzYRBOEBdVZIR4igbDSjVV0Cfbil5dJp16zL2qN20a1WS/qKINjcALOgA0uQRPcgBZoAwwy8AxewZvxZLwY78bHfLRkFDuH4A+Mzx/duZVm</latexit>

j, hj 2 Rd

G

<latexit sha1_base64="8VP0/IVDU56QPwB38CRfUSxlad8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU5INS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak1a+V6NY+jAOdwAVfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8AzZuM5g==</latexit>

i
<latexit sha1_base64="j4RWcQhFTsXFOFPPChFUIwlRNX4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjwmYB6QLGF20ptMMju7zMwKYckXePGgiFc/yZt/4+Rx0MSChqKqm+6uIBFcG9f9dnJb2zu7e/n9wsHh0fFJ8fSspeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe4XS27ZXYBsEm9FSrBCvV/86g1ilkYoDRNU667nJsbPqDKcCZwVeqnGhLIJHWLXUkkj1H62OHRGrqwyIGGsbElDFurviYxGWk+jwHZG1Iz0ujcX//O6qQnv/IzLJDUo2XJRmApiYjL/mgy4QmbE1BLKFLe3EjaiijJjsynYELz1lzdJq1L2bsrVRrVUq6ziyMMFXMI1eHALNXiAOjSBAcIzvMKbM3ZenHfnY9mac1Yz5/AHzucPzx+M5w==</latexit>

j

Graph topology
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Fundamental embedding property

Xavier Bresson 45

The embedding space must preserve the proximity of nodes.

If nodes i and j are close on the graph G, their corresponding embedding vectors (hi,hj) in Rd  

should also be close in the embedding space. 

+

+
+

<latexit sha1_base64="Yb/z2pnwgpGBQdVCOsOzQaFOQYo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlVJcFNy6r2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkobm1vbO+Xdyt7+weFR9fikp+JUEtolMY/lwMeKciZoVzPN6SCRFEc+p31/epP7/ScqFYvFg54l1IvwWLCQEayN5LoR1hPfz+7nj8GoWrPr9gJonTgFqUGBzqj65QYxSSMqNOFYqaFjJ9rLsNSMcDqvuKmiCSZTPKZDQwWOqPKyReY5ujBKgMJYmic0Wqi/NzIcKTWLfDOZZ1SrXi7+5w1THV57GRNJqqkgy0NhypGOUV4ACpikRPOZIZhIZrIiMsESE21qqpgSnNUvr5Neo+606s27Zq3dKOoowxmcwyU4cAVtuIUOdIFAAs/wCm9War1Y79bHcrRkFTun8AfW5w80F5HB</latexit>

Rd <latexit sha1_base64="yZ15eR9rww++3oYhbl/0se7ZsOM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+OBGJQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd/XK41aHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBGTo3B</latexit>

hi
<latexit sha1_base64="N3KnSuA9q+/7nKKe2PsCvuzsIwE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWNF+wFtKJvtpF272YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbT6g0j+WDmSToR3QoecgZNVa6H/Uf+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFe+yUrurlevVPI4CnMIZXIAHV1CHW2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AFH0o3C</latexit>

hj
<latexit sha1_base64="D0Btu5ydyY+P6IBv6Y8eJKJNjwM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbRU9ktRT0WvHisYD+gXUo2zbZps8mSZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wvcv8zhNVmknxaGYx9SM8EixkBBsrtceDdHI5H5QrbtVdAK0TLycVyNEclL/6Q0mSiApDONa657mx8VOsDCOczkv9RNMYkyke0Z6lAkdU++ni2jm6sMoQhVLZEgYt1N8TKY60nkWB7YywGetVLxP/83qJCW/9lIk4MVSQ5aIw4chIlL2OhkxRYvjMEkwUs7ciMsYKE2MDKtkQvNWX10m7VvWuq/WHeqVRy+MowhmcwxV4cAMNuIcmtIDABJ7hFd4c6bw4787HsrXg5DOn8AfO5w9ua47/</latexit>

hj0+

G

<latexit sha1_base64="8VP0/IVDU56QPwB38CRfUSxlad8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU5INS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak1a+V6NY+jAOdwAVfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8AzZuM5g==</latexit>

i
<latexit sha1_base64="j4RWcQhFTsXFOFPPChFUIwlRNX4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjwmYB6QLGF20ptMMju7zMwKYckXePGgiFc/yZt/4+Rx0MSChqKqm+6uIBFcG9f9dnJb2zu7e/n9wsHh0fFJ8fSspeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe4XS27ZXYBsEm9FSrBCvV/86g1ilkYoDRNU667nJsbPqDKcCZwVeqnGhLIJHWLXUkkj1H62OHRGrqwyIGGsbElDFurviYxGWk+jwHZG1Iz0ujcX//O6qQnv/IzLJDUo2XJRmApiYjL/mgy4QmbE1BLKFLe3EjaiijJjsynYELz1lzdJq1L2bsrVRrVUq6ziyMMFXMI1eHALNXiAOjSBAcIzvMKbM3ZenHfnY9mac1Yz5/AHzucPzx+M5w==</latexit>

j

<latexit sha1_base64="OE6Trm8/bBBUppjpB9nZpecc4IE=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjF6IruEqEcSLx7RyCOBDZkdemFkdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/vG8Vyy5ZXcOskq8jJQgQ71X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzSKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeO1PuExSg5ItFoWpICYms7dJnytkRowtoUxxeythQ6ooMzacgg3BW355lTQrZe+yXL2rlmqVLI48nMApXIAHV1CDW6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AEvmI0Y</latexit>

j0

Node 
embedding
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Shallow embedding

Xavier Bresson 46

The most straightforward shallow node feature can be constructed as follows :

One-hot encoding : Each node index i ∈ {0,1,…,N-1} is represented by the basis vector              
ei ∈ RN , a.k.a. as one-hot encoding vector ei = [0,0,..0,1,0,…,0] ∈ RN.

Linear Transformation : This one-hot vector is then linearly transformed to produce the 
node embedding vector hi = Wei ∈ Rd, with W ∈ Rd x N.

Matrix W is also called an Embedding lookup, which maps node i to hi = Wei = W.,i ∈ Rd.

Interpretation : W is a learnable embedding table whose columns are optimized using a graph-
based objective to capture node relationships. 

W =
[ ][ ]

N

d

i

Embedding vector hi ∈ Rd 
of node i
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Learning pipeline

Xavier Bresson 47

How do we learn the embedding parameters W ?

Standard learning procedure

Select a similarity metric : Choose a distance measure to evaluate the similarity between 
two node embeddings.

Design a loss function : Create a loss function that promotes embedding similarity based on 
the selected metric.

Optimize parameters : Use gradient descent optimization to find the optimal parameters W 
that minimize the loss function.
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Node-to-vector embedding

Xavier Bresson 48

Motivation : Adapt word2vec[1] / skip-gram from word sequences to graphs.

DeepWalk[2] : uniform random walks

Node2vec[3] : biased random walks

Key idea :

Generate random walk (RW) sequences of nodes, treating nodes as words and walks as 
sentences.

Learn embeddings so that nodes co-occurring within                                                           
a walk context have similar representations.

[1] Mikolov, Sutskever, Chen, Corrado, Dean, Distributed representations of words and phrases and their compositionality, 2013
[2] Perozzi, Al-Rfou, Skiena, Deepwalk: Online learning of social representations, 2014 
[3] Grover, Leskovec, node2vec: Scalable feature learning for networks, 2016

RW
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Random walk generation

Xavier Bresson 49

How do we generate a random walk ?

Define the random walk probability transition matrix as :

Each row of P, i.e. Pi,., gives the probability to move from vertex i to vertex j, with Σj Pij = 1.

A random walk is generated by repeatedly sampling vt+1 ∼ Bernouilli/Categorical(Pvt,·), 

set vt ← vt+1 and repeat for the desired number T of steps.

The probability of a random-walk trajectory is 

Sampling a RW path 
(    ) in a graph

<latexit sha1_base64="DZZlcQkef4zcOspxu7UQewAwFS0="></latexit>

P = D�1A 2 RN⇥N , Dii =
X

j

Aij

0.1
i

j

0.3

0.6

<latexit sha1_base64="RNa6DRlYBgV5gQhaBGdroqsPNoQ=">AAACGXicbZC7SgNBFIZn4y3GW9TSZjAIsQm7ItFGCNhYrmAukA3L7GQ2mWT2wsxZNaz7Gja+io2FIpZa+TZOLoUmHhj4+P9zOHN+LxZcgWl+G7ml5ZXVtfx6YWNza3unuLvXUFEiKavTSESy5RHFBA9ZHTgI1oolI4EnWNMbXo795i2TikfhDYxi1glIL+Q+pwS05BZNB9g9yCC1Zeam3JG81wciZXSHBxm+wI4ty4MHfqzR1v4gc4sls2JOCi+CNYMSmpXtFj+dbkSTgIVABVGqbZkxdFIigVPBsoKTKBYTOiQ91tYYkoCpTjq5LMNHWuliP5L6hYAn6u+JlARKjQJPdwYE+mreG4v/ee0E/PNOysM4ARbS6SI/ERgiPI4Jd7lkFMRIA6GS679i2ieSUNBhFnQI1vzJi9A4qVjVSvX6tFQzZ3Hk0QE6RGVkoTNUQ1fIRnVE0SN6Rq/ozXgyXox342PamjNmM/voTxlfP0fnoF8=</latexit>

Pri!j = Pr(j|i) = Pij

<latexit sha1_base64="Iu0HsySd3tzkCXpA5H8ZEwZB0gA=">AAAB7HicbVBNS8NAEJ3Urxq/qh69BIvgqSQi1WPBi8cKphbaUDbbTbt0swm7k0IJ/Q1ePCji1R/kzX/jps1BWx8MPN6bYWZemAqu0XW/rcrG5tb2TnXX3ts/ODyqHZ90dJIpynyaiER1Q6KZ4JL5yFGwbqoYiUPBnsLJXeE/TZnSPJGPOEtZEJOR5BGnBI3kTwdo24Na3W24CzjrxCtJHUq0B7Wv/jChWcwkUkG07nluikFOFHIq2NzuZ5qlhE7IiPUMlSRmOsgXx86dC6MMnShRpiQ6C/X3RE5irWdxaDpjgmO96hXif14vw+g2yLlMM2SSLhdFmXAwcYrPnSFXjKKYGUKo4uZWh46JIhRNPkUI3urL66Rz1fCajebDdb3llnFU4QzO4RI8uIEW3EMbfKDA4Rle4c2S1ov1bn0sWytWOXMKf2B9/gDXFo4C</latexit>vt

<latexit sha1_base64="yD8ZozXo7FOhscevZtgeczR+LVk=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWARBCUkItVlwY3LCvYBbQiT6aQdOnkwc1MoIW78FTcuFHHrX7jzb0zaLLT1wIXDOfdy7z1eLLgCy/rWKiura+sb1U19a3tnd8/YP2irKJGUtWgkItn1iGKCh6wFHATrxpKRwBOs441vC78zYVLxKHyAacycgAxD7nNKIJdc42jipnBuZ7iveICbbjpx4cLMdN01apZpzYCXiV2SGirRdI2v/iCiScBCoIIo1bOtGJyUSOBUsEzvJ4rFhI7JkPVyGpKAKSedfZDh01wZYD+SeYWAZ+rviZQESk0DL+8MCIzUoleI/3m9BPwbJ+VhnAAL6XyRnwgMES7iwAMuGQUxzQmhkue3YjoiklDIQytCsBdfXibtS9Oum/X7q1rDKuOoomN0gs6Qja5RA92hJmohih7RM3pFb9qT9qK9ax/z1opWzhyiP9A+fwBM0pV0</latexit>

vt+1 ⇠ Pvt,.

<latexit sha1_base64="rzRSJ8dEhTgzjtp48IHKgU2WvGc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWy203bpZhN3N4US+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJXea3p6g0j+SjmcXoh3Qk+ZAzaqzUmfa9UoZ+ueJW3QXIOvFyUoEcjX75qzeIWBKiNExQrbueGxs/pcpwJnBe6iUaY8omdIRdSyUNUfvp4t45ubDKgAwjZUsaslB/T6Q01HoWBrYzpGasV71M/M/rJmZ466dcxolByZaLhokgJiLZ82TAFTIjZpZQpri9lbAxVZQZG1EWgrf68jppXVW9WrX2cF2pu3kcRTiDc7gED26gDvfQgCYwEPAMr/DmPDkvzrvzsWwtOPnMKfyB8/kDEMGN+w==</latexit>v1
<latexit sha1_base64="XfFKXGTATyID4W4GDWS8YLymFWg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWMF+wFtKJvttF262cTdTaGE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMviAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28HkLvPbU1SaR/LRzGL0QzqSfMgZNVbqTPvVYoZ+qexW3AXIOvFyUoYcjX7pqzeIWBKiNExQrbueGxs/pcpwJnBe7CUaY8omdIRdSyUNUfvp4t45ubTKgAwjZUsaslB/T6Q01HoWBrYzpGasV71M/M/rJmZ466dcxolByZaLhokgJiLZ82TAFTIjZpZQpri9lbAxVZQZG1EWgrf68jppVSterVJ7uC7X3TyOApzDBVyBBzdQh3toQBMYCHiGV3hznpwX5935WLZuOPnMGfyB8/kDEkqN/A==</latexit>v2

<latexit sha1_base64="L1tPnO/KHY7GBZLJJtmWgCOZqnU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseCF48VbC20oWy2m3bpZhN3J4VS+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3Wb+45hrI2L1gJOE+xEdKBEKRtFK7XHvspShV664VXcOskq8nFQgR6NX/ur2Y5ZGXCGT1JiO5yboT6lGwSSflbqp4QllIzrgHUsVjbjxp/N7Z+TMKn0SxtqWQjJXf09MaWTMJApsZ0RxaJa9TPzP66QY3vhToZIUuWKLRWEqCcYke570heYM5cQSyrSwtxI2pJoytBFlIXjLL6+S1kXVq1Vr91eVOsnjKMIJnMI5eHANdbiDBjSBgYRneIU358l5cd6dj0VrwclnjuEPnM8fDwON7Q==</latexit>v3

<latexit sha1_base64="r/ELmaNDSpGBp08PSizKufDkCQk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWy203bpZhN3N4US+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJXea3p6g0j+SjmcXoh3Qk+ZAzaqzUmfavSxn65YpbdRcg68TLSQVyNPrlr94gYkmI0jBBte56bmz8lCrDmcB5qZdojCmb0BF2LZU0RO2ni3vn5MIqAzKMlC1pyEL9PZHSUOtZGNjOkJqxXvUy8T+vm5jhrZ9yGScGJVsuGiaCmIhkz5MBV8iMmFlCmeL2VsLGVFFmbERZCN7qy+ukdVX1atXaw3WlTvI4inAG53AJHtxAHe6hAU1gIOAZXuHNeXJenHfnY9lacPKZU/gD5/MHEIyN7g==</latexit>v4

<latexit sha1_base64="zv5PxH1aMUdSGkyduj8Ufjdr8Ds=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48VbC20oWy2m3bpZhN3J4VS+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3Wb+45hrI2L1gJOE+xEdKBEKRtFK7XHvqpShV664VXcOskq8nFQgR6NX/ur2Y5ZGXCGT1JiO5yboT6lGwSSflbqp4QllIzrgHUsVjbjxp/N7Z+TMKn0SxtqWQjJXf09MaWTMJApsZ0RxaJa9TPzP66QY3vhToZIUuWKLRWEqCcYke570heYM5cQSyrSwtxI2pJoytBFlIXjLL6+S1kXVq1Vr95eVOsnjKMIJnMI5eHANdbiDBjSBgYRneIU358l5cd6dj0VrwclnjuEPnM8fEhWN7w==</latexit>v5

<latexit sha1_base64="pGqyCBhSsQ7ms2dEkMcglCp/rSg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWy203bpZhN3N4US+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJXea3p6g0j+SjmcXoh3Qk+ZAzaqzUmfZrpQz9csWtuguQdeLlpAI5Gv3yV28QsSREaZigWnc9NzZ+SpXhTOC81Es0xpRN6Ai7lkoaovbTxb1zcmGVARlGypY0ZKH+nkhpqPUsDGxnSM1Yr3qZ+J/XTczw1k+5jBODki0XDRNBTESy58mAK2RGzCyhTHF7K2FjqigzNqIsBG/15XXSuqp6tWrt4bpSd/M4inAG53AJHtxAHe6hAU1gIOAZXuHNeXJenHfnY9lacPKZU/gD5/MHGG6OAA==</latexit>v6

<latexit sha1_base64="mZ295TFOLB1OuhHYE+13qRzsdwM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI67HgxWMF+wFtKJvtpF262cTdTaGU/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4LvPbE1Sax/LRTBP0IzqUPOSMGit1Jv1aMUO/VHYr7gJknXg5KUOORr/01RvELI1QGiao1l3PTYw/o8pwJnBe7KUaE8rGdIhdSyWNUPuzxb1zcmmVAQljZUsaslB/T8xopPU0CmxnRM1Ir3qZ+J/XTU1468+4TFKDki0XhakgJibZ82TAFTIjppZQpri9lbARVZQZG1EWgrf68jppXVe8aqX6cFOuu3kcBTiHC7gCD2pQh3toQBMYCHiGV3hznpwX5935WLZuOPnMGfyB8/kDGfeOAQ==</latexit>v7

<latexit sha1_base64="/DY9yBGraDh1kUYfC6snRigCAhk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rFCv6ANZbPdtEs3m7g7KZTSP+HFgyJe/Tve/Ddu2hy09cHA470ZZuYFiRQGXffb2djc2t7ZLewV9w8Oj45LJ6ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4PvPbE66NiFUDpwn3IzpUIhSMopU6k36jmKFfKrsVdwGyTryclCFHvV/66g1ilkZcIZPUmK7nJujPqEbBJJ8Xe6nhCWVjOuRdSxWNuPFni3vn5NIqAxLG2pZCslB/T8xoZMw0CmxnRHFkVr1M/M/rphje+TOhkhS5YstFYSoJxiR7ngyE5gzl1BLKtLC3EjaimjK0EWUheKsvr5PWdcWrVqqPN+Wam8dRgHO4gCvw4BZq8AB1aAIDCc/wCm/Ok/PivDsfy9YNJ585gz9wPn8ARnyOHg==</latexit>vT

<latexit sha1_base64="iNRxaRuxS+ee8XFJe8MOwD7bkNo=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWMF+wFtKJvtpF262cTdTaGU/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4LvPbE1Sax/LRTBP0IzqUPOSMGit1Jv1aMUO/VHYr7gJknXg5KUOORr/01RvELI1QGiao1l3PTYw/o8pwJnBe7KUaE8rGdIhdSyWNUPuzxb1zcmmVAQljZUsaslB/T8xopPU0CmxnRM1Ir3qZ+J/XTU1Y82dcJqlByZaLwlQQE5PseTLgCpkRU0soU9zeStiIKsqMjSgLwVt9eZ20ritetVJ9uCnX3TyOApzDBVyBB7dQh3toQBMYCHiGV3hznpwX5935WLZuOPnMGfyB8/kDG4COAg==</latexit>v8

<latexit sha1_base64="nhV3gS/wZ9M9DoKomCjXpCvHFuY="></latexit>

PRW(v1, . . . , vT ) = P (v1)
T�1Y

t=1

P (vt+1|vt)

where the starting node is uniformly sampled v1 ⇠ P (v1) = 1/|V |
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Random walk property

Xavier Bresson 50

Random walk exploration is stochastic, which provides both advantages and limitations.

Advantages : RWs are inexpensive to sample and can be generated in parallel.

Limitations : Many walks may be required for sufficient graph coverage, since finite walks are 
biases as they typically explore local neighborhoods.

Overall, RWs identify nodes that are closely connected in the graph.

We will assume that two nodes i and j are close if they belong to the same RW.

RW starting at i 
and reaching j after 
a few steps/hops.

RW
<latexit sha1_base64="HCFGQdfqR4puxm7EYF6kc7XbLDI=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHgxWME84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cTfagiQUNRVU33V1Rwpmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rc5n7niWrDlHyw04SGAo8kixnB1kltVs4xqFT9mj8HWiVBQapQoDmofPWHiqSCSks4NqYX+IkNM6wtI5zOyv3U0ASTCR7RnqMSC2rCbH7tDJ07ZYhipV1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYTFJLJVksilOOrEL562jINCWWTx3BRDN3KyJjrDGxLqA8hGD55VXSvqwF9Vr9/qra8Is4SnAKZ3ABAVxDA+6gCS0g8AjP8ApvnvJevHfvY9G65hUzJ/AH3ucP1HWNSg==</latexit>

i

<latexit sha1_base64="UF7MdQsB9qS1HJRZWeO+NDW8dC0=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqseCF48V7Qe0oWy2m3btZjfsboQS+hO8eFDEq7/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Vtd2d3b/+gcnjU1jJVhLaI5FJ1Q6wpZ4K2DDOcdhNFcRxy2gknN7nfeaJKMykezDShQYxHgkWMYGOl+0fXHVSqXs2bA60SvyBVKNAcVL76Q0nSmApDONa653uJCTKsDCOcztx+qmmCyQSPaM9SgWOqg2x+6gydWWWIIqlsCYPm6u+JDMdaT+PQdsbYjPWyl4v/eb3URNdBxkSSGirIYlGUcmQkyv9GQ6YoMXxqCSaK2VsRGWOFibHp5CH4yy+vkvZFza/X6neX1YZXxFGGEziFc/DhChpwC01oAYERPMMrvDnceXHenY9Fa8kpZo7hD5zPHzgwjQ8=</latexit>

j
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Skip-gram model

Xavier Bresson 51

After a random walk is generated, choose node vt as a center node and define its context                  
Ct = C(vt) using a window around node t.

Skip-gram assumes that context nodes Ct are conditionally independent given the center node vt : 

Thus, skip-gram model treats center node vt as a center word and the nodes in Ct as context 
words to be predicted from vt.

<latexit sha1_base64="qQYO8PoGhPfEphd//P1KZcdeJYs=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2g0GMTdgNEm2EQBrLCOYBSVhmJ5NkktnZZeZuIKz5BBt/xcZCEVtLO//GyaPQxAMXDufcy733+JHgGhzn20qtrW9sbqW3Mzu7e/sH9uFRTYexoqxKQxGqhk80E1yyKnAQrBEpRgJfsLo/LE/9+ogpzUN5D+OItQPSk7zLKQEjefZ5JVf24AGPPLi4aUUq7HjJoMUlNuqkkhvMnUzGs7NO3pkBrxJ3QbJogYpnf7U6IY0DJoEKonXTdSJoJ0QBp4JNMq1Ys4jQIemxpqGSBEy3k9lDE3xmlA7uhsqUBDxTf08kJNB6HPimMyDQ18veVPzPa8bQvW4nXEYxMEnni7qxwBDiaTq4wxWjIMaGEKq4uRXTPlGEgslwGoK7/PIqqRXybjFfvLvMlgqLONLoBJ2iHHLRFSqhW1RBVUTRI3pGr+jNerJerHfrY96ashYzx+gPrM8fBbybRA==</latexit>

P (Ct|vt) =
Y

j2Ct

P (j|vt)

<latexit sha1_base64="Iu0HsySd3tzkCXpA5H8ZEwZB0gA=">AAAB7HicbVBNS8NAEJ3Urxq/qh69BIvgqSQi1WPBi8cKphbaUDbbTbt0swm7k0IJ/Q1ePCji1R/kzX/jps1BWx8MPN6bYWZemAqu0XW/rcrG5tb2TnXX3ts/ODyqHZ90dJIpynyaiER1Q6KZ4JL5yFGwbqoYiUPBnsLJXeE/TZnSPJGPOEtZEJOR5BGnBI3kTwdo24Na3W24CzjrxCtJHUq0B7Wv/jChWcwkUkG07nluikFOFHIq2NzuZ5qlhE7IiPUMlSRmOsgXx86dC6MMnShRpiQ6C/X3RE5irWdxaDpjgmO96hXif14vw+g2yLlMM2SSLhdFmXAwcYrPnSFXjKKYGUKo4uZWh46JIhRNPkUI3urL66Rz1fCajebDdb3llnFU4QzO4RI8uIEW3EMbfKDA4Rle4c2S1ov1bn0sWytWOXMKf2B9/gDXFo4C</latexit>vt

<latexit sha1_base64="2aF2XMN2uzbOjjWIE5Cz0hsH/d0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiUj0WvHisYGuhDWWz3bZLN5u4OymU0D/hxYMiXv073vw3btoctPXBwOO9GWbmBbEUBl332ymsrW9sbhW3Szu7e/sH5cOjlokSzXiTRTLS7YAaLoXiTRQoeTvWnIaB5I/B+DbzHydcGxGpB5zG3A/pUImBYBSt1J70UrzwZqVeueJW3TnIKvFyUoEcjV75q9uPWBJyhUxSYzqeG6OfUo2CST4rdRPDY8rGdMg7lioacuOn83tn5MwqfTKItC2FZK7+nkhpaMw0DGxnSHFklr1M/M/rJDi48VOh4gS5YotFg0QSjEj2POkLzRnKqSWUaWFvJWxENWVoI8pC8JZfXiWty6pXq9buryp1N4+jCCdwCufgwTXU4Q4a0AQGEp7hFd6cJ+fFeXc+Fq0FJ585hj9wPn8AQVmPag==</latexit>vt+1<latexit sha1_base64="f1nUlxsXHQR5C6uw+F/AxBvuksE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIsgCCUpUj0WvHisYD+gDWWz3bRLN5u4OymU0D/hxYMiXv073vw3btoctPXBwOO9GWbm+bHgGh3n2ypsbG5t7xR3S3v7B4dH5eOTto4SRVmLRiJSXZ9oJrhkLeQoWDdWjIS+YB1/cpf5nSlTmkfyEWcx80IykjzglKCRutNBile1eWlQrjhVZwF7nbg5qUCO5qD81R9GNAmZRCqI1j3XidFLiUJOBZuX+olmMaETMmI9QyUJmfbSxb1z+8IoQzuIlCmJ9kL9PZGSUOtZ6JvOkOBYr3qZ+J/XSzC49VIu4wSZpMtFQSJsjOzseXvIFaMoZoYQqri51aZjoghFE1EWgrv68jpp16puvVp/uK40nDyOIpzBOVyCCzfQgHtoQgsoCHiGV3iznqwX6936WLYWrHzmFP7A+vwBQt+Paw==</latexit>vt+2

<latexit sha1_base64="YL97xWwiFBQVbm89p9WBSXz5BsE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgxZIUqR4LXjxWsB/QhrLZbtqlm03cnRRK6J/w4kERr/4db/4bN20O2vpg4PHeDDPz/FhwjY7zbRU2Nre2d4q7pb39g8Oj8vFJW0eJoqxFIxGprk80E1yyFnIUrBsrRkJfsI4/ucv8zpQpzSP5iLOYeSEZSR5wStBI3ekgxavavDQoV5yqs4C9TtycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1L/USzmNAJGbGeoZKETHvp4t65fWGUoR1EypREe6H+nkhJqPUs9E1nSHCsV71M/M/rJRjceimXcYJM0uWiIBE2Rnb2vD3kilEUM0MIVdzcatMxUYSiiSgLwV19eZ20a1W3Xq0/XFcaTh5HEc7gHC7BhRtowD00oQUUBDzDK7xZT9aL9W59LFsLVj5zCn9gff4ARe2PbQ==</latexit>vt�2

<latexit sha1_base64="RMJRCj8o+4XfLHEvwdhTaDPGvEs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBiyURqR4LXjxWsLXQhrLZbtulm03cnRRK6J/w4kERr/4db/4bN20O2vpg4PHeDDPzglgKg6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJZrzJIhnpdkANl0LxJgqUvB1rTsNA8sdgfJv5jxOujYjUA05j7od0qMRAMIpWak96KV54s1KvXHGr7hxklXg5qUCORq/81e1HLAm5QiapMR3PjdFPqUbBJJ+VuonhMWVjOuQdSxUNufHT+b0zcmaVPhlE2pZCMld/T6Q0NGYaBrYzpDgyy14m/ud1Ehzc+KlQcYJcscWiQSIJRiR7nvSF5gzl1BLKtLC3EjaimjK0EWUheMsvr5LWZdWrVWv3V5W6m8dRhBM4hXPw4BrqcAcNaAIDCc/wCm/Ok/PivDsfi9aCk88cwx84nz9EZ49s</latexit>vt�1

<latexit sha1_base64="f1nUlxsXHQR5C6uw+F/AxBvuksE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIsgCCUpUj0WvHisYD+gDWWz3bRLN5u4OymU0D/hxYMiXv073vw3btoctPXBwOO9GWbm+bHgGh3n2ypsbG5t7xR3S3v7B4dH5eOTto4SRVmLRiJSXZ9oJrhkLeQoWDdWjIS+YB1/cpf5nSlTmkfyEWcx80IykjzglKCRutNBile1eWlQrjhVZwF7nbg5qUCO5qD81R9GNAmZRCqI1j3XidFLiUJOBZuX+olmMaETMmI9QyUJmfbSxb1z+8IoQzuIlCmJ9kL9PZGSUOtZ6JvOkOBYr3qZ+J/XSzC49VIu4wSZpMtFQSJsjOzseXvIFaMoZoYQqri51aZjoghFE1EWgrv68jpp16puvVp/uK40nDyOIpzBOVyCCzfQgHtoQgsoCHiGV3iznqwX6936WLYWrHzmFP7A+vwBQt+Paw==</latexit>vt+2
<latexit sha1_base64="2aF2XMN2uzbOjjWIE5Cz0hsH/d0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiUj0WvHisYGuhDWWz3bZLN5u4OymU0D/hxYMiXv073vw3btoctPXBwOO9GWbmBbEUBl332ymsrW9sbhW3Szu7e/sH5cOjlokSzXiTRTLS7YAaLoXiTRQoeTvWnIaB5I/B+DbzHydcGxGpB5zG3A/pUImBYBSt1J70UrzwZqVeueJW3TnIKvFyUoEcjV75q9uPWBJyhUxSYzqeG6OfUo2CST4rdRPDY8rGdMg7lioacuOn83tn5MwqfTKItC2FZK7+nkhpaMw0DGxnSHFklr1M/M/rJDi48VOh4gS5YotFg0QSjEj2POkLzRnKqSWUaWFvJWxENWVoI8pC8JZfXiWty6pXq9buryp1N4+jCCdwCufgwTXU4Q4a0AQGEp7hFd6cJ+fFeXc+Fq0FJ585hj9wPn8AQVmPag==</latexit>vt+1

<latexit sha1_base64="Iu0HsySd3tzkCXpA5H8ZEwZB0gA=">AAAB7HicbVBNS8NAEJ3Urxq/qh69BIvgqSQi1WPBi8cKphbaUDbbTbt0swm7k0IJ/Q1ePCji1R/kzX/jps1BWx8MPN6bYWZemAqu0XW/rcrG5tb2TnXX3ts/ODyqHZ90dJIpynyaiER1Q6KZ4JL5yFGwbqoYiUPBnsLJXeE/TZnSPJGPOEtZEJOR5BGnBI3kTwdo24Na3W24CzjrxCtJHUq0B7Wv/jChWcwkUkG07nluikFOFHIq2NzuZ5qlhE7IiPUMlSRmOsgXx86dC6MMnShRpiQ6C/X3RE5irWdxaDpjgmO96hXif14vw+g2yLlMM2SSLhdFmXAwcYrPnSFXjKKYGUKo4uZWh46JIhRNPkUI3urL66Rz1fCajebDdb3llnFU4QzO4RI8uIEW3EMbfKDA4Rle4c2S1ov1bn0sWytWOXMKf2B9/gDXFo4C</latexit>vt

<latexit sha1_base64="RMJRCj8o+4XfLHEvwdhTaDPGvEs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBiyURqR4LXjxWsLXQhrLZbtulm03cnRRK6J/w4kERr/4db/4bN20O2vpg4PHeDDPzglgKg6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJZrzJIhnpdkANl0LxJgqUvB1rTsNA8sdgfJv5jxOujYjUA05j7od0qMRAMIpWak96KV54s1KvXHGr7hxklXg5qUCORq/81e1HLAm5QiapMR3PjdFPqUbBJJ+VuonhMWVjOuQdSxUNufHT+b0zcmaVPhlE2pZCMld/T6Q0NGYaBrYzpDgyy14m/ud1Ehzc+KlQcYJcscWiQSIJRiR7nvSF5gzl1BLKtLC3EjaimjK0EWUheMsvr5LWZdWrVWv3V5W6m8dRhBM4hXPw4BrqcAcNaAIDCc/wCm/Ok/PivDsfi9aCk88cwx84nz9EZ49s</latexit>vt�1
<latexit sha1_base64="YL97xWwiFBQVbm89p9WBSXz5BsE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgxZIUqR4LXjxWsB/QhrLZbtqlm03cnRRK6J/w4kERr/4db/4bN20O2vpg4PHeDDPz/FhwjY7zbRU2Nre2d4q7pb39g8Oj8vFJW0eJoqxFIxGprk80E1yyFnIUrBsrRkJfsI4/ucv8zpQpzSP5iLOYeSEZSR5wStBI3ekgxavavDQoV5yqs4C9TtycVCBHc1D+6g8jmoRMIhVE657rxOilRCGngs1L/USzmNAJGbGeoZKETHvp4t65fWGUoR1EypREe6H+nkhJqPUs9E1nSHCsV71M/M/rJRjceimXcYJM0uWiIBE2Rnb2vD3kilEUM0MIVdzcatMxUYSiiSgLwV19eZ20a1W3Xq0/XFcaTh5HEc7gHC7BhRtowD00oQUUBDzDK7xZT9aL9W59LFsLVj5zCn9gff4ARe2PbQ==</latexit>vt�2

<latexit sha1_base64="81r2rspjwieUB8PqI03dlkwkyFU="></latexit>

P (j|vt), j 2 Ct

with Ct = {vt�2, vt�1, vt+1, vt+2}
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Probability of skip-gram model

Xavier Bresson 52

The model learns to predict each context node j ∈ Ct from the center node vt.

For a sampled random walk RW = (v1,...,vT), the skip-gram likelihood of all observed center–
context pairs is defined as 

where the log function is used for faster and more stable computations.

<latexit sha1_base64="Iu0HsySd3tzkCXpA5H8ZEwZB0gA=">AAAB7HicbVBNS8NAEJ3Urxq/qh69BIvgqSQi1WPBi8cKphbaUDbbTbt0swm7k0IJ/Q1ePCji1R/kzX/jps1BWx8MPN6bYWZemAqu0XW/rcrG5tb2TnXX3ts/ODyqHZ90dJIpynyaiER1Q6KZ4JL5yFGwbqoYiUPBnsLJXeE/TZnSPJGPOEtZEJOR5BGnBI3kTwdo24Na3W24CzjrxCtJHUq0B7Wv/jChWcwkUkG07nluikFOFHIq2NzuZ5qlhE7IiPUMlSRmOsgXx86dC6MMnShRpiQ6C/X3RE5irWdxaDpjgmO96hXif14vw+g2yLlMM2SSLhdFmXAwcYrPnSFXjKKYGUKo4uZWh46JIhRNPkUI3urL66Rz1fCajebDdb3llnFU4QzO4RI8uIEW3EMbfKDA4Rle4c2S1ov1bn0sWytWOXMKf2B9/gDXFo4C</latexit>vt

<latexit sha1_base64="rzRSJ8dEhTgzjtp48IHKgU2WvGc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWy203bpZhN3N4US+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJXea3p6g0j+SjmcXoh3Qk+ZAzaqzUmfa9UoZ+ueJW3QXIOvFyUoEcjX75qzeIWBKiNExQrbueGxs/pcpwJnBe6iUaY8omdIRdSyUNUfvp4t45ubDKgAwjZUsaslB/T6Q01HoWBrYzpGasV71M/M/rJmZ466dcxolByZaLhokgJiLZ82TAFTIjZpZQpri9lbAxVZQZG1EWgrf68jppXVW9WrX2cF2pu3kcRTiDc7gED26gDvfQgCYwEPAMr/DmPDkvzrvzsWwtOPnMKfyB8/kDEMGN+w==</latexit>v1
<latexit sha1_base64="XfFKXGTATyID4W4GDWS8YLymFWg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWMF+wFtKJvttF262cTdTaGE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMviAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28HkLvPbU1SaR/LRzGL0QzqSfMgZNVbqTPvVYoZ+qexW3AXIOvFyUoYcjX7pqzeIWBKiNExQrbueGxs/pcpwJnBe7CUaY8omdIRdSyUNUfvp4t45ubTKgAwjZUsaslB/T6Q01HoWBrYzpGasV71M/M/rJmZ466dcxolByZaLhokgJiLZ82TAFTIjZpZQpri9lbAxVZQZG1EWgrf68jppVSterVJ7uC7X3TyOApzDBVyBBzdQh3toQBMYCHiGV3hznpwX5935WLZuOPnMGfyB8/kDEkqN/A==</latexit>v2

<latexit sha1_base64="L1tPnO/KHY7GBZLJJtmWgCOZqnU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseCF48VbC20oWy2m3bpZhN3J4VS+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3Wb+45hrI2L1gJOE+xEdKBEKRtFK7XHvspShV664VXcOskq8nFQgR6NX/ur2Y5ZGXCGT1JiO5yboT6lGwSSflbqp4QllIzrgHUsVjbjxp/N7Z+TMKn0SxtqWQjJXf09MaWTMJApsZ0RxaJa9TPzP66QY3vhToZIUuWKLRWEqCcYke570heYM5cQSyrSwtxI2pJoytBFlIXjLL6+S1kXVq1Vr91eVOsnjKMIJnMI5eHANdbiDBjSBgYRneIU358l5cd6dj0VrwclnjuEPnM8fDwON7Q==</latexit>v3

<latexit sha1_base64="r/ELmaNDSpGBp08PSizKufDkCQk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWy203bpZhN3N4US+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJXea3p6g0j+SjmcXoh3Qk+ZAzaqzUmfavSxn65YpbdRcg68TLSQVyNPrlr94gYkmI0jBBte56bmz8lCrDmcB5qZdojCmb0BF2LZU0RO2ni3vn5MIqAzKMlC1pyEL9PZHSUOtZGNjOkJqxXvUy8T+vm5jhrZ9yGScGJVsuGiaCmIhkz5MBV8iMmFlCmeL2VsLGVFFmbERZCN7qy+ukdVX1atXaw3WlTvI4inAG53AJHtxAHe6hAU1gIOAZXuHNeXJenHfnY9lacPKZU/gD5/MHEIyN7g==</latexit>v4

<latexit sha1_base64="zv5PxH1aMUdSGkyduj8Ufjdr8Ds=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48VbC20oWy2m3bpZhN3J4VS+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3Wb+45hrI2L1gJOE+xEdKBEKRtFK7XHvqpShV664VXcOskq8nFQgR6NX/ur2Y5ZGXCGT1JiO5yboT6lGwSSflbqp4QllIzrgHUsVjbjxp/N7Z+TMKn0SxtqWQjJXf09MaWTMJApsZ0RxaJa9TPzP66QY3vhToZIUuWKLRWEqCcYke570heYM5cQSyrSwtxI2pJoytBFlIXjLL6+S1kXVq1Vr95eVOsnjKMIJnMI5eHANdbiDBjSBgYRneIU358l5cd6dj0VrwclnjuEPnM8fEhWN7w==</latexit>v5

<latexit sha1_base64="pGqyCBhSsQ7ms2dEkMcglCp/rSg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWy203bpZhN3N4US+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJXea3p6g0j+SjmcXoh3Qk+ZAzaqzUmfZrpQz9csWtuguQdeLlpAI5Gv3yV28QsSREaZigWnc9NzZ+SpXhTOC81Es0xpRN6Ai7lkoaovbTxb1zcmGVARlGypY0ZKH+nkhpqPUsDGxnSM1Yr3qZ+J/XTczw1k+5jBODki0XDRNBTESy58mAK2RGzCyhTHF7K2FjqigzNqIsBG/15XXSuqp6tWrt4bpSd/M4inAG53AJHtxAHe6hAU1gIOAZXuHNeXJenHfnY9lacPKZU/gD5/MHGG6OAA==</latexit>v6

<latexit sha1_base64="mZ295TFOLB1OuhHYE+13qRzsdwM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI67HgxWMF+wFtKJvtpF262cTdTaGU/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4LvPbE1Sax/LRTBP0IzqUPOSMGit1Jv1aMUO/VHYr7gJknXg5KUOORr/01RvELI1QGiao1l3PTYw/o8pwJnBe7KUaE8rGdIhdSyWNUPuzxb1zcmmVAQljZUsaslB/T8xopPU0CmxnRM1Ir3qZ+J/XTU1468+4TFKDki0XhakgJibZ82TAFTIjppZQpri9lbARVZQZG1EWgrf68jppXVe8aqX6cFOuu3kcBTiHC7gCD2pQh3toQBMYCHiGV3hznpwX5935WLZuOPnMGfyB8/kDGfeOAQ==</latexit>v7

<latexit sha1_base64="/DY9yBGraDh1kUYfC6snRigCAhk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rFCv6ANZbPdtEs3m7g7KZTSP+HFgyJe/Tve/Ddu2hy09cHA470ZZuYFiRQGXffb2djc2t7ZLewV9w8Oj45LJ6ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4PvPbE66NiFUDpwn3IzpUIhSMopU6k36jmKFfKrsVdwGyTryclCFHvV/66g1ilkZcIZPUmK7nJujPqEbBJJ8Xe6nhCWVjOuRdSxWNuPFni3vn5NIqAxLG2pZCslB/T8xoZMw0CmxnRHFkVr1M/M/rphje+TOhkhS5YstFYSoJxiR7ngyE5gzl1BLKtLC3EjaimjK0EWUheKsvr5PWdcWrVqqPN+Wam8dRgHO4gCvw4BZq8AB1aAIDCc/wCm/Ok/PivDsfy9YNJ585gz9wPn8ARnyOHg==</latexit>vT

<latexit sha1_base64="iNRxaRuxS+ee8XFJe8MOwD7bkNo=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWMF+wFtKJvtpF262cTdTaGU/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4LvPbE1Sax/LRTBP0IzqUPOSMGit1Jv1aMUO/VHYr7gJknXg5KUOORr/01RvELI1QGiao1l3PTYw/o8pwJnBe7KUaE8rGdIhdSyWNUPuzxb1zcmmVAQljZUsaslB/T8xopPU0CmxnRM1Ir3qZ+J/XTU1Y82dcJqlByZaLwlQQE5PseTLgCpkRU0soU9zeStiIKsqMjSgLwVt9eZ20ritetVJ9uCnX3TyOApzDBVyBB7dQh3toQBMYCHiGV3hznpwX5935WLZuOPnMGfyB8/kDG4COAg==</latexit>v8

<latexit sha1_base64="aaT5PppemBefNEGrsEuFx8G/h9M=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiUj0WvHisYD+gDWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfD/32xOujYjVE04T7kd0qEQoGEUrtSf9DK+8Wb9ccavuAmSdeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5V6qeEJZWM65F1LFY248bPFuTNyYZUBCWNtSyFZqL8nMhoZM40C2xlRHJlVby7+53VTDO/8TKgkRa7YclGYSoIxmf9OBkJzhnJqCWVa2FsJG1FNGdqESjYEb/XlddK6rnq1au3xplJ38ziKcAbncAke3EIdHqABTWAwhmd4hTcncV6cd+dj2Vpw8plT+APn8wcKpI9W</latexit>vt+1RW<latexit sha1_base64="UuHe/OLA6ohEhlsVFAlRy41ssxg="></latexit>

PSG(RW) =
TY

t=1

Y

j2Ct

P (j|vt)

logPSG(RW) =
TX

t=1

X

j2Ct

logP (j|vt)
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Learning skip-gram node embeddings

Xavier Bresson 53

To learn node embeddings that capture graph topology, we will maximize the expected skip-
gram log-likelihood over random walks sampled from the graph G :

Maximizing this objective enforces nodes that co-occur in random walk contexts to have similar 
embeddings, thereby preserving graph proximity and higher-order connectivity.

Expectation/average 
over sampled 
random walks.

<latexit sha1_base64="Iu0HsySd3tzkCXpA5H8ZEwZB0gA=">AAAB7HicbVBNS8NAEJ3Urxq/qh69BIvgqSQi1WPBi8cKphbaUDbbTbt0swm7k0IJ/Q1ePCji1R/kzX/jps1BWx8MPN6bYWZemAqu0XW/rcrG5tb2TnXX3ts/ODyqHZ90dJIpynyaiER1Q6KZ4JL5yFGwbqoYiUPBnsLJXeE/TZnSPJGPOEtZEJOR5BGnBI3kTwdo24Na3W24CzjrxCtJHUq0B7Wv/jChWcwkUkG07nluikFOFHIq2NzuZ5qlhE7IiPUMlSRmOsgXx86dC6MMnShRpiQ6C/X3RE5irWdxaDpjgmO96hXif14vw+g2yLlMM2SSLhdFmXAwcYrPnSFXjKKYGUKo4uZWh46JIhRNPkUI3urL66Rz1fCajebDdb3llnFU4QzO4RI8uIEW3EMbfKDA4Rle4c2S1ov1bn0sWytWOXMKf2B9/gDXFo4C</latexit>vt

<latexit sha1_base64="rzRSJ8dEhTgzjtp48IHKgU2WvGc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWy203bpZhN3N4US+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJXea3p6g0j+SjmcXoh3Qk+ZAzaqzUmfa9UoZ+ueJW3QXIOvFyUoEcjX75qzeIWBKiNExQrbueGxs/pcpwJnBe6iUaY8omdIRdSyUNUfvp4t45ubDKgAwjZUsaslB/T6Q01HoWBrYzpGasV71M/M/rJmZ466dcxolByZaLhokgJiLZ82TAFTIjZpZQpri9lbAxVZQZG1EWgrf68jppXVW9WrX2cF2pu3kcRTiDc7gED26gDvfQgCYwEPAMr/DmPDkvzrvzsWwtOPnMKfyB8/kDEMGN+w==</latexit>v1
<latexit sha1_base64="XfFKXGTATyID4W4GDWS8YLymFWg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWMF+wFtKJvttF262cTdTaGE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMviAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28HkLvPbU1SaR/LRzGL0QzqSfMgZNVbqTPvVYoZ+qexW3AXIOvFyUoYcjX7pqzeIWBKiNExQrbueGxs/pcpwJnBe7CUaY8omdIRdSyUNUfvp4t45ubTKgAwjZUsaslB/T6Q01HoWBrYzpGasV71M/M/rJmZ466dcxolByZaLhokgJiLZ82TAFTIjZpZQpri9lbAxVZQZG1EWgrf68jppVSterVJ7uC7X3TyOApzDBVyBBzdQh3toQBMYCHiGV3hznpwX5935WLZuOPnMGfyB8/kDEkqN/A==</latexit>v2

<latexit sha1_base64="L1tPnO/KHY7GBZLJJtmWgCOZqnU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseCF48VbC20oWy2m3bpZhN3J4VS+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3Wb+45hrI2L1gJOE+xEdKBEKRtFK7XHvspShV664VXcOskq8nFQgR6NX/ur2Y5ZGXCGT1JiO5yboT6lGwSSflbqp4QllIzrgHUsVjbjxp/N7Z+TMKn0SxtqWQjJXf09MaWTMJApsZ0RxaJa9TPzP66QY3vhToZIUuWKLRWEqCcYke570heYM5cQSyrSwtxI2pJoytBFlIXjLL6+S1kXVq1Vr91eVOsnjKMIJnMI5eHANdbiDBjSBgYRneIU358l5cd6dj0VrwclnjuEPnM8fDwON7Q==</latexit>v3

<latexit sha1_base64="r/ELmaNDSpGBp08PSizKufDkCQk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWy203bpZhN3N4US+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJXea3p6g0j+SjmcXoh3Qk+ZAzaqzUmfavSxn65YpbdRcg68TLSQVyNPrlr94gYkmI0jBBte56bmz8lCrDmcB5qZdojCmb0BF2LZU0RO2ni3vn5MIqAzKMlC1pyEL9PZHSUOtZGNjOkJqxXvUy8T+vm5jhrZ9yGScGJVsuGiaCmIhkz5MBV8iMmFlCmeL2VsLGVFFmbERZCN7qy+ukdVX1atXaw3WlTvI4inAG53AJHtxAHe6hAU1gIOAZXuHNeXJenHfnY9lacPKZU/gD5/MHEIyN7g==</latexit>v4

<latexit sha1_base64="zv5PxH1aMUdSGkyduj8Ufjdr8Ds=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48VbC20oWy2m3bpZhN3J4VS+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3Wb+45hrI2L1gJOE+xEdKBEKRtFK7XHvqpShV664VXcOskq8nFQgR6NX/ur2Y5ZGXCGT1JiO5yboT6lGwSSflbqp4QllIzrgHUsVjbjxp/N7Z+TMKn0SxtqWQjJXf09MaWTMJApsZ0RxaJa9TPzP66QY3vhToZIUuWKLRWEqCcYke570heYM5cQSyrSwtxI2pJoytBFlIXjLL6+S1kXVq1Vr95eVOsnjKMIJnMI5eHANdbiDBjSBgYRneIU358l5cd6dj0VrwclnjuEPnM8fEhWN7w==</latexit>v5

<latexit sha1_base64="pGqyCBhSsQ7ms2dEkMcglCp/rSg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWy203bpZhN3N4US+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJXea3p6g0j+SjmcXoh3Qk+ZAzaqzUmfZrpQz9csWtuguQdeLlpAI5Gv3yV28QsSREaZigWnc9NzZ+SpXhTOC81Es0xpRN6Ai7lkoaovbTxb1zcmGVARlGypY0ZKH+nkhpqPUsDGxnSM1Yr3qZ+J/XTczw1k+5jBODki0XDRNBTESy58mAK2RGzCyhTHF7K2FjqigzNqIsBG/15XXSuqp6tWrt4bpSd/M4inAG53AJHtxAHe6hAU1gIOAZXuHNeXJenHfnY9lacPKZU/gD5/MHGG6OAA==</latexit>v6

<latexit sha1_base64="mZ295TFOLB1OuhHYE+13qRzsdwM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI67HgxWMF+wFtKJvtpF262cTdTaGU/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4LvPbE1Sax/LRTBP0IzqUPOSMGit1Jv1aMUO/VHYr7gJknXg5KUOORr/01RvELI1QGiao1l3PTYw/o8pwJnBe7KUaE8rGdIhdSyWNUPuzxb1zcmmVAQljZUsaslB/T8xopPU0CmxnRM1Ir3qZ+J/XTU1468+4TFKDki0XhakgJibZ82TAFTIjppZQpri9lbARVZQZG1EWgrf68jppXVe8aqX6cFOuu3kcBTiHC7gCD2pQh3toQBMYCHiGV3hznpwX5935WLZuOPnMGfyB8/kDGfeOAQ==</latexit>v7

<latexit sha1_base64="/DY9yBGraDh1kUYfC6snRigCAhk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rFCv6ANZbPdtEs3m7g7KZTSP+HFgyJe/Tve/Ddu2hy09cHA470ZZuYFiRQGXffb2djc2t7ZLewV9w8Oj45LJ6ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4PvPbE66NiFUDpwn3IzpUIhSMopU6k36jmKFfKrsVdwGyTryclCFHvV/66g1ilkZcIZPUmK7nJujPqEbBJJ8Xe6nhCWVjOuRdSxWNuPFni3vn5NIqAxLG2pZCslB/T8xoZMw0CmxnRHFkVr1M/M/rphje+TOhkhS5YstFYSoJxiR7ngyE5gzl1BLKtLC3EjaimjK0EWUheKsvr5PWdcWrVqqPN+Wam8dRgHO4gCvw4BZq8AB1aAIDCc/wCm/Ok/PivDsfy9YNJ585gz9wPn8ARnyOHg==</latexit>vT

<latexit sha1_base64="iNRxaRuxS+ee8XFJe8MOwD7bkNo=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWMF+wFtKJvtpF262cTdTaGU/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4LvPbE1Sax/LRTBP0IzqUPOSMGit1Jv1aMUO/VHYr7gJknXg5KUOORr/01RvELI1QGiao1l3PTYw/o8pwJnBe7KUaE8rGdIhdSyWNUPuzxb1zcmmVAQljZUsaslB/T8xopPU0CmxnRM1Ir3qZ+J/XTU1Y82dcJqlByZaLwlQQE5PseTLgCpkRU0soU9zeStiIKsqMjSgLwVt9eZ20ritetVJ9uCnX3TyOApzDBVyBB7dQh3toQBMYCHiGV3hznpwX5935WLZuOPnMGfyB8/kDG4COAg==</latexit>v8

<latexit sha1_base64="aaT5PppemBefNEGrsEuFx8G/h9M=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiUj0WvHisYD+gDWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfD/32xOujYjVE04T7kd0qEQoGEUrtSf9DK+8Wb9ccavuAmSdeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5V6qeEJZWM65F1LFY248bPFuTNyYZUBCWNtSyFZqL8nMhoZM40C2xlRHJlVby7+53VTDO/8TKgkRa7YclGYSoIxmf9OBkJzhnJqCWVa2FsJG1FNGdqESjYEb/XlddK6rnq1au3xplJ38ziKcAbncAke3EIdHqABTWAwhmd4hTcncV6cd+dj2Vpw8plT+APn8wcKpI9W</latexit>vt+1RW

W ∈ Rd x N denotes the 
learnable node embedding 

parameters.

<latexit sha1_base64="vkOy5nnUBWh43YMqeBIJV4D/NSY="></latexit>

max
W

ER⇠PRW(·|G)

2

4
TX

t=1

X

j2Ct

logPW (j|vt)

3

5
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From graph proximity to conditional probability

Xavier Bresson 54

How to parametrize the conditional conditional PW(j|i) using node embeddings hi, hj ∈ Rd ?

If nodes i and j are close on the graph (equivalently in a sampled RW), then their 
embeddings (hi,hj) ∈ Rd should have a high similarity score.

Equivalently, if nodes i and j are close on the graph, their conditional probability PW(j|i) 
should have a high value.

Conclusion : High probability PW(j|i) implies similar embeddings (hi,hj), and inversely.

<latexit sha1_base64="Yb/z2pnwgpGBQdVCOsOzQaFOQYo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlVJcFNy6r2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkobm1vbO+Xdyt7+weFR9fikp+JUEtolMY/lwMeKciZoVzPN6SCRFEc+p31/epP7/ScqFYvFg54l1IvwWLCQEayN5LoR1hPfz+7nj8GoWrPr9gJonTgFqUGBzqj65QYxSSMqNOFYqaFjJ9rLsNSMcDqvuKmiCSZTPKZDQwWOqPKyReY5ujBKgMJYmic0Wqi/NzIcKTWLfDOZZ1SrXi7+5w1THV57GRNJqqkgy0NhypGOUV4ACpikRPOZIZhIZrIiMsESE21qqpgSnNUvr5Neo+606s27Zq3dKOoowxmcwyU4cAVtuIUOdIFAAs/wCm9War1Y79bHcrRkFTun8AfW5w80F5HB</latexit>

Rd

+

<latexit sha1_base64="yZ15eR9rww++3oYhbl/0se7ZsOM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+OBGJQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd/XK41aHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBGTo3B</latexit>

hi

+
<latexit sha1_base64="N3KnSuA9q+/7nKKe2PsCvuzsIwE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWNF+wFtKJvtpF272YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbT6g0j+WDmSToR3QoecgZNVa6H/Uf+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFe+yUrurlevVPI4CnMIZXIAHV1CHW2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AFH0o3C</latexit>

hj
+

<latexit sha1_base64="ONj+PlU0XEsSOWAaXr65nr8DNSo=">AAAB73icbVBNS8NAEJ3Urxq/oh69LBbRU0lKUY8FLx4r2A9oQ9lsN+3azSbuboQS+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8IOFMadf9tkpr6xubW+Vte2d3b//AOTxqqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaSeY3OR+54lKxWJxr6cJ9SM8EixkBGsjdceD7OF8ZtsDp+JW3TnQKvEKUoECzYHz1R/GJI2o0IRjpXqem2g/w1IzwunM7qeKJphM8Ij2DBU4osrP5vfO0JlRhiiMpSmh0Vz9PZHhSKlpFJjOCOuxWvZy8T+vl+rw2s+YSFJNBVksClOOdIzy59GQSUo0nxqCiWTmVkTGWGKiTUR5CN7yy6ukXat6l9X6Xb3SqBVxlOEETuECPLiCBtxCE1pAgMMzvMKb9Wi9WO/Wx6K1ZBUzx/AH1ucP20OPJw==</latexit>

hj0

j’, PW(j’|i)

i j, PW(j|i)

+

Node
embedding
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Parameterizing skip-gram probability

Xavier Bresson 55

Different parameterizations of PW(j|i) are possible :
<latexit sha1_base64="9fPbnwhFKccA/naMedjdBQrvdP0="></latexit>

PW (j|i) = �(sij)

Zi
Conditional probability

�(s) =

⇢
exp(s)
sigmoid(s) = (1 + e�s)�1 Base function (sparse/dense selection)

sij =

(
hT
i hj

�khi � hjk22
Embedding similarity score

Zi =
X

j02V

exp(sij0) Normalization constant (partition function)

hn = Wen,2 Rd, n 2 V Learnable node embedding
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Sampling-based approximation

Xavier Bresson 56

We approximate the expected skip-gram loss over random walks sampled from G.

Sampling-based approximation :

Starting nodes : Use nodes s in V as starting points for random walks.

RW generation : For each starting node s, sample one or more fixed-length random walks 
RW(s) (easily parallelized).

Context extraction : For each occurrence vt in RW(s), define context Ct using a local window 
around vt.

Objective : Minimize/max the empirical negative skip-gram loss over the sampled walks :

j ∈ RW(s)

s

i

RW(s)<latexit sha1_base64="4aaFsJGfUqdB6GvNWvhX315nMww="></latexit>

min
W

L(W ) =�
X

s2V

X

t

X

j2Ct(s)

logPW (j|vt(s))

m

max
W

X

s2V

X

t

X

j2Ct(s)

logPW (j|vt(s))
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max
W

X

s2V

X

t

X

j2Ct(s)

logPW (j|vt(s))

with PW (j|i) = exp(hT
i hj)P

j02V exp(hT
i hj0)

, hn = Wen 2 Rd

Brute-force training

Xavier Bresson 57

Two-step training algorithm :

Random walk sampling : For each node s in V, sample one or more fixed-length random 
walks RW(s) (walks can be generated in parallel). 

Loss maximization : Extract center–context pairs from the sampled walks and maximize the 
negative skip-gram log-likelihood :

However, the full softmax is expensive, making the overall complexity quadratic,                      
i.e. O(|V|2) = O(N2).
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Negative sampling

Xavier Bresson 58

It is a fast technique[1] for avoiding the expensive computation of the partition function Z 
(denominator) in the probability, by replacing multi-class prediction with binary classification.

The goal is to approximate the original problem by considering nodes outside the RW path : 
For each positive center–context pair (vt, j ∈ Ct), sample K negative nodes k1,...,kK ∼ q(k) 
(usually uniform distribution over V), and optimize :

Maximizing the new objective reinforces the probability of positive samples (as maximizing 
ratio Ppos/Pneg ⇒ Ppos > Pneg).

[1] Mikolov, Sutskever, Chen, Corrado, Dean, Distributed representations of words and phrases and their compositionality, 2013

Positive samples

Negative samples

<latexit sha1_base64="fIt1vpl6n3dO97Eh9U9YRFHdsNA="></latexit>
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Key insight

Xavier Bresson 59

The partition function Z can be discarded (by replacing sumV with sumK≪V ) :
<latexit sha1_base64="PvWo8i51Fq/errFOlOyzdnwAyj8="></latexit>
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vsthj for positive pairs and hT

vst
hkr for negative pairs.
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DeepWalk training[1]

Random-walk sampling : For each node s in V, sample one or more fixed-length random 
walks WR(s) in parallel.
Embedding optimization : Extract center–context pairs, and minimize the negative-
sampling loss using gradient descent :

The training cost scales as O(N.R.T.w.K.d) = O(N), where N is the number of nodes, R is 
walks per node, T walk length, w context-window size, K negative samples and d 
embedding dimension. 

Efficient algorithm

Xavier Bresson 60

[1] Perozzi, Al-Rfou, Skiena, Deepwalk: Online learning of social representations, 2014 
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Lab 4 : DeepWalk

Xavier Bresson 61

Implement DeepWalk[1] (2024 KDD Test of Time Award)

[1] Perozzi, Al-Rfou, Skiena, Deepwalk: Online learning of social representations, 2014 
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Node2vec : biased random walks

Xavier Bresson 62

Standard random walks explore graph neighborhoods using fixed, topology-based transition 
probabilities (no guidance).

While this approach is mathematically sound, it requires a large number of RWs to accurately 
approximate the skip-gram loss:

Node2vec[1] introduces biased random walks, controlled by scalar parameters p and q, to flexibly 
interpolate between local/BFS-like (breadth-first search) and outward/DFS-like (depth-first 
search) exploration. 

[1] Grover, Leskovec, node2vec: Scalable feature learning for networks, 2016

<latexit sha1_base64="l7KdPnbJKa3uPTx07To/nFuJrYM="></latexit>
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Node2vec : biased transition probabilities

Xavier Bresson 63

The new transition rule for random walks is defined as

The interpretation of q is :
q > 1 ⇒ more local/BFS-like
q < 1 ⇒ more outward/DFS-like.

Node-to-vec maintains a training linear complexity                                                              
with the graph size, i.e. O(N). 

<latexit sha1_base64="4X3K+KeYuh5Sh8iwWJ/5JLf9t4o="></latexit>
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1/p, d(u, j) = 0 (return to previous node)

1, d(u, j) = 1 (local/BFS-like move)

1/q, d(u, j) = 2 (outward/DFS-like exploration)

Node jprevious (return 
to previous node)

i
1/q

1/p

1

Node jlocal (stay local 
/ BFS-like)

Node jexplore (explore 
outward / DFS-like)
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Outline

Xavier Bresson 64

Graph prediction tasks and features

Hand-crafted graph feature 

Node feature

Edge feature

Graph feature

Shallow graph feature learning

Node feature

Edge & graph feature

Conclusion
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Edge representations from node embeddings

Xavier Bresson 65

Edge representation from node embeddings : Represent a node pair (i,j) by combining their node 
embeddings.

G
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with hn = Wen 2 Rd, n 2 V (node embedding)
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Edge embeddings with random walks

Xavier Bresson 66

Edge embeddings can be learned from random-walk edge sequences by treating an edge e = (i,j) 
as the center and nearby edges e’ = (k,l) as its context[1].

Skip-gram learns similar representations for edges that frequently co-occur within random-walk 
context windows, thereby capturing structural proximity between links.

[1] Li et-al, Edge Representation Learning for Community Detection in Large Scale Information Networks, 2018
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Graph embeddings with anonymous walks
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Learning graph-level embeddings :

Anonymous walk embeddings[1] : Sample anonymous walks (AW) from G and learn a graph 
vector by predicting a target walk from its context walks and the graph representation.

Anonymous walk : Replaces node identities by their order of occurrence, retaining only the 
structural visiting pattern. E.g. (v3,v7,v3,v2,v7) → (1,2,1,3,2). 

Permutation invariance : Relabeling the graph nodes does not change the pattern of a 
anonymous walk, i.e. AWs are invariant to node ordering. 

The learned graph vector summarizes structural patterns captured by the distribution and co-
occurrence of anonymous walks.

[1] Ivanov, Burnaev, Anonymous walk embeddings, 2018 AW=(1,2,3,4,3,5,6,7,8)
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<latexit sha1_base64="XLCFh3u6uHXpQO4XleFreeoIS0k="></latexit>

max
hG,W

E[logPW (at|Ct, hG)] , hG 2 Rd

where at is a sampled anonymous walk,

Ct is its context of co-occurring anonymous walks,

hG is the learnable graph representation.
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Outline
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Graph prediction tasks and features

Hand-crafted graph feature 

Node feature

Edge feature

Graph feature

Shallow graph feature learning

Node feature

Edge & graph feature

Conclusion
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Engineered / hand-crafted graph features

Engineered graph features are limited in expressivity and are often domain-specific,       
relying heavily on expert knowledge.

Shallow learned features 

Techniques like DeepWalk / Node2Vec learn node embeddings directly from graph topology 
and unsupervised losses.
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Transductive learning 

Can we transfer the node embeddings trained on graph G1 to a new graph G2?

No, DeepWalk learns a separate embedding vector for each node in the training graph G1,  
i.e. hi = Wei, W ∈ Rd × n1.

Hence, the embeddings are tied to the specific nodes of G1. 

Nodes in a new graph G2 do not have learned embeddings, unless the model is re-trained. 

Source[1]

+
Source[2]

Transfer?

[1] Hebatallah et-al, Locality-aware subgraphs for inductive link prediction in knowledge graphs, 2023
[2] https://aws.amazon.com/neptune/knowledge-graphs-on-aws 
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Limitations of shallow embeddings 

Limited expressivity : The use of a single learnable layer restricts the model’s expressivity 
and generalization capabilities -- multiple-layer architectures with compositional 
neighborhood -- aggregation function, are generally more effective.

Ignoring raw data features : The methods discussed here rely mainly on topology and do 
not integrate rich node or edge features, which means critical information are missing.

Lack of transferability : Transductive embeddings are tied to nodes seen during training 
and cannot generalize to unseen nodes or graphs. Hence, a new unseen node has no 
embedding unless the model is retrained or extended.

Next step : Graph Neural Networks
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Lab 5 : Graph coding warm-up
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Hands-on introduction to graph programming with NetworkX, PyTorch, DGL and PyG.
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Questions?

Xavier Bresson 73


