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Course lectures 

Introduction to Graph Machine Learning
Part 1: GML without feature learning 
(before 2014)

Introduction to Graph Science
Graph Analysis Techniques without 
Feature Learning

Graph clustering
Graph SVM
Recommendation on graphs
Graph-based visualization

Part 2 : GML with shallow feature learning 
(2014-2016)

Shallow graph feature learning

Part 3 : GML with deep feature learning, 
a.k.a. GNNs (after 2016)

Graph Convolutional Networks 
(spectral and spatial)
Weisfeiler-Lehman GNNs
Graph Transformer
Graph generation & molecular science 
Material design
Integrating GNNs and LLMs
Deep Learning for Combinatorial 
optimization
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Outline
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Review of graph network architectures

Graph positional encoding

Message-passing and over-squashing

Graph Transformer

Graph ViT / Hierarchical Transformer

Conclusion
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Review of graph network architectures

Graph positional encoding

Message-passing and over-squashing

Graph Transformer

Graph ViT / Hierarchical Transformer

Conclusion
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Deep learning across data structures

Xavier Bresson 5

To enable DL + X, we need three key ingredients : 
Data, compute / GPU and neural network

Different architectures exploit different data structures :
CNNs for regular grids, RNNs and Transformers for 
sequences and sets.
DL libraries PyTorch[1], TensorFlow[2] are GPU-
optimized for dense matrix operations.
Graph Neural Networks (GNNs) are more universal 
and broadly applicable architectures. 
Graph computations are sparse and irregular, 
making GPU execution less efficient / GPUs are   
not optimized for sparse matrix operations.

[1] Paszke et-al, Automatic differentiation in pytorch, 2017
[2] Abadi et-al, TensorFlow: a system for Large-Scale machine learning, 2016
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Speech Recognition (SR)

Graph-structure data
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What is a graph neural network (GNN) ? 

A learnable compositional function that maps a graph and its features to continuous vector 
representations for downstream tasks with permutation-equivariant outputs for node-/edge-
level prediction, and permutation-invariant outputs for graph-level prediction (defined on the 
next slide).

Typically formulated as message passing[1], and equivalently, we can view it as a discrete 
nonlinear diffusion process[2] on graphs :

Graph neural networks

Xavier Bresson 6
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ij, e`ijNode-update :

Edge-update :
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[1] Gilmer-etal, Neural message passing for quantum chemistry, 2017
[2] Bresson-Laurent, Residual gated graph convnets, 2017
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Permutation equivariance and invariance

Xavier Bresson 7

Symmetry : GNN layers are permutation-equivariant, graph-level readouts are 
permutation-invariant.

Definition of a permutation-equivariant function :

 meaning that relabeling nodes before applying fequi is equivalent to re-labeling the                
output afterward.

Definition of a permutation-invariant function :

 meaning that the output is unchanged by any re-labeling of the nodes.

<latexit sha1_base64="KcyWCEWE8Z3xC5F68LiM8cKxmUY="></latexit>

fequi(Ph, PAP>) = P fequi(h,A), h 2 Rn⇥d, A 2 Rn⇥n,

8P 2 Pn permutation matrix

<latexit sha1_base64="JTF7lJ5bv2F0kIn7eABozDrzYME="></latexit>

finv(Ph, PAP>) = finv(h,A), 8P 2 Pn
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Permutation equivariance Permutation invariance

h
fequi���! fequi(h)

??yP
??yP

Ph
fequi���! Pfequi(h)

h
finv��! finv(h)

??yP
??yP

Ph
finv��! finv(h)



8

Evolution of graph networks

Xavier Bresson 8

A brief history / key milestones of GNNs : Powerful GNNs
Expressivity, generalization, 
Linear complexity

Vanilla GNNs
2009 2014-17 2017- 2019- 2021-

Spectral GNNs Anisotropic 
GNNs

WL-GNNs Graph 
Transformers

Standard toolkit 
for analyzing/ 
learning data on 
graphs
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Early GNNs : Recurrent fixed-point model

Xavier Bresson 9

Contributions

First neural architecture for graph-structured data[1] : Shared local transition function with 
permutation equivariant-/invariant layer, independent of graph size, local receptive fields and 
weight sharing.

Linear cost per propagation step: O(n+nE).

Simplified update equation :

Limitations

Basically a recurrent neural network on graphs : Each node state is recursively updated from 
its neighbors on the graph.

Recurrent fixed-point model requiring iterative convergence.

Vanishing gradients and contractive dynamics limit long-range information propagation.

[1] Scarselli-etal, The Graph Neural Network Model, 2009

<latexit sha1_base64="kxCMIjyUKyjs7aWAnrYgDQSjV6I="></latexit>
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�
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j : j 2 Ni}
�
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=
X

j2Ni

�(Uxi + V h`
j) 2 Rd,
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Spectral GNNs : Graph Fourier filters

Xavier Bresson 10

Contributions[1,2,3]

Leverage graph spectral theory to define                                                                    
convolution on graphs.

Polynomial filters provide stable, robust to                                                             
perturbation, exact K-hop receptive fields.

Linear complexity O(K(n+nE)) = O(n).

GCN[3] is the most popular GNN technique.

Limitation
Isotropic aggregation:                                                                                          
Neighbors are processed                                                                                                 
by the same kernel.

[1] Bruna-Zaremba-Szlam-LeCun, Spectral networks and locally connected networks on graphs, 2013
[2] Defferrard-Bresson-Vandergheynst, Convolutional neural networks on graphs with fast localized spectral filtering, 2016
[3] Kipf-Welling, Semi-supervised classification with graph convolutional networks, 2017
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`
j1
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<latexit sha1_base64="80iz/A0giqUskrYzpgoYdRBiOT8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSFEGXBTcuK9gHtDFMpjft2MkkzEyEErvwV9y4UMStv+HOv3HSdqGtBy73cM69zJ0TJJwp7TjfVmFldW19o7hZ2tre2d2z9w9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDOxhd5X77AaRisbjV4wS8iAwECxkl2ki+fXTv1yp46GemT+56wHkph2+XnaozBV4m7pyU0RwN3/7q9WOaRiA05USprusk2suI1IxymJR6qYKE0BEZQNdQQSJQXja9f4JPjdLHYSxNCY2n6u+NjERKjaPATEZED9Wil4v/ed1Uh5dexkSSahB09lCYcqxjnIeB+0wC1XxsCKGSmVsxHRJJqDaR5SG4i19eJq1a1XWq7s15uV6Zx1FEx+gEnSEXXaA6ukYN1EQUPaJn9IrerCfrxXq3PmajBWu+c4j+wPr8AU26k5s=</latexit><latexit sha1_base64="80iz/A0giqUskrYzpgoYdRBiOT8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSFEGXBTcuK9gHtDFMpjft2MkkzEyEErvwV9y4UMStv+HOv3HSdqGtBy73cM69zJ0TJJwp7TjfVmFldW19o7hZ2tre2d2z9w9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDOxhd5X77AaRisbjV4wS8iAwECxkl2ki+fXTv1yp46GemT+56wHkph2+XnaozBV4m7pyU0RwN3/7q9WOaRiA05USprusk2suI1IxymJR6qYKE0BEZQNdQQSJQXja9f4JPjdLHYSxNCY2n6u+NjERKjaPATEZED9Wil4v/ed1Uh5dexkSSahB09lCYcqxjnIeB+0wC1XxsCKGSmVsxHRJJqDaR5SG4i19eJq1a1XWq7s15uV6Zx1FEx+gEnSEXXaA6ukYN1EQUPaJn9IrerCfrxXq3PmajBWu+c4j+wPr8AU26k5s=</latexit><latexit sha1_base64="80iz/A0giqUskrYzpgoYdRBiOT8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSFEGXBTcuK9gHtDFMpjft2MkkzEyEErvwV9y4UMStv+HOv3HSdqGtBy73cM69zJ0TJJwp7TjfVmFldW19o7hZ2tre2d2z9w9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDOxhd5X77AaRisbjV4wS8iAwECxkl2ki+fXTv1yp46GemT+56wHkph2+XnaozBV4m7pyU0RwN3/7q9WOaRiA05USprusk2suI1IxymJR6qYKE0BEZQNdQQSJQXja9f4JPjdLHYSxNCY2n6u+NjERKjaPATEZED9Wil4v/ed1Uh5dexkSSahB09lCYcqxjnIeB+0wC1XxsCKGSmVsxHRJJqDaR5SG4i19eJq1a1XWq7s15uV6Zx1FEx+gEnSEXXaA6ukYN1EQUPaJn9IrerCfrxXq3PmajBWu+c4j+wPr8AU26k5s=</latexit><latexit sha1_base64="80iz/A0giqUskrYzpgoYdRBiOT8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSFEGXBTcuK9gHtDFMpjft2MkkzEyEErvwV9y4UMStv+HOv3HSdqGtBy73cM69zJ0TJJwp7TjfVmFldW19o7hZ2tre2d2z9w9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDOxhd5X77AaRisbjV4wS8iAwECxkl2ki+fXTv1yp46GemT+56wHkph2+XnaozBV4m7pyU0RwN3/7q9WOaRiA05USprusk2suI1IxymJR6qYKE0BEZQNdQQSJQXja9f4JPjdLHYSxNCY2n6u+NjERKjaPATEZED9Wil4v/ed1Uh5dexkSSahB09lCYcqxjnIeB+0wC1XxsCKGSmVsxHRJJqDaR5SG4i19eJq1a1XWq7s15uV6Zx1FEx+gEnSEXXaA6ukYN1EQUPaJn9IrerCfrxXq3PmajBWu+c4j+wPr8AU26k5s=</latexit>

i, h`
i

<latexit sha1_base64="fJepk/nLbNuAbDG8rUtL3Vntvcs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCh1ISEfRY8OKxgm2FNobNdtMu3WzC7kYsIX/FiwdFvPpHvPlv3LQ5aOuDgcd7M8zMCxLOlHacb6uytr6xuVXdru3s7u0f2If1nopTSWiXxDyW9wFWlDNBu5ppTu8TSXEUcNoPpteF33+kUrFY3OlZQr0IjwULGcHaSL5dZ0008TOWPwwp57UCvt1wWs4caJW4JWlAiY5vfw1HMUkjKjThWKmB6yTay7DUjHCa14apogkmUzymA0MFjqjysvntOTo1ygiFsTQlNJqrvycyHCk1iwLTGWE9UcteIf7nDVIdXnkZE0mqqSCLRWHKkY5REQQaMUmJ5jNDMJHM3IrIBEtMtImrCMFdfnmV9M5brtNyby8a7WYZRxWO4QTOwIVLaMMNdKALBJ7gGV7hzcqtF+vd+li0Vqxy5gj+wPr8Aebtkk8=</latexit><latexit sha1_base64="fJepk/nLbNuAbDG8rUtL3Vntvcs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCh1ISEfRY8OKxgm2FNobNdtMu3WzC7kYsIX/FiwdFvPpHvPlv3LQ5aOuDgcd7M8zMCxLOlHacb6uytr6xuVXdru3s7u0f2If1nopTSWiXxDyW9wFWlDNBu5ppTu8TSXEUcNoPpteF33+kUrFY3OlZQr0IjwULGcHaSL5dZ0008TOWPwwp57UCvt1wWs4caJW4JWlAiY5vfw1HMUkjKjThWKmB6yTay7DUjHCa14apogkmUzymA0MFjqjysvntOTo1ygiFsTQlNJqrvycyHCk1iwLTGWE9UcteIf7nDVIdXnkZE0mqqSCLRWHKkY5REQQaMUmJ5jNDMJHM3IrIBEtMtImrCMFdfnmV9M5brtNyby8a7WYZRxWO4QTOwIVLaMMNdKALBJ7gGV7hzcqtF+vd+li0Vqxy5gj+wPr8Aebtkk8=</latexit><latexit sha1_base64="fJepk/nLbNuAbDG8rUtL3Vntvcs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCh1ISEfRY8OKxgm2FNobNdtMu3WzC7kYsIX/FiwdFvPpHvPlv3LQ5aOuDgcd7M8zMCxLOlHacb6uytr6xuVXdru3s7u0f2If1nopTSWiXxDyW9wFWlDNBu5ppTu8TSXEUcNoPpteF33+kUrFY3OlZQr0IjwULGcHaSL5dZ0008TOWPwwp57UCvt1wWs4caJW4JWlAiY5vfw1HMUkjKjThWKmB6yTay7DUjHCa14apogkmUzymA0MFjqjysvntOTo1ygiFsTQlNJqrvycyHCk1iwLTGWE9UcteIf7nDVIdXnkZE0mqqSCLRWHKkY5REQQaMUmJ5jNDMJHM3IrIBEtMtImrCMFdfnmV9M5brtNyby8a7WYZRxWO4QTOwIVLaMMNdKALBJ7gGV7hzcqtF+vd+li0Vqxy5gj+wPr8Aebtkk8=</latexit><latexit sha1_base64="fJepk/nLbNuAbDG8rUtL3Vntvcs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCh1ISEfRY8OKxgm2FNobNdtMu3WzC7kYsIX/FiwdFvPpHvPlv3LQ5aOuDgcd7M8zMCxLOlHacb6uytr6xuVXdru3s7u0f2If1nopTSWiXxDyW9wFWlDNBu5ppTu8TSXEUcNoPpteF33+kUrFY3OlZQr0IjwULGcHaSL5dZ0008TOWPwwp57UCvt1wWs4caJW4JWlAiY5vfw1HMUkjKjThWKmB6yTay7DUjHCa14apogkmUzymA0MFjqjysvntOTo1ygiFsTQlNJqrvycyHCk1iwLTGWE9UcteIf7nDVIdXnkZE0mqqSCLRWHKkY5REQQaMUmJ5jNDMJHM3IrIBEtMtImrCMFdfnmV9M5brtNyby8a7WYZRxWO4QTOwIVLaMMNdKALBJ7gGV7hzcqtF+vd+li0Vqxy5gj+wPr8Aebtkk8=</latexit>

<latexit sha1_base64="gpeMckdRslE3Wdu4vGrh8YPctnE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2FZoY9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG1zO/84RK81jemUmCfkSHkoecUWOlduehh0L0yxW36s5BVomXkwrkaPbLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5tdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmr5MBV8iMmFhCmeL2VsJGVFFmbEAlG4K3/PIqadeq3kW1fluvNGp5HEU4gVM4Bw8uoQE30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB2rojv0=</latexit>

W `
<latexit sha1_base64="gpeMckdRslE3Wdu4vGrh8YPctnE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2FZoY9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG1zO/84RK81jemUmCfkSHkoecUWOlduehh0L0yxW36s5BVomXkwrkaPbLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5tdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmr5MBV8iMmFhCmeL2VsJGVFFmbEAlG4K3/PIqadeq3kW1fluvNGp5HEU4gVM4Bw8uoQE30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB2rojv0=</latexit>

W `

Most real-world data is anisotropic.

<latexit sha1_base64="TRamMMTb73inRvf4WsGZ8MRoJR4="></latexit>

h`+1 = ⌘(w` ⇤G h`) 2 Rn⇥d

= ⌘(�ŵ`(⇤)�Th`), L = �⇤�T 2 Rn⇥n

= ⌘(ŵ`(L)h`) spectral convolution

= ⌘(
K�1X

k=0

Tk(L)h
`W `

k) Chebyshev layer[2]

= ⌘(D�1/2AD�1/2h`W `) 1st order approximation

h`+1
i = ⌘(

1p
di

X

j2Ni

1p
dj

W `h`
j ) 2 Rd GCN layer[3]
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Anisotropic GNNs

Xavier Bresson 11

Contributions

Design anisotropic, permutation-equivariant aggregation mechanisms that treat neighbors 
differently.

GatedGCN[1] learns edge gates inspired by anisotropic diffusion[2], GAT[3] uses softmax 
attention[4], and gauge-equivariant mesh CNN[5] defines anisotropic directional kernels.

Stable, robust, interpretable, linear complexity O(n+nE) cost per layer.

Limitation : Bounded expressivity of local message passing and over-squashing (explained later).

[1] Bresson-Laurent, Residual gated graph convnets, 2017 
[2] Velickovic-Bengio-etal, Graph Attention Networks, 2017
[3] DeHaan-Weiler-Cohen-Welling, Gauge equivariant mesh CNNs: Anisotropic convolutions on geometric graphs, 2020

W `
ij1

<latexit sha1_base64="kEosnm6tiBw8/fcWuvOnSwmt0y4=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwICURQY8FLx4r2A9oY9hsN+3azSbsbsQS8le8eFDEq3/Em//GTZuDtj4YeLw3w8y8IOFMacf5tlZW19Y3Nitb1e2d3b19+6DWUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wuS787iOVisXiTk8T6kV4JFjICNZG8u1a18/Yg+/m9wPKebWAb9edhjMDWiZuSepQouXbX4NhTNKICk04VqrvOon2Miw1I5zm1UGqaILJBI9o31CBI6q8bHZ7jk6MMkRhLE0JjWbq74kMR0pNo8B0RliP1aJXiP95/VSHV17GRJJqKsh8UZhypGNUBIGGTFKi+dQQTCQztyIyxhITbeIqQnAXX14mnfOG6zTc24t686yMowJHcAyn4MIlNOEGWtAGAk/wDK/wZuXWi/VufcxbV6xy5hD+wPr8AToEkoM=</latexit><latexit sha1_base64="kEosnm6tiBw8/fcWuvOnSwmt0y4=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwICURQY8FLx4r2A9oY9hsN+3azSbsbsQS8le8eFDEq3/Em//GTZuDtj4YeLw3w8y8IOFMacf5tlZW19Y3Nitb1e2d3b19+6DWUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wuS787iOVisXiTk8T6kV4JFjICNZG8u1a18/Yg+/m9wPKebWAb9edhjMDWiZuSepQouXbX4NhTNKICk04VqrvOon2Miw1I5zm1UGqaILJBI9o31CBI6q8bHZ7jk6MMkRhLE0JjWbq74kMR0pNo8B0RliP1aJXiP95/VSHV17GRJJqKsh8UZhypGNUBIGGTFKi+dQQTCQztyIyxhITbeIqQnAXX14mnfOG6zTc24t686yMowJHcAyn4MIlNOEGWtAGAk/wDK/wZuXWi/VufcxbV6xy5hD+wPr8AToEkoM=</latexit><latexit sha1_base64="kEosnm6tiBw8/fcWuvOnSwmt0y4=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwICURQY8FLx4r2A9oY9hsN+3azSbsbsQS8le8eFDEq3/Em//GTZuDtj4YeLw3w8y8IOFMacf5tlZW19Y3Nitb1e2d3b19+6DWUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wuS787iOVisXiTk8T6kV4JFjICNZG8u1a18/Yg+/m9wPKebWAb9edhjMDWiZuSepQouXbX4NhTNKICk04VqrvOon2Miw1I5zm1UGqaILJBI9o31CBI6q8bHZ7jk6MMkRhLE0JjWbq74kMR0pNo8B0RliP1aJXiP95/VSHV17GRJJqKsh8UZhypGNUBIGGTFKi+dQQTCQztyIyxhITbeIqQnAXX14mnfOG6zTc24t686yMowJHcAyn4MIlNOEGWtAGAk/wDK/wZuXWi/VufcxbV6xy5hD+wPr8AToEkoM=</latexit><latexit sha1_base64="kEosnm6tiBw8/fcWuvOnSwmt0y4=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwICURQY8FLx4r2A9oY9hsN+3azSbsbsQS8le8eFDEq3/Em//GTZuDtj4YeLw3w8y8IOFMacf5tlZW19Y3Nitb1e2d3b19+6DWUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wuS787iOVisXiTk8T6kV4JFjICNZG8u1a18/Yg+/m9wPKebWAb9edhjMDWiZuSepQouXbX4NhTNKICk04VqrvOon2Miw1I5zm1UGqaILJBI9o31CBI6q8bHZ7jk6MMkRhLE0JjWbq74kMR0pNo8B0RliP1aJXiP95/VSHV17GRJJqKsh8UZhypGNUBIGGTFKi+dQQTCQztyIyxhITbeIqQnAXX14mnfOG6zTc24t686yMowJHcAyn4MIlNOEGWtAGAk/wDK/wZuXWi/VufcxbV6xy5hD+wPr8AToEkoM=</latexit>

W `
ij2

<latexit sha1_base64="tEZ8Ci5GnBHi33qxvBO5CNjqKMw=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCBylJEfRY8OKxgv2AtobNdtKu3WzC7kYsIX/FiwdFvPpHvPlv3LQ5aOuDgcd7M8zM82POlHacb6u0tr6xuVXeruzs7u0f2IfVjooSSaFNIx7Jnk8UcCagrZnm0IslkNDn0PWn17nffQSpWCTu9CyGYUjGggWMEm0kz652vZQ9eI3sfgCcV3J4ds2pO3PgVeIWpIYKtDz7azCKaBKC0JQTpfquE+thSqRmlENWGSQKYkKnZAx9QwUJQQ3T+e0ZPjXKCAeRNCU0nqu/J1ISKjULfdMZEj1Ry14u/uf1Ex1cDVMm4kSDoItFQcKxjnAeBB4xCVTzmSGESmZuxXRCJKHaxJWH4C6/vEo6jbrr1N3bi1rzvIijjI7RCTpDLrpETXSDWqiNKHpCz+gVvVmZ9WK9Wx+L1pJVzByhP7A+fwA7k5KE</latexit><latexit sha1_base64="tEZ8Ci5GnBHi33qxvBO5CNjqKMw=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCBylJEfRY8OKxgv2AtobNdtKu3WzC7kYsIX/FiwdFvPpHvPlv3LQ5aOuDgcd7M8zM82POlHacb6u0tr6xuVXeruzs7u0f2IfVjooSSaFNIx7Jnk8UcCagrZnm0IslkNDn0PWn17nffQSpWCTu9CyGYUjGggWMEm0kz652vZQ9eI3sfgCcV3J4ds2pO3PgVeIWpIYKtDz7azCKaBKC0JQTpfquE+thSqRmlENWGSQKYkKnZAx9QwUJQQ3T+e0ZPjXKCAeRNCU0nqu/J1ISKjULfdMZEj1Ry14u/uf1Ex1cDVMm4kSDoItFQcKxjnAeBB4xCVTzmSGESmZuxXRCJKHaxJWH4C6/vEo6jbrr1N3bi1rzvIijjI7RCTpDLrpETXSDWqiNKHpCz+gVvVmZ9WK9Wx+L1pJVzByhP7A+fwA7k5KE</latexit><latexit sha1_base64="tEZ8Ci5GnBHi33qxvBO5CNjqKMw=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCBylJEfRY8OKxgv2AtobNdtKu3WzC7kYsIX/FiwdFvPpHvPlv3LQ5aOuDgcd7M8zM82POlHacb6u0tr6xuVXeruzs7u0f2IfVjooSSaFNIx7Jnk8UcCagrZnm0IslkNDn0PWn17nffQSpWCTu9CyGYUjGggWMEm0kz652vZQ9eI3sfgCcV3J4ds2pO3PgVeIWpIYKtDz7azCKaBKC0JQTpfquE+thSqRmlENWGSQKYkKnZAx9QwUJQQ3T+e0ZPjXKCAeRNCU0nqu/J1ISKjULfdMZEj1Ry14u/uf1Ex1cDVMm4kSDoItFQcKxjnAeBB4xCVTzmSGESmZuxXRCJKHaxJWH4C6/vEo6jbrr1N3bi1rzvIijjI7RCTpDLrpETXSDWqiNKHpCz+gVvVmZ9WK9Wx+L1pJVzByhP7A+fwA7k5KE</latexit><latexit sha1_base64="tEZ8Ci5GnBHi33qxvBO5CNjqKMw=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCBylJEfRY8OKxgv2AtobNdtKu3WzC7kYsIX/FiwdFvPpHvPlv3LQ5aOuDgcd7M8zM82POlHacb6u0tr6xuVXeruzs7u0f2IfVjooSSaFNIx7Jnk8UcCagrZnm0IslkNDn0PWn17nffQSpWCTu9CyGYUjGggWMEm0kz652vZQ9eI3sfgCcV3J4ds2pO3PgVeIWpIYKtDz7azCKaBKC0JQTpfquE+thSqRmlENWGSQKYkKnZAx9QwUJQQ3T+e0ZPjXKCAeRNCU0nqu/J1ISKjULfdMZEj1Ry14u/uf1Ex1cDVMm4kSDoItFQcKxjnAeBB4xCVTzmSGESmZuxXRCJKHaxJWH4C6/vEo6jbrr1N3bi1rzvIijjI7RCTpDLrpETXSDWqiNKHpCz+gVvVmZ9WK9Wx+L1pJVzByhP7A+fwA7k5KE</latexit>

j1, h
`
j1

<latexit sha1_base64="5mQSrZFcDMPgVH66EHIyzB7gbQc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCi1ISEXRZcOOygn1AG8NketOOnUzCzEQosQt/xY0LRdz6G+78GydtFtp64HIP59zL3DlBwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5Lxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Or3G8/gFQsFrd6nIAXkYFgIaNEG8m3D+99t4qHfmb65K4HnJdz+HbFqTlT4EXiFqSCCjR8+6vXj2kagdCUE6W6rpNoLyNSM8phUu6lChJCR2QAXUMFiUB52fT+CT4xSh+HsTQlNJ6qvzcyEik1jgIzGRE9VPNeLv7ndVMdXnoZE0mqQdDZQ2HKsY5xHgbuMwlU87EhhEpmbsV0SCSh2kSWh+DOf3mRtM5qrlNzb84r9WoRRwkdoWN0ilx0geroGjVQE1H0iJ7RK3qznqwX6936mI0uWcXOAfoD6/MHSpSTmQ==</latexit><latexit sha1_base64="5mQSrZFcDMPgVH66EHIyzB7gbQc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCi1ISEXRZcOOygn1AG8NketOOnUzCzEQosQt/xY0LRdz6G+78GydtFtp64HIP59zL3DlBwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5Lxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Or3G8/gFQsFrd6nIAXkYFgIaNEG8m3D+99t4qHfmb65K4HnJdz+HbFqTlT4EXiFqSCCjR8+6vXj2kagdCUE6W6rpNoLyNSM8phUu6lChJCR2QAXUMFiUB52fT+CT4xSh+HsTQlNJ6qvzcyEik1jgIzGRE9VPNeLv7ndVMdXnoZE0mqQdDZQ2HKsY5xHgbuMwlU87EhhEpmbsV0SCSh2kSWh+DOf3mRtM5qrlNzb84r9WoRRwkdoWN0ilx0geroGjVQE1H0iJ7RK3qznqwX6936mI0uWcXOAfoD6/MHSpSTmQ==</latexit><latexit sha1_base64="5mQSrZFcDMPgVH66EHIyzB7gbQc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCi1ISEXRZcOOygn1AG8NketOOnUzCzEQosQt/xY0LRdz6G+78GydtFtp64HIP59zL3DlBwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5Lxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Or3G8/gFQsFrd6nIAXkYFgIaNEG8m3D+99t4qHfmb65K4HnJdz+HbFqTlT4EXiFqSCCjR8+6vXj2kagdCUE6W6rpNoLyNSM8phUu6lChJCR2QAXUMFiUB52fT+CT4xSh+HsTQlNJ6qvzcyEik1jgIzGRE9VPNeLv7ndVMdXnoZE0mqQdDZQ2HKsY5xHgbuMwlU87EhhEpmbsV0SCSh2kSWh+DOf3mRtM5qrlNzb84r9WoRRwkdoWN0ilx0geroGjVQE1H0iJ7RK3qznqwX6936mI0uWcXOAfoD6/MHSpSTmQ==</latexit><latexit sha1_base64="5mQSrZFcDMPgVH66EHIyzB7gbQc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCi1ISEXRZcOOygn1AG8NketOOnUzCzEQosQt/xY0LRdz6G+78GydtFtp64HIP59zL3DlBwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5Lxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Or3G8/gFQsFrd6nIAXkYFgIaNEG8m3D+99t4qHfmb65K4HnJdz+HbFqTlT4EXiFqSCCjR8+6vXj2kagdCUE6W6rpNoLyNSM8phUu6lChJCR2QAXUMFiUB52fT+CT4xSh+HsTQlNJ6qvzcyEik1jgIzGRE9VPNeLv7ndVMdXnoZE0mqQdDZQ2HKsY5xHgbuMwlU87EhhEpmbsV0SCSh2kSWh+DOf3mRtM5qrlNzb84r9WoRRwkdoWN0ilx0geroGjVQE1H0iJ7RK3qznqwX6936mI0uWcXOAfoD6/MHSpSTmQ==</latexit>
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Fig 3. Graph with 19 × 3-
vertex cliques (light and dark 

blue triangles) and 2 × 4-vertex 
cliques (dark blue areas)

Fig 2. Graph with cycles (rings)

Expressivity limitation

Xavier Bresson 12

Standard GNNs s.a. GCN, GAT and GatedGCN have fundamental expressivity limits :

They fail to distinguish simple non-isomorphic graphs[1,2], i.e. at most as powerful as 1-WL[3].

They are unable to count elementary sub-structures like motifs, cycles and cliques[4].

[1] Xu-etal, How powerful are graph neural networks? 2019
[2] Morris-etal, Weisfeiler and leman go neural: Higher-order graph networks, 2019
[3] Weisfeiler-Lehman, A reduction of a graph to a canonical form and an algebra arising during this reduction, 1968
[4] Chen-etal, Can graph neural networks count substructures? 2020 
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Graph isomorphism and WL test

Xavier Bresson 13

Graph isomorphism : Two graphs are isomorphic if there exists a 
node permutation that preserves node neighboors, i.e. A2 = PA1PT.

Determining whether two graphs are isomorphic is NP-
intermediate. It is not known if a polynomial time algorithm exists, 
or the problem is NP-hard.

The Weisfeiler–Leman (1-WL) test[1] provides a necessary but not 
sufficient condition for isomorphism, or equivalently, a sufficient 
test for non-isomorphism.

Iteratively update each node color using its current color and the 
multiset of its neighbors’ colors :

[1] Weisfeiler, Lehman, A reduction of a graph to a canonical form and an algebra arising during this reduction, 1968
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Beyond 1-WL : Higher-order GNNs

Xavier Bresson 14

GIN[1] matches the discriminative power of 1-WL[2] under injective aggregation and readout.
Higher-order k-WL : Original test uses pairs/2-tuple of nodes. To improve expressivity power 
of WL test, higher-order interactions between nodes can be generalized to k-tuples of nodes 
with k ≥ 3 to create more colors.
Higher-order equivariant GNNs[3] can match theoretical higher-order WL tests, but at 
increased computational cost :

These networks require O(nk) memory/speed complexities, with at least k = 3 to be more 
powerful than GIN, which means O(n3) and thus not practical.
3-WL/Ring/2-FGNN GNNs[4,5,6] have O(n2)-memory but O(n3)-speed complexities.
Expressivity does not necessarily imply generalization[7].

2-tuple of nodes
Edges = {i, j}, {i, r}, {i, k}

<latexit sha1_base64="E/Ly3WOvrVIWQYIR2+MTfmLqDCo=">AAACFHicbZDLSsNAFIYn9VbrrerSzWARBEtJRNCNUBDBZQV7gaaUyfS0HTu5MHMilpCHcOOruHGhiFsX7nwbkzaCtv4w8PGfczhzfieQQqNpfhm5hcWl5ZX8amFtfWNzq7i909B+qDjUuS991XKYBik8qKNACa1AAXMdCU1ndJHWm3egtPC9GxwH0HHZwBN9wRkmVrd4ZCPco3Kjy94AdHxuR6J8a8dlmoL6gZEd00KhWyyZFXMiOg9WBiWSqdYtfto9n4cueMgl07ptmQF2IqZQcAlxwQ41BIyP2ADaCXrMBd2JJkfF9CBxerTvq+R5SCfu74mIuVqPXSfpdBkO9WwtNf+rtUPsn3Ui4QUhgseni/qhpOjTNCHaEwo4ynECjCuR/JXyIVOMY5JjGoI1e/I8NI4rllmxrk9KVTOLI0/2yD45JBY5JVVyRWqkTjh5IE/khbwaj8az8Wa8T1tzRjazS/7I+PgGz3edRg==</latexit><latexit sha1_base64="E/Ly3WOvrVIWQYIR2+MTfmLqDCo=">AAACFHicbZDLSsNAFIYn9VbrrerSzWARBEtJRNCNUBDBZQV7gaaUyfS0HTu5MHMilpCHcOOruHGhiFsX7nwbkzaCtv4w8PGfczhzfieQQqNpfhm5hcWl5ZX8amFtfWNzq7i909B+qDjUuS991XKYBik8qKNACa1AAXMdCU1ndJHWm3egtPC9GxwH0HHZwBN9wRkmVrd4ZCPco3Kjy94AdHxuR6J8a8dlmoL6gZEd00KhWyyZFXMiOg9WBiWSqdYtfto9n4cueMgl07ptmQF2IqZQcAlxwQ41BIyP2ADaCXrMBd2JJkfF9CBxerTvq+R5SCfu74mIuVqPXSfpdBkO9WwtNf+rtUPsn3Ui4QUhgseni/qhpOjTNCHaEwo4ynECjCuR/JXyIVOMY5JjGoI1e/I8NI4rllmxrk9KVTOLI0/2yD45JBY5JVVyRWqkTjh5IE/khbwaj8az8Wa8T1tzRjazS/7I+PgGz3edRg==</latexit><latexit sha1_base64="E/Ly3WOvrVIWQYIR2+MTfmLqDCo=">AAACFHicbZDLSsNAFIYn9VbrrerSzWARBEtJRNCNUBDBZQV7gaaUyfS0HTu5MHMilpCHcOOruHGhiFsX7nwbkzaCtv4w8PGfczhzfieQQqNpfhm5hcWl5ZX8amFtfWNzq7i909B+qDjUuS991XKYBik8qKNACa1AAXMdCU1ndJHWm3egtPC9GxwH0HHZwBN9wRkmVrd4ZCPco3Kjy94AdHxuR6J8a8dlmoL6gZEd00KhWyyZFXMiOg9WBiWSqdYtfto9n4cueMgl07ptmQF2IqZQcAlxwQ41BIyP2ADaCXrMBd2JJkfF9CBxerTvq+R5SCfu74mIuVqPXSfpdBkO9WwtNf+rtUPsn3Ui4QUhgseni/qhpOjTNCHaEwo4ynECjCuR/JXyIVOMY5JjGoI1e/I8NI4rllmxrk9KVTOLI0/2yD45JBY5JVVyRWqkTjh5IE/khbwaj8az8Wa8T1tzRjazS/7I+PgGz3edRg==</latexit><latexit sha1_base64="E/Ly3WOvrVIWQYIR2+MTfmLqDCo=">AAACFHicbZDLSsNAFIYn9VbrrerSzWARBEtJRNCNUBDBZQV7gaaUyfS0HTu5MHMilpCHcOOruHGhiFsX7nwbkzaCtv4w8PGfczhzfieQQqNpfhm5hcWl5ZX8amFtfWNzq7i909B+qDjUuS991XKYBik8qKNACa1AAXMdCU1ndJHWm3egtPC9GxwH0HHZwBN9wRkmVrd4ZCPco3Kjy94AdHxuR6J8a8dlmoL6gZEd00KhWyyZFXMiOg9WBiWSqdYtfto9n4cueMgl07ptmQF2IqZQcAlxwQ41BIyP2ADaCXrMBd2JJkfF9CBxerTvq+R5SCfu74mIuVqPXSfpdBkO9WwtNf+rtUPsn3Ui4QUhgseni/qhpOjTNCHaEwo4ynECjCuR/JXyIVOMY5JjGoI1e/I8NI4rllmxrk9KVTOLI0/2yD45JBY5JVVyRWqkTjh5IE/khbwaj8az8Wa8T1tzRjazS/7I+PgGz3edRg==</latexit>

i
<latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit>

j
<latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit><latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit><latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit><latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit>

k
<latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit><latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit><latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit><latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit>

r
<latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit><latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit><latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit><latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit>

i
<latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit>

j
<latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit><latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit><latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit><latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit>

k
<latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit><latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit><latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit><latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit>

r
<latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit><latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit><latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit><latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit>

G = (V,E)
<latexit sha1_base64="9eEsROaA+gtArSj6pU5qdCoFfbs=">AAAB/3icbVDLSsNAFL2prxpfUcGNm8EiVJCSiKAboSCiywr2AW0ok+m0HTqZhJmJUGIX/oobF4q49Tfc+TdO2iy0emDgcM693DMniDlT2nW/rMLC4tLySnHVXlvf2NxytncaKkokoXUS8Ui2AqwoZ4LWNdOctmJJcRhw2gxGl5nfvKdSsUjc6XFM/RAPBOszgrWRus5eJ8R6SDBPryfoApUbx1dHtm13nZJbcadAf4mXkxLkqHWdz04vIklIhSYcK9X23Fj7KZaaEU4ndidRNMZkhAe0bajAIVV+Os0/QYdG6aF+JM0TGk3VnxspDpUah4GZzNKqeS8T//Paie6f+ykTcaKpILND/YQjHaGsDNRjkhLNx4ZgIpnJisgQS0y0qSwrwZv/8l/SOKl4bsW7PS1V3byOIuzDAZTBgzOowg3UoA4EHuAJXuDVerSerTfrfTZasPKdXfgF6+MbUk6TnQ==</latexit><latexit sha1_base64="9eEsROaA+gtArSj6pU5qdCoFfbs=">AAAB/3icbVDLSsNAFL2prxpfUcGNm8EiVJCSiKAboSCiywr2AW0ok+m0HTqZhJmJUGIX/oobF4q49Tfc+TdO2iy0emDgcM693DMniDlT2nW/rMLC4tLySnHVXlvf2NxytncaKkokoXUS8Ui2AqwoZ4LWNdOctmJJcRhw2gxGl5nfvKdSsUjc6XFM/RAPBOszgrWRus5eJ8R6SDBPryfoApUbx1dHtm13nZJbcadAf4mXkxLkqHWdz04vIklIhSYcK9X23Fj7KZaaEU4ndidRNMZkhAe0bajAIVV+Os0/QYdG6aF+JM0TGk3VnxspDpUah4GZzNKqeS8T//Paie6f+ykTcaKpILND/YQjHaGsDNRjkhLNx4ZgIpnJisgQS0y0qSwrwZv/8l/SOKl4bsW7PS1V3byOIuzDAZTBgzOowg3UoA4EHuAJXuDVerSerTfrfTZasPKdXfgF6+MbUk6TnQ==</latexit><latexit sha1_base64="9eEsROaA+gtArSj6pU5qdCoFfbs=">AAAB/3icbVDLSsNAFL2prxpfUcGNm8EiVJCSiKAboSCiywr2AW0ok+m0HTqZhJmJUGIX/oobF4q49Tfc+TdO2iy0emDgcM693DMniDlT2nW/rMLC4tLySnHVXlvf2NxytncaKkokoXUS8Ui2AqwoZ4LWNdOctmJJcRhw2gxGl5nfvKdSsUjc6XFM/RAPBOszgrWRus5eJ8R6SDBPryfoApUbx1dHtm13nZJbcadAf4mXkxLkqHWdz04vIklIhSYcK9X23Fj7KZaaEU4ndidRNMZkhAe0bajAIVV+Os0/QYdG6aF+JM0TGk3VnxspDpUah4GZzNKqeS8T//Paie6f+ykTcaKpILND/YQjHaGsDNRjkhLNx4ZgIpnJisgQS0y0qSwrwZv/8l/SOKl4bsW7PS1V3byOIuzDAZTBgzOowg3UoA4EHuAJXuDVerSerTfrfTZasPKdXfgF6+MbUk6TnQ==</latexit><latexit sha1_base64="9eEsROaA+gtArSj6pU5qdCoFfbs=">AAAB/3icbVDLSsNAFL2prxpfUcGNm8EiVJCSiKAboSCiywr2AW0ok+m0HTqZhJmJUGIX/oobF4q49Tfc+TdO2iy0emDgcM693DMniDlT2nW/rMLC4tLySnHVXlvf2NxytncaKkokoXUS8Ui2AqwoZ4LWNdOctmJJcRhw2gxGl5nfvKdSsUjc6XFM/RAPBOszgrWRus5eJ8R6SDBPryfoApUbx1dHtm13nZJbcadAf4mXkxLkqHWdz04vIklIhSYcK9X23Fj7KZaaEU4ndidRNMZkhAe0bajAIVV+Os0/QYdG6aF+JM0TGk3VnxspDpUah4GZzNKqeS8T//Paie6f+ykTcaKpILND/YQjHaGsDNRjkhLNx4ZgIpnJisgQS0y0qSwrwZv/8l/SOKl4bsW7PS1V3byOIuzDAZTBgzOowg3UoA4EHuAJXuDVerSerTfrfTZasPKdXfgF6+MbUk6TnQ==</latexit>

3-tuple of nodes

i
<latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit>
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How to improve the limited expressivity of standard MP-GNNs ?

Use higher-order node interactions (k-tuples with k > 2) with WL-GNNs[1,2,3,4].
Theorem[5] (universal approximator) : Any continuous permutation-invariant  function 
can be approximated by WL-GNNs, but, in the worst case, a sufficient construction 
may require tensor order up to k = poly(n) = n(n-1)/2.
But these networks are costly, with at least O(n3) memory for higher expressivity.

Add symmetry-breaking positional or structural information, i.e. node IDs.
Theorem[6] : MP-GNNs are provable more expressive than the standard 1-WL test when 
node IDs.
Theorem[7] : MP-GNNs are Turing-complete if depth d ≥ δG layers (graph diameter), 
width is unbounded, and nodes have unique IDs.

[1] Maron, Ben-Hamu, Shamir, Lipman, Invariant and equivariant graph networks, 2019
[2] Maron, Ben-Hamu, Serviansky, Lipman, Provably powerful graph networks, 2019
[3] Chen, Chen, Villar, Bruna, Can graph neural networks count substructures? 2020 
[4] Azizian, Lelarge, Expressive power of invariant and equivariant graph neural networks, 2020
[5] Maron Fetaya, Segol, Lipman, On the universality of invariant networks, 2019
[6] Murphy, Srinivasan, Rao, Ribeiro, Relational pooling for graph representations, 2019
[7] Loukas, What graph neural networks cannot learn: depth vs width, 2019
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Hyper-edges ={i, j, r},
{i, k, r}, {i, j, k}
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Geometric positional vs. structural encodings

Xavier Bresson 17

Positional Encoding (PE) :

Encodes the position of a node relative to a global / geometric reference system.
Examples : 2D/3D coordinates / rotations.

Structural Encoding (SE) :
Encodes the intrinsic structural role or neighborhood of a node in the graph, independent of 
any external coordinate system.

Nodes with structurally equivalent neighborhoods may receive identical SEs.
Examples : Node degree, motif / graphlet counts

Positional Encoding 
with 3D coordinates

Structural Encoding
with a 3-node graphlet

<latexit sha1_base64="/11myKhPP4g8Yn2g6Gug8hO20ng=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5VABYyVWBgLog+pDZXjOq1Vx4lsB1SFfgoLAwix8iVs/A1OmwFajmTp6Jx7dY+PH3OmtON8W4WV1bX1jeJmaWt7Z3fPLu+3VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2PrzK//UClYpG405OYeiEeChYwgrWR+na5F2I98v30dnp/VsrQtytO1ZkBLRM3JxXI0ejbX71BRJKQCk04VqrrOrH2Uiw1I5xOS71E0RiTMR7SrqECh1R56Sz6FB0bZYCCSJonNJqpvzdSHCo1CX0zmQVVi14m/ud1Ex1ceikTcaKpIPNDQcKRjlDWAxowSYnmE0MwkcxkRWSEJSbatJWV4C5+eZm0TqvuebV2U6vUnbyOIhzCEZyACxdQh2toQBMIPMIzvMKb9WS9WO/Wx3y0YOU7B/AH1ucPfZaSIw==</latexit>

R3

F

C

N

H

H

FN

H1

H2

SE(H1) = SE(H2)
for a 3-node graphlet, since 
H1 and H2 have the same 
local structure {F,N,C}.
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Design principles

Xavier Bresson 18

There is no universally optimal PE and SE.

The appropriate choice depends on the graph family and downstream task.

What properties a meaningful PE/SE must satisfy ?

Permutation equivariance : Relabeling nodes relabel their positional features accordingly.

Discriminability : Distinct structural nodes have unique representation.

Distance sensitivity : Nearby nodes have similar positional features, while far away nodes 
should be dissimilar.

Structural sensitivity : Structurally similar nodes have similar structural features, while 
structurally different nodes should be dissimilar / distinguished.

Scalability : Construction and storage should remain practical for large graphs, i.e. O(n), 
and possibly exploiting the graph structure sparsity. 
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Laplacian Eigenvectors as PEs

Xavier Bresson 19

Laplacian eigenvectors[1] :

Spectral techniques that embed graphs into a Euclidean space.
Low-frequency eigenvectors capture smooth, global graph connectivity patterns.

They are obtained from the eigen-decomposition (EVD) of the graph Laplacian.
Computational complexity is costly O(n3), but sparse/approximate methods improve scalability[2]. 

Laplacian eigenvectors as PEs[3] :

Hybrid positional and structural node encodings, equivariant to node relabeling.
Unique and distance-sensitive : Two nodes far away on graph have dissimilar PEs, and inversely.

LapPEs are the graph generalizations of standard Transformer’s PE[4].
Capture meaningful global positions, but have sign and eigenspace-basis ambiguities.

[1] Belkin-Niyogi, Laplacian Eigenmaps and Spectral Techniques for Embedding and Clustering, 2001
[2] Fowlkes-etal, Spectral grouping using the nystrom method, 2004 
[3] Dwivedi-Joshi-Laurent-Bengio-Bresson, Benchmarking graph neural networks, 2020
[4] Vaswani-etal, Attention is all you need, 2017

<latexit sha1_base64="OxBkzdNoF8A8Tcur5Aj0J1ad+Ko="></latexit>
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where � 2 Rn⇥n are the eigenvectors of the Laplacian.
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Limitations of Laplacian PEs

Xavier Bresson 20

Eigenspace-basis ambiguity / repeated eigenvalues :

Laplacian eigenvectors have additional symmetries when the Laplacian has multiple 
eigenvectors with the same eigenvalue. 

Example 1 : A graph with three connected components has three 3 zero eigenvalues, i.e.             
λ1 = λ2 = λ3 = 0.

Example 2 : A stochastic block model with 4 balanced communities with the same       
in-/out- probabilities, has 3 eigenvectors with the same eigenvalues λ2 = λ3 = λ4 = 4.
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Limitations of Laplacian PEs

Xavier Bresson 21

Continued[1] :

Let L = ΦΛΦT be the eigendecomposition of the graph Laplacian.
If eigenvalue λ has multiplicity m, let Φλ ∈ ℝN x m contain an orthonormal basis of its 
eigenspace Eλ = {u ∈ RN : Lu = λu}.
For any orthogonal matrix Q ∈ O(m) (rotations and reflections), the matrix Uλ = ΦλQ is 
another basis of the same eigenspace.

Indeed, LUλ = L(ΦλQ) = (LΦλ)Q = λΦλQ = λUλ, i.e. Uλ are also eigenvectors with the 
eigenvalue λ.

Hence, LapPEs may be arbitrarily rotated or reflected inside a repeated-eigenvalue space.
Equivalently, LapPEs are unique up to an orthogonal change of basis inside each eigenspace.

This ambiguity motivates basis-invariant spectral encodings[2].

However, in practice, this ambiguity does not appear to be critical, based on personal 
experiments.

[1] Horn-Johnson, Matrix Analysis, 2012
[2] Lim-etal, Sign and Basis Invariant Networks for Spectral Graph Representation Learning, 2023 
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Limitations of Laplacian PEs

Xavier Bresson 22

Sign ambiguity[1] : 
LapPEs have also sign symmetries, i.e. each normalized eigenvector is defined up to              
sign : ± uk ∈ ℝn, 1 ≤ k ≤ K.
Hence, LapPEs are unique up to to their sign values.
For K eigenvectors, there are 2K possible independent sign configurations.

A common mitigation is sign augmentation during the training[2,3] :
Simply flip the signs of the eigenvectors during training. This makes the network learn to be 
independent to eigenvector signs.

In practice, we select K ≪ n, and therefore 2K is much smaller than n! (the number of possible 
ordering of the nodes), which means smaller amount of ambiguities to be resolved by the 
network.
Despite these limitations, LapPEs remain widely used in practice as they offer good performance. 
LapPEs are used in Graph Transformer[2], Directed-GNN[4], SAN[5].

[1] Horn-Johnson, Matrix Analysis, 2012
[2] Dwivedi-Bresson, A generalization of transformer networks to graphs, 2020
[3] Dwivedi-Joshi-Laurent-Bengio-Bresson, Benchmarking graph neural networks, 2020
[4] Beani-etal, Directional graph networks, 2020
[5] Kreuzer-etal, Rethinking Graph Transformers with Spectral Attention, 2021



23

Structural embeddings

Xavier Bresson 23

Diffusion-based SEs :

Diffusion processes capture multi-scale graph structure.
Examples of graph diffusion include heat diffusion kernels[1,2], random walks s.a pageRank[3].

Full pairwise diffusion requires O(n2) for computation.
However, it is done once, as a pre-processing step.

The probability that a random walk starting at node i returns to j after k steps is

[1] Kondor, Vert, Diffusion kernels, 2004 
[2] Talmon, Cohen, Gannot, Coifman, Diffusion maps for signal processing, 2013
[3] Page, Brin, Motwani, Winograd, The PageRank citation ranking: Bringing order to the web, 1999

<latexit sha1_base64="Ohc00+xWvLVBLTeQF81A5g4csdU="></latexit>

(P k)ii = Pr(Xk = i | X0 = i), with P = D�1A the random walk matrix
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Random walk SEs

Xavier Bresson 24

Diagonal K-step random walk return probabilities define the random walk SEs (RWSE)[1] :

Compact node encoding with O(n.K) memory.
RWSE has no eigenvector sign/basis ambiguity, unlike LapPE[2], i.e. the network is not 
required to learn additional invariance.
However, RWSE does not guarantee unique node ID.

Nodes with identical return-probability signatures remain indistinguishable, meaning that the 
node IDs are only unique if each node has a unique K-hop neighborhood for a sufficient large K.

[1] Dwivedi-Luu-Laurent-Bengio-Bresson, Graph neural networks with learnable structural and positional representations, 2021
[2] Belkin-Niyogi, Laplacian Eigenmaps and Spectral Techniques for Embedding and Clustering, 2001
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Standard MP-GNN inject the positional information at the input 
layer[1] :

We can decouple and learn structural and positional encodings 
separately[2] : 
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Decoupling structural and PEs / SEs

Xavier Bresson 25

[1] Dwivedi, Joshi, Laurent, Bengio, Bresson, Benchmarking graph neural networks, 2020
[2] Dwivedi, Luu, Laurent, Bengio, Bresson, Graph neural networks with learnable structural and positional representations, 2021

graph PE

Input node feature

Node-update :

Edge-update :
i, h`

i

j, h`
j

i, h`+1
i

layer ` layer `+ 1
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Node-update :

Edge-update :
PE/SE-update :



26

Outline

Xavier Bresson 26

Review of graph network architectures

Graph positional encoding

Message-passing and over-squashing

Graph Transformer

Graph ViT / Hierarchical Transformer

Conclusion
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A unified message-passing view

Xavier Bresson 27

Most neural networks s.a. CNNs, RNNs, Transformers and GNNs can all be viewed as message-
passing architectures over different domain structures.

New feature representation is obtained by aggregating messages j ∈ 𝒩i from a domain-dependent 
neighborhood / local receptive field that depends specifically on the model architecture.

General update equation is defined as :
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<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

GNN

i
<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

CNN

i
<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

Next layer

Learnable 
equivariant function

Neighborhood structure / 
local receptive field

Current layer

Neighborhood 
structure

<latexit sha1_base64="JT31bzXNj2oBoNmd6R/5ToUCKw8=">AAACAXicbVBNS8NAEJ3Ur1q/ol4EL4tF8FQSkSqeCl48SQX7AU0om+22XbvZhN2NUEK9+Fe8eFDEq//Cm//GTZuDtj4YeLw3w8y8IOZMacf5tgpLyyura8X10sbm1vaOvbvXVFEiCW2QiEeyHWBFORO0oZnmtB1LisOA01Ywusr81gOVikXiTo9j6od4IFifEayN1LUP7j0mvBDrIcE8vZl0mYcuSwZdu+xUnCnQInFzUoYc9a795fUikoRUaMKxUh3XibWfYqkZ4XRS8hJFY0xGeEA7hgocUuWn0w8m6NgoPdSPpCmh0VT9PZHiUKlxGJjO7FY172Xif14n0f0LP2UiTjQVZLaon3CkI5TFgXpMUqL52BBMJDO3IjLEEhNtQstCcOdfXiTN04pbrVRvz8q10zyOIhzCEZyAC+dQg2uoQwMIPMIzvMKb9WS9WO/Wx6y1YOUz+/AH1ucPI5eVVQ==</latexit>

j 2 Ni :

Transformer

i
<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j



28

CNN for grids

Xavier Bresson 28

CNN such as ResNet[1] is designed for regular grids.

Contributions
Exploit local spatial structure with local receptive fields.

Share convolution kernels across spatial locations, providing translation equivariance.
Build hierarchical representations by using strided convolutions for spatial down-sampling.

Highly GPU parallelizable and computationally efficient on regular grids.

[1] He-etal, Deep Residual Learning for Image Recognition, 2016

CNN neighbors 𝒩i

i
<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="tf5q1anv1dHXKAKid3GCY42Pvj8="></latexit>

CNN update equation :

h`+1
i = ⌘(

X

j2Ni[i

W `
j h

`
i+j) 2 Rd, ` = 0, ..., L� 1

where W ` is the convolutional kernel, and

h are the convolutional features.
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Limitations

Assume a regular grid with a fixed notion of local neighborhood.
Translation equivariance does not imply equivariance for rotation, scale or deformation 
s.a.  diffeomorphism. 
Long-range interactions require many layers as the receptive field area grows as O(L2) 
for fixed-size local kernels, and L is the number of convolutional layers. 

For an 1,000 x 1,000 image, then we would need 1,000 layers to                               
propagate the information to the whole image support.

Six 3 × 3 layers (r=1) are required 
for one red pixel to interact with 

the other red one. 

<latexit sha1_base64="Ca71obtghbxRiDvXVaMFUUjPjgg="></latexit>

h
L
ix,iy = fCNN({xp,q : |p� ix|, |q � iy|  L})
with receptive field size (1 + 2rL)2 = O(L2),

for k ⇥ k kernel using k = 2r + 1.
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RNN s.a. LSTM[1] is designed for ordered sequences.

Contributions
This model learns vectorial representation of sequences using a recurrent function with 
parameters shared across time.
It exploits the ordered, one-dimensional structure of sequences by design.

Major advantage is to represent sequences of any arbitrary length, as the recurrent 
formula is local.

[1] Hochreiter, Schmidhuber, Long short-term memory, 1997

RNN neighbors 𝒩i

i
<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="sL4VSJZ+7JbQ0Ysk5HNc9DY6avU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSpHosePFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8NNME/YiOJA85o8ZKnfEg41febFCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4d0YurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/9jMskNSjZclGYCmJiMv+dDLlCZsTUEsoUt7cSNqaKMmMTKtkQvNWX10m7VvXq1frDdaVRy+MowhmcwyV4cAMNuIcmtIDBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx/k1o8/</latexit>

hi+1

<latexit sha1_base64="qyHWZg6UQ3mhelFbI6F8TEtQm0I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+OBGJQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qlev1u+vKo1aHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBG8o3D</latexit>

hi
<latexit sha1_base64="/lHcqkzf4Q1nKL9+ibdjVBbjF5g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWNF+wFtKJvtpl262YTdiVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VNf9Etlt+LOQVaJl5My5Gj0S1+9QczSiCtkkhrT9dwE/YxqFEzyabGXGp5QNqZD3rVU0YgbP5ufOiXnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2naEPwll9eJa1qxatVaneX5Xo1j6MAp3AGF+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBfUo3T</latexit>xi

<latexit sha1_base64="MorhBcv3MU0ctJ7Jl/7OD0UvOgY="></latexit>

RNN update equation :

hi+1 = f✓(hi, xi) 2 Rd, i = 0, ..., L� 1

where xi is the current input word, and hi is the summary

of the sequence up to the i-th word of the sequence.
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Limitations

Hard to train because they are non-linear dynamical systems, i.e. any small perturbation 
can amplify or vanish, a.k.a. vanishing or exploding gradients over long sequences.

LSTM gating mitigates, but does not eliminate, long-range optimization issues.
Sequential recurrence breaks parallelism, making training slower than CNNs / 
Transformers. This is a major bottleneck for long sequences and large-scale datasets.

Long-range interactions require stacking many layers and the receptive field area grows 
as O(L), as L being the number of recurrent steps.

RNN cannot learn long-range dependencies (no more than 50 steps for LTSM) between 
words because of over-squashing (explained soon).

Eight layers are required for the 
red word to interact with the 

other red word. 

<latexit sha1_base64="oM4JriECyyhgTae7JkTOw0pe5rY="></latexit>

hL = fRNN(xL�1, . . . , x0) 2 Rd

with the receptive field size is L.
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GNN[1] is designed for graph-structured data.

Contributions
Exploit graph connectivity with local message passing over neighboring nodes.

Share learnable functions across nodes / edges, independently of graph size.
Node / edge representations are permutation-equivariant, graph readouts are 
permutation-invariant.
Sparse local message passing can scale as O(n+nE) = O(n) (sparse real graphs) per layer.

[1] Scarselli-etal, The Graph Neural Network Model, 2009

GNN neighbors 𝒩i

i
<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="NKS2OA3mPdjnOScxjzG9lZRX65Q="></latexit>

GNN update equation :

h`+1
i = f✓`

n

�
h`
i , {h`

j , e
`
ij : j 2 Ni}

�
2 Rd

e`+1
ij = f✓`

e

�
e`ij , h

`
i , h

`
j

�
2 Rd
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Limitations

Standard MP-GNNs have bounded expressivity, typically at most that of 1-WL.
Graph positional encoding are necessary, but they are not universal.

Deep message passing can lead to over-smoothing of node representations with simple 
convolution operations.

Sparse linear matrix computations are much less hardware-efficient than dense ones.

Long-range communication requires many layers for two far away nodes to “talk”.

Ten layers are required for one 
green node to interact with the 

other green one. 
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Continued

For a binary tree, the L-hop neighborhood grows as O(2L), i.e. exponentially with the 
number of layers.

As long-range information requires many layers, then GNN suffers from aggregation 
overload and over-squashing (explained soon).

i
<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

j
<latexit sha1_base64="IvN7ZIjsPg5Gkwiu2YyISSTnuhw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzdJWeXtnd2+/cnDYMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnC/YgOlQgFo2il+8dyuV+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nns1Ck5tcqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw2s/EypJkSs2XxSmkmBM8r/JQGjOUE4soUwLeythI6opQ5tOHoK3+PIyaV3UPLfm3V1W6+dFHCU4hhM4Aw+uoA630IAmMBjCM7zCmyOdF+fd+Zi3rjjFzBH8gfP5AzNqjQA=</latexit><latexit sha1_base64="IvN7ZIjsPg5Gkwiu2YyISSTnuhw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzdJWeXtnd2+/cnDYMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnC/YgOlQgFo2il+8dyuV+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nns1Ck5tcqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw2s/EypJkSs2XxSmkmBM8r/JQGjOUE4soUwLeythI6opQ5tOHoK3+PIyaV3UPLfm3V1W6+dFHCU4hhM4Aw+uoA630IAmMBjCM7zCmyOdF+fd+Zi3rjjFzBH8gfP5AzNqjQA=</latexit><latexit sha1_base64="IvN7ZIjsPg5Gkwiu2YyISSTnuhw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzdJWeXtnd2+/cnDYMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnC/YgOlQgFo2il+8dyuV+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nns1Ck5tcqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw2s/EypJkSs2XxSmkmBM8r/JQGjOUE4soUwLeythI6opQ5tOHoK3+PIyaV3UPLfm3V1W6+dFHCU4hhM4Aw+uoA630IAmMBjCM7zCmyOdF+fd+Zi3rjjFzBH8gfP5AzNqjQA=</latexit><latexit sha1_base64="IvN7ZIjsPg5Gkwiu2YyISSTnuhw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzdJWeXtnd2+/cnDYMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnC/YgOlQgFo2il+8dyuV+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nns1Ck5tcqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw2s/EypJkSs2XxSmkmBM8r/JQGjOUE4soUwLeythI6opQ5tOHoK3+PIyaV3UPLfm3V1W6+dFHCU4hhM4Aw+uoA630IAmMBjCM7zCmyOdF+fd+Zi3rjjFzBH8gfP5AzNqjQA=</latexit>

j
<latexit sha1_base64="IvN7ZIjsPg5Gkwiu2YyISSTnuhw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzdJWeXtnd2+/cnDYMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnC/YgOlQgFo2il+8dyuV+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nns1Ck5tcqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw2s/EypJkSs2XxSmkmBM8r/JQGjOUE4soUwLeythI6opQ5tOHoK3+PIyaV3UPLfm3V1W6+dFHCU4hhM4Aw+uoA630IAmMBjCM7zCmyOdF+fd+Zi3rjjFzBH8gfP5AzNqjQA=</latexit><latexit sha1_base64="IvN7ZIjsPg5Gkwiu2YyISSTnuhw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzdJWeXtnd2+/cnDYMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnC/YgOlQgFo2il+8dyuV+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nns1Ck5tcqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw2s/EypJkSs2XxSmkmBM8r/JQGjOUE4soUwLeythI6opQ5tOHoK3+PIyaV3UPLfm3V1W6+dFHCU4hhM4Aw+uoA630IAmMBjCM7zCmyOdF+fd+Zi3rjjFzBH8gfP5AzNqjQA=</latexit><latexit sha1_base64="IvN7ZIjsPg5Gkwiu2YyISSTnuhw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzdJWeXtnd2+/cnDYMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnC/YgOlQgFo2il+8dyuV+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nns1Ck5tcqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw2s/EypJkSs2XxSmkmBM8r/JQGjOUE4soUwLeythI6opQ5tOHoK3+PIyaV3UPLfm3V1W6+dFHCU4hhM4Aw+uoA630IAmMBjCM7zCmyOdF+fd+Zi3rjjFzBH8gfP5AzNqjQA=</latexit><latexit sha1_base64="IvN7ZIjsPg5Gkwiu2YyISSTnuhw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzdJWeXtnd2+/cnDYMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnC/YgOlQgFo2il+8dyuV+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nns1Ck5tcqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw2s/EypJkSs2XxSmkmBM8r/JQGjOUE4soUwLeythI6opQ5tOHoK3+PIyaV3UPLfm3V1W6+dFHCU4hhM4Aw+uoA630IAmMBjCM7zCmyOdF+fd+Zi3rjjFzBH8gfP5AzNqjQA=</latexit>

Number of nodes in the 
receptive field

<latexit sha1_base64="1MC021eEs+OtrLFPOTrAzPvtA2M="></latexit>

h
`+1
i = fGNN({hj : j 2 N`(i) [ i}) 2 Rd

, ` = 0, ..., L� 1

with the receptive field size is |N`(i)| = O(2`)

for a binary tree graph,
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Transformer[1] is designed for sets.

Contributions
Self-attention directly connects every pair of tokens, enabling global / long-range 
interactions between word tokens.
This network is permutation-equivariant, i.e. treat words independently of their order. 

Absolute positional encodings was first used to inform the model about sequence order, 
but it breaks model shift equivariance. 
Relative positional encodings s.a. RotPE[2] makes the model shift equivariant.

Transformer layers are highly parallelizable on GPUs, unlike sequential RNN, with 
dense matrix multiplication and causal mask to hide future words.

[1] Vaswani-etal, Attention Is All You Need, 2017
[2] Su-etal, RoFormer: Enhanced Transformer with Rotary Position Embedding, 2021

Transformer neighbors 𝒩i

<latexit sha1_base64="O/Dyde1mesSYlt+cHU+946v3qfg="></latexit>

Vanilla Transformer update equation :

h`+1 = Softmax

✓
QK>
p
d

◆
V 2 Rn⇥d, and h`=0 = x+ pAbsPE 2 Rn⇥d

with Q = h`W `
Q, K = h`W `

K , V = h`W `
V 2 Rn⇥d

i
<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
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Limitations

Full self-attention layer is dense as is considers all n2 token pairs.

It requires O(n2d) for attention computation, and O(n2) memory for the attention matrix 
(conventional implementation).

Quadratic attention becomes increasingly expensive for long sequences, i.e. n > 1M tokens.

On academic GPUs, the quadratic cost limits Transformers to relatively short sequences, 
i.e. n ≤ 100 to 1,000 for d = 512.

Positional structure is not built into self-attention and must be introduced explicitly (not 
a practical issue, only theoretical one).
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i
<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

Global receptive field and depth

Xavier Bresson 37

Continued

A full self-attention layer has a global receptive field. Every token can directly receive 
information from all n tokens, unlike RNN O(1) and CNN O(k2).

Hence, one attention layer provides a one-hop communication path between any pair of 
tokens, close and far away tokens in the sequence. A single layer is thus enough for 
long-range word communication.
However, direct connectivity does not imply that one layer can perform any arbitrary 
complex computation, such as multi-step reasoning. 

Stacking layers actually enables repeated transformations and interactions, which has 
been a strong property of this model.

But repeated layers may also lead to global mixing, representation collapse or over-
squashing issue.

N neighbors

<latexit sha1_base64="EiomOnHcCYGuN0FXZcYh02LP2Mg="></latexit>

h
L
i = fTransf(h

L�1
i , {hL�1

j }Nj=1)

with the receptive field size is O(N) where

N is the sequence length and L the number of layers.



38

Over-loading and over-squashing

Xavier Bresson 38

Aggregation over-loading : When many representations (here vectors) are aggregated, the model 
must identify and combine the few relevant signals among many irrelevant ones.

Compression over-squashing : Information from a rapidly growing receptive field must be 
compressed into fixed-dimensional hidden representations, making relevant long-range information 
difficult to preserve.

<latexit sha1_base64="XZys2hl56W09ZMsSXDBuPUboM5w="></latexit>

f `
MP-NN

�
[ ]`, [ ]`, ..., [ ]`

�
! [ ]`+1 select useful vectors from a large set of vectors

to update the representation.

<latexit sha1_base64="lHY2EwhZMMVfSYIV+3pWgtCFUPc="></latexit>

fcompress

�
[ ], [ ], ..., [ ]

�
= [ ] lossless compression of a large set of vectors

into a fixed d-dimensional vector.
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What causes over-loading and over-squashing ?

Xavier Bresson 39

Cause 1 : Stacking layers increases information compression issue

As most message-passing models, except Transformer, require multiple propagation layers to 
communicate over long distances, this causes the receptive field to increase leading to a large 
aggregation of vectors to update the representation.
This creates an information bottleneck where the model must decide what to compress, i.e. 
throw away 95% of aggregated vectors, and only keep 5%, useful for the correct update.

<latexit sha1_base64="6DEGgZrRDzdAWagMUrITlVep5zI="></latexit>

h`+1
i = fNN({h`

j}j2Ni), 2 Rd, Ni  Ni [ i

= fNN({fNN({h`�1
j }j2Ni)}j2Ni)

= ...

= fNN({fNN({fNN(...fNN({h0
j}j2Ni)}j2Ni)}j2Ni)

Growing receptive field

i
<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

j
<latexit sha1_base64="IvN7ZIjsPg5Gkwiu2YyISSTnuhw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzdJWeXtnd2+/cnDYMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnC/YgOlQgFo2il+8dyuV+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nns1Ck5tcqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw2s/EypJkSs2XxSmkmBM8r/JQGjOUE4soUwLeythI6opQ5tOHoK3+PIyaV3UPLfm3V1W6+dFHCU4hhM4Aw+uoA630IAmMBjCM7zCmyOdF+fd+Zi3rjjFzBH8gfP5AzNqjQA=</latexit><latexit sha1_base64="IvN7ZIjsPg5Gkwiu2YyISSTnuhw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzdJWeXtnd2+/cnDYMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnC/YgOlQgFo2il+8dyuV+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nns1Ck5tcqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw2s/EypJkSs2XxSmkmBM8r/JQGjOUE4soUwLeythI6opQ5tOHoK3+PIyaV3UPLfm3V1W6+dFHCU4hhM4Aw+uoA630IAmMBjCM7zCmyOdF+fd+Zi3rjjFzBH8gfP5AzNqjQA=</latexit><latexit sha1_base64="IvN7ZIjsPg5Gkwiu2YyISSTnuhw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzdJWeXtnd2+/cnDYMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnC/YgOlQgFo2il+8dyuV+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nns1Ck5tcqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw2s/EypJkSs2XxSmkmBM8r/JQGjOUE4soUwLeythI6opQ5tOHoK3+PIyaV3UPLfm3V1W6+dFHCU4hhM4Aw+uoA630IAmMBjCM7zCmyOdF+fd+Zi3rjjFzBH8gfP5AzNqjQA=</latexit><latexit sha1_base64="IvN7ZIjsPg5Gkwiu2YyISSTnuhw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzdJWeXtnd2+/cnDYMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb3K//cS1EbF6wEnC/YgOlQgFo2il+8dyuV+pujV3BrJMvIJUoUCjX/nqDWKWRlwhk9SYrucm6GdUo2CST8u91PCEsjEd8q6likbc+Nns1Ck5tcqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw2s/EypJkSs2XxSmkmBM8r/JQGjOUE4soUwLeythI6opQ5tOHoK3+PIyaV3UPLfm3V1W6+dFHCU4hhM4Aw+uoA630IAmMBjCM7zCmyOdF+fd+Zi3rjjFzBH8gfP5AzNqjQA=</latexit>

j
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Global attention and graph bottlenecks

Xavier Bresson 40

Cause 2 : Multi-step reasoning also creates information-selection issue

Global attention solves long-range node interaction with a direct communication path, hence 
mitigating over-squashing when the solution only requires one-hop interaction.

However, one layer is generally insufficient for complex reasoning tasks. 
Models still need stacking layers to compose interactions, and enable multi-step computation.

Each token must repeatedly select and compress information from many globally accessible 
representations, which cause aggregation over-loading and over-squashing.

Cause 3 : Graph bottlenecks produce over-squashing.
In GNNs, a small cut or narrow bridge between large                                                                 
graph regions forces many long-range signals through                                                               
only a few nodes / edges and fixed-dimensional                                                                           
hidden states.
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Surprisingly, Transformer[1] effectively mitigates over-squashing by accessing                           
direct long-range interactions through attention, even in deep architectures                             
e.g. GPT-3 175B uses 96 Transformer layers[2].

The first success of attention was introduced in a hybrid architecture                                  
combining RNN encoder-decoder with an attention mechanism[3], allowing                                      
the decoder to directly select relevant encoder states.

Transformers remove recurrence entirely, and deep Transformers now                                   
dominate deep learning architectures.

We next extend this idea to graphs, using attention to                                                            
create adaptive communication between graph nodes.

Attention mitigates over-squashing

Xavier Bresson 41

[1] Vaswani-etal, Attention Is All You Need, 2017
[2] Brown-etal, Language Models are Few-Shot Learners, 2020
[3] Bahdanau-Cho-Bengio, Neural machine translation by jointly learning to align and translate, 2014

Figure[1]. Accuracy of translated 
sequences (higher is better).

RNN + Attention

Standard RNN 
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Outline

Xavier Bresson 42

Review of graph network architectures

Graph positional encoding

Message-passing and over-squashing

Graph Transformer

Graph ViT / Hierarchical Transformer

Conclusion
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Transformer block

Xavier Bresson 43

Key ingredients of a Transformer block[1] :

Multi-head attention (MHA) : Applies self-attention across the token 
dimension.

Multi-layer perceptron (MLP) : Applies a feed-forward transformation 
along the feature dimension, independently to each token.

Residual connections (RC) and LayerNorm (LN) : Stabilize 
optimization, and enable effective training of deep networks.
Positional encodings (PE) : Inject information about token order 
before or within the Transformer blocks.

Transformer blocks have been applied to sequences[1], images[2], sets[3]. 
<latexit sha1_base64="Yj3JGlK7jhCXizlFFNUYADG+lDE="></latexit>

h`+ 1
2  h`

+MHA(LN(h`
)) 2 Rn⇥d

h`+1  h`+ 1
2 +MLP(LN(h`+ 1

2 )) 2 Rn⇥d

[1] Vaswani-etal, Attention is all you need, 2017
[2] Dosovitskiy-etal, An image is worth 16x16 words: Transformers for image recognition at scale, 2020
[3] Lee-etal, Set Transformer: A Framework for Attention-based Permutation-Invariant Neural Networks, 2019
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Self-attention as learnable message-passing

Xavier Bresson 44

Self-attention lets each token receive information from every other token, including itself.

The new token representation aggregates value vectors using softmax attention weights Aij.
Attention matrix Aij can be interpreted as a directed edge weight j → i in a fully-connected 
token graph.

LayerNorm
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MLP
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PE
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all tokens

× L
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Vector representation :

Head(h)i =
nX

j=1

Aijvj 2 Rdh single attention head

with Aij =
exp

�
q>i kj/

p
dh

�
Pn

r=1 exp
�
q>i kr/

p
dh

� � 0,
nX

j=1

Aij = 1 attention score

and qi = hiWQ, ki = hiWK , vi = hiWV 2 Rdh learnable dictionary

Matrix representation :

Head(h) = Av 2 Rn⇥dh

with A = softmaxrow

✓
qk>p
dh

◆
2 Rn⇥n

and q = hWQ, k = hWK , v = hWV 2 Rn⇥dh

Token 
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Multi-head self-attention

Xavier Bresson 45

Multi-head attention (MHA) computes several self-attention heads in parallel.

Each head uses its own query, key and value projections and can learn different token-to-token 
interactions.

Combining multiple heads allows the model to represent several interaction patterns 
simultaneously, i.e. increasing the model’s expressivity.

<latexit sha1_base64="wbb36jLYjoPCfK8vEbghcx4JZwI="></latexit>

For head m = 1, . . . , H :

Headm(h) = Amvm 2 Rn⇥dh ,
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m
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Lastly, concatenate the heads and apply a linear transformation :

MHA(h) = Concat (Head1, . . . ,HeadH)WO 2 Rn⇥d
.
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Token positional encodings

Xavier Bresson 46
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with pik =

⇢
sin(2⇡fki) if k even
cos(2⇡fki) if k odd

, frequency fk =
10, 000

d
b2kc

2⇡

and i = 0, ..., n� 1, k = 0, ...,
d

2
� 1

Self-attention without positional information is permutation-equivariant.

This implies that content-only self-attention does not distinguish different token orderings.
Sequence position can be introduced with absolute PEs at the input, or with relative-position 
mechanisms in attention, such as RoPE.
The original Transformer uses sinusoidal absolute PEs with geometrically spaced frequencies, 
encoding position at multiple scales.
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Graph Transformer

Xavier Bresson 47

GT[1] contributions :
Generalize Transformer[2] to arbitrary graphs using sparse neighborhood attention with 
O(N+E) complexity per layer, or dense global attention with O(N2) complexity.
Exploit graph connectivity as a structural inductive bias, constraining which nodes 
exchange information.
Use Laplacian eigenvectors[3] as node positional encodings, analogous to sinusoidal positional 
encodings for sequences.
Incorporate edge features directly into attention scores, e.g. through bilinear interactions, 
while maintaining explicit edge representations. It is critical for modeling molecular bonds 
or relations between entities in knowledge graphs.
Graph Transformer[1] and hybrid GNN+Transformer architectures[4] have become effective 
and widely used models in AI-for-Science, s.a. in molecular biology[5]. For example, GPS++[4] 
won the NeurIPS 2022 OGB Large-Scale Challenge[6] .

[1] Dwivedi-Bresson, A generalization of transformer networks to graphs, AAAI 2021
[2] Vaswani-etal, Attention is all you need, 2017
[3] Belkin, Niyogi, Laplacian Eigenmaps and Spectral Techniques for Embedding and Clustering, 2001
[4] Rampasek et-al, Recipe for a General, Powerful, Scalable Graph Transformer, 2022
[5] Ying-etal, Do Transformers Really Perform Bad for Graph Representation, 2021
[6] https://ogb.stanford.edu/neurips2022/workshop

https://ogb.stanford.edu/neurips2022/workshop
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<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
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Graph self-attention
Graph self-attention restricts each node i to attend only to its neighbors j ∈ 𝒩i, 
including itself. 

For the rest of the lecture, we will use 𝒩i ←	𝒩i ∪ {i}.
Attention scores are normalized locally over the neighborhood of each node.

Neighbor features are aggregated using learned attention weights to obtain an attention-
based message-passing update.
Sparse graph attention requires O(E) pairwise interactions per layer, compared with 
O(N2) for standard dense global attention.

Standard Transformer 
Neighbors 𝒩i are 

all tokens

Graph Transformer 
Neighbors 𝒩i are 
node neighbors

i
<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
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Graph self-attention equations

LayerNorm

LayerNorm

MLP

Token 
Embeddings

Graph 
MHA

× L
Transformer

Blocks

Task

PE

i
<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
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j

<latexit sha1_base64="VEWZq6uYplMJtqFX54ZjiQFuXaY="></latexit>

Vector representation :

gHead(h)i =
X

j2Ni

Ag
ijvj 2 Rdh single graph attention head

with Ag
ij =

exp
�
q>i kj/

p
dh

�
P

r2Ni
exp

�
q>i kr/

p
dh

� � 0,
X

j2Ni

Ag
ij = 1 graph attention score

and qi = hiWQ, ki = hiWK , vi = hiWV 2 Rdh learnable dictionary

Matrix representation :

gHead(h) = Agv 2 Rn⇥dh

with Ag
= softmaxrow

✓
qk>p
dh

+Mg

◆
2 Rn⇥n

(Mg
)ij =

⇢
0 if ij 2 E (connected)

�1 if ij not connected
graph connectivity mask

and q = hWQ, k = hWK , v = hWV 2 Rn⇥dh
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Graph MHA

Xavier Bresson 50

Graph multi-head self-attention (gMHA) computes several neighborhood-
attention patterns in parallel.
Each head uses independent dictionaries (a.k.a. projections) and can learn 
different node-to-node interactions, constrained by the graph topology.

LayerNorm

LayerNorm

MLP

Token 
Embeddings

Graph 
MHA

× L
Transformer

Blocks
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PE

i
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<latexit sha1_base64="EP49zriUyMdEu2r9tCrMEzsm88g="></latexit>

For head m = 1, . . . , H :

gHeadm(h) = A
g
mvm 2 Rn⇥dh ,

with A
g
m = softmax

✓
qmk

>
mp

dh
+M

g

◆
2 Rn⇥n

,

and (M
g
)ij =

⇢
0 if ij 2 E (connected)

�1 if ij not connected

qm = hW
m
Q , km = hW

m
K , vm = hW

m
V 2 Rn⇥dh , dh = d/H,

Lastly, concatenate the heads and apply a linear transformation :

gMHA(h) = Concat (gHead1, . . . , gHeadH)WO 2 Rn⇥d
.
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Graph Fourier modes as positional encodings

Xavier Bresson 51

Graph Laplacian eigenvectors provide node positional encodings (LapPEs).

They define graph Fourier modes, analogous to sine/cosine Fourier modes on 
regular domains.

+
Graph LapPEs

Φ = [ϕ2,ϕ3] ∈ ℝn × 2

LayerNorm
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<latexit sha1_base64="8juImd9oxNc5RS5rbkk6K0pOv0c="></latexit>

L = I �D�1/2AD�1/2 = �⇤�> 2 Rn⇥n, 0 = �1  · · ·  �N

where � = [�1, ...,�n] 2 Rn⇥n contains the Laplacian eigenvectors.

The first K non-trivial eigenvectors define the node PEs :

p = [�2, ...,�K+1] 2 Rn⇥K for connected graphs

First two non-trivial 
eigenvectors
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Lab 1 : Vanilla Graph Transformer 

Xavier Bresson 52

Graph Transformer without node PEs
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Lab 2 : Graph Transformer

Xavier Bresson 53

Graph Transformer with graph Laplacian PEs
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Graph Transformers with edge features

Xavier Bresson 54

Graph Transformer with edge-aware self-attention mechanism.

Learn edge-conditioned attention scores to modulate interactions between neighboring nodes[1] :
<latexit sha1_base64="+wd4WsjPH/DAxM26rR9HqPbK0uk="></latexit>

Vector representation :

gHead(h)i =
X

j2Ni

Ae
ijvj 2 Rdh single graph attention head

with Ae
ij =

exp
�
q>i Eijkj/

p
dh

�
P

r2Ni
exp

�
q>i Eirkr/

p
dh

� � 0,
X

j2Ni

Ae
ij = 1 edge-aware attention score

qi = hiWQ, ki = hiWK , vi = hiWV 2 Rdh learnable dictionary

Eij = diag(wij) 2 Rd⇥d, wij = eijWE 2 Rdh edge features

The edge-based attention score has a tri-linear form :

sij = q>i Eijkj =
dhX

r=1

qirwij,rkjr 2 R,

which can be implemented with DGL/PyG message-passing operations :

sij = sumdim=0(qi � wij � kj) where � is the element-wise product.
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Dense edge-based graph attention

Xavier Bresson 55

Graph attention can be implemented either with sparse edge-wise operations (DGL/PyG)   
or with dense tensors (PyTorch).

The dense formulation maps efficiently to standard GPU tensor operations and does not 
require specialized sparse CUDA kernels.

However, densification increases computation from O(E) to O(n2) for speed and memory.
<latexit sha1_base64="6cwUM/+ei3RRdYv12vf2BQsVD1I="></latexit>

Matrix / tensor representation :

gHead(h) = Aev 2 Rn⇥dh

with Ae
= softmaxrow (S) 2 Rn⇥n

S = sumdim=2(q̄ � ē� k̄) +Mg 2 Rn⇥n

q̄ = unsqueezedim=1(q) = q[:,None, :] 2 Rn⇥1⇥dh , q = hWQ 2 Rn⇥dh

k̄ = unsqueezedim=0(k) = k[None, :, :] 2 R1⇥n⇥dh , k = hWK 2 Rn⇥dh

ē = densify(w) 2 Rn⇥n⇥dh , w = eWK 2 RnE⇥dh

q̄ � ē� k̄ 2 Rn⇥n⇥dh broadcasting and multiplication
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Edge-based graph multi-head attention

Xavier Bresson 56

Edge-based graph MHA (gMHAe) computes several neighborhood-attention patterns in parallel.

Different heads can learn different edge-conditioned node-to-node interactions, constrained by 
the graph topology.

<latexit sha1_base64="27NABXZjjWnEDQGaUJHinnUEbZQ="></latexit>

Sparse version :

For head m = 1, . . . , H :

gHead
e
m(h) = A

e
mvm 2 Rn⇥dh , A

e
m 2 Rn⇥n

(A
e
m)ij =

exp
�
q
m
i

>
E

m
ij k

m
j /

p
dh

�
P

r2Ni
exp

�
q
m
i

>
E

m
ir k

m
r /

p
dh

� � 0,

X

j2Ni

(A
e
m)ij = 1

q
m
i = hiW

m
Q , k

m
i = hiW

m
K , v

m
i = hiW

m
V 2 Rdh

E
m
ij = diag(w

m
ij ) 2 Rd⇥d

, w
m
ij = eijW

m
E 2 Rdh

Lastly, concatenate the heads and apply a linear transformation :

gMHA
e
(h) = Concat (gHead

e
1, . . . , gHead

e
H)WO 2 Rn⇥d

.
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Dense edge-based graph MHA

Xavier Bresson 57

Dense version :
<latexit sha1_base64="uQf8Lh3MihS3CiyxIj477dRgK00="></latexit>

For head m = 1, . . . , H :

gHeadm(h) = A
e
mvm 2 Rn⇥dh ,

with A
e
m = softmax (Sm) 2 Rn⇥n

,

Sm = sumdim=2(q̄m � ēm � k̄m) +M
g 2 Rn⇥n

, dh = d/H

q̄m = unsqueezedim=1(qm) = qm[:,None, :] 2 Rn⇥1⇥dh , qm = hW
m
Q 2 Rn⇥dh

k̄m = unsqueezedim=0(km) = km[None, :, :] 2 R1⇥n⇥dh , km = hW
m
K 2 Rn⇥dh

ēm = densify(wm) 2 Rn⇥n⇥dh , wm = eW
m
K 2 RnE⇥dh

Lastly, concatenate the heads and apply a linear transformation :

gMHA
e
(h) = Concat (gHead

e
1, . . . , gHead

e
H)WO 2 Rn⇥d

.
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Coupled node and edge updates

Xavier Bresson 58

Graph Transformer with jointly updated node and edge representations[1] :

[1] Dwivedi-Bresson, A generalization of transformer networks to graphs, 2020

LayerNorm

LayerNorm
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<latexit sha1_base64="MiA2bssB0rU70/fGi/Pab5N0vWc="></latexit>

For layer ` = 0, . . . , L� 1 :

h
`+ 1

2  h
`
+ gMHA

n
(LN(h

`
),LN(e

`
)) 2 Rn⇥d

h
`+1  h

`+ 1
2 +MLP(LN(h

`+ 1
2 )) 2 Rn⇥d

e
`+ 1

2  e
`
+MHA

e
(LN(h

`
),LN(e

`
)) 2 Rne⇥d

e
`+1  e

`+ 1
2 +MLP(LN(e

`+ 1
2 )) 2 Rne⇥d

with

gMHA
e
(h, e) = Concat (gHead

e
1, . . . , gHead

e
H)WO 2 Rn⇥d

and gHead
e
m(h, e)ij =

q
m
i � w

m
ij � k

m
jp

dh
2 Rdh , dh = d/H

q
m
i = hiW

m
Q , k

m
i = hiW

m
K , v

m
i = hiW

m
V , w

m
ij = eijW

m
E 2 Rdh

Initialize with : h
`=0

= Linearx(x) + Linearp(p) 2 Rn⇥d

e
`=0

= Lineare(e) 2 Rne⇥d
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Graph Transformer[1] reduces to standard Transformer[2] when
The graph is fully connected, i.e. 𝒩i = V, every node attends to every node.

Edge vectors become identity, i.e. Eij = diag(wij) = Id (d-dim identity matrix) or                                 
wij = 1d (d-dim vector of ones). 
Node LapPEs reduce to sinusoidal functions for a sequence of tokens.

Standard Transformer as a special case of GT

Xavier Bresson 59

[1] Dwivedi-Bresson, A generalization of transformer networks to graphs, 2020
[2] Vaswani-etal, Attention is all you need, 2017

+i, h`
i
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Sparsely 
connected graph
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Sparse GT vs. dense GT
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Graph Transformer can use either local sparse or global dense attention.

Sparse Graph Transformer 

Local sparse attention : Attend only along graph edges.

Advantages : 

O(n+nE) attention pairs, scales to large sparse graphs, e.g. n = 106 to 1010 (no OOM).

Efficiently implemented with PyG / DGL.

Limitations : 

Irregular sparse operations are less GPU-efficient than dense ones.

We need to stack many layers for long-rage interaction.

However, multi-hop communication suffer from over-squashing.
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Sparse GT vs. dense GT
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Dense Graph Transformer 

Global dense attention : Attend over all node pairs.

The missing edges are explicitly represented in a completed graph with a special type, e.g. 
‘None’ or ‘No-edge’ type.

Advantages : 

Direct long-range interactions.

Highly optimized dense GPU kernels with PyTorch.

Mitigates graph-path bottlenecks.

Limitations: 

O(n2) attention pairs and memory pressure.

Practical only when n is sufficiently small, e.g. n ≤ 100 .
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Lab 3 : Sparse GT with edge features
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Sparse Graph Transformer with edge features and DGL
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Lab 4 : Dense GT with edge features

Xavier Bresson 63

Dense Graph Transformer with edge features and PyTorch
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Graph Transformer

Xavier Bresson 64

Further reading and code :

Blogpost (Vijay Dwivedi) : https://towardsdatascience.com/graph-
transformer-generalization-of-transformers-to-graphs-ead2448cff8b 

GitHub repo (1K∗) : 
https://github.com/graphdeeplearning/graphtransformer 

Andrew Ng’s article : https://www.deeplearning.ai/the-batch/issue-151 

DGL tutorial : 
https://docs.dgl.ai/en/latest/notebooks/sparse/graph_transformer.html 

https://towardsdatascience.com/graph-transformer-generalization-of-transformers-to-graphs-ead2448cff8b
https://towardsdatascience.com/graph-transformer-generalization-of-transformers-to-graphs-ead2448cff8b
https://github.com/graphdeeplearning/graphtransformer
https://www.deeplearning.ai/the-batch/issue-151
https://docs.dgl.ai/en/latest/notebooks/sparse/graph_transformer.html
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Scaling GT to large graphs
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Dense GT is expensive on large graphs since global attention requires O(n2)                            
pairwise interactions.
Sparse GTs may perform poorly on large graphs because long-range communication                 
requires stacking many layers, which increase over-squashing and aggregation overload.
How can we model long-range interactions when graphs contain millions or more nodes?

The same scalability problem arises for standard Transformer on very long sequences :               
Global attention requires O(n2) compute and memory.
A similar issue in vision : Global pixel-level attention on a 1,000 × 1,000 image                              
would involve N = 106 pixel-positions.
Proposed solution: Hierarchical architectures provide                                                                   
shorter long-range communication paths at lower cost                                                                   
and mitigate over-squashing.

Suppose the sequence has 
n = 1M word tokens

Suppose the image 
has n = 1M pixels

Sparge GT

Dense GT
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Outline
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Review of graph network architectures

Graph positional encoding

Message-passing and over-squashing

Graph Transformer

Graph ViT / Hierarchical Transformer

Conclusion



67

Transformer for images

Xavier Bresson 67
[1] Dosovitskiy-etal, An image is worth 16x16 words: Transformers for image recognition at scale, 2020

+

n = 256 x 256 
≈ 66K pixels

p = 256 patches 
of size 16 x 16 pixels 

p ≪ n patches

Architecture

Vision Transformer (ViT) architecture[1] :

Partition the image into a regular grid of small non-overlapping patches.
Flatten each patch and project it into a d-dimensional token embedding.

Add positional embeddings to the patch tokens and process the resulting sequence with 
standard Transformer encoder  / self-attention blocks.

Use a classification token or pooled representation followed by an output head for the 
downstream task.
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ViT advantages and limitations
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[1] Touvron-etal, Training Data-Efficient Image Transformers & Distillation through Attention, 2021
[2] Bai-etal, Are Transformers More Robust Than CNNs?, 2021

Advantages

Patchifying / domain sub-sampling reduces the number of attention tokens from n pixels to 
p ≪ n patches, reducing global-attention cost from O(n2) to O(p2).

For example, a (1,000×1,000)-pixel image has 106/1M pixels, and using (100×100)-pixel 
patches gives 10×10 = 100 patch tokens.

After embedding patches into fixed d-dim vectors, global self-attention provides direct long-
range interactions between patches, mitigating the long communication paths in images.

Limitations

ViT generally requires longer training and more compute per epoch compared to CNN.
The exact ratio depends on model size and hardware, but for ResNet-34/21.8M param vs. 
ViT-S/22.1M param, the training throughput is 1378 img/s vs. 625 img/s, and the time per 
epoch is 15.5min vs. 34.2 min[1].
When training budget and modern training recipes are used, DeiT-S and ResNet-50 achieve 
similar ImageNet-1k accuracy (76.8% vs. 76.9% at 100 epochs)[2].
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Generalizing ViT from images to graphs
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[1] He-Bresson-LeCun,, A Generalization of ViT/MLP-Mixer to Graphs, 2022
[2] Karypis-Kumar, A Fast and High Quality Multilevel Scheme for Partitioning Irregular Graphs, 1998

We aim at extending the ViT patch-based model from regular image grids to irregular graphs.

Main challenge : Graphs are variable-size and unordered, requiring meaningful permutation-
invariant graph patches/tokens.

Advantages

GraphViT[1] captures long-range dependencies and empirically mitigates over-squashing.

Graph patch construction can be performed in near-linear time, typically O(nE), using 
graph partitioning / coarsening methods such as METIS or Heavy-Edge Matching (HEM)[2].

The overall complexity of GraphViT is O(n+nE), similar to MP-GNNs. 

Global attention is applied to only p ≪ n graph patches: O(p2d) compute and O(p2+pd) 
memory, instead of O(n2d) and O(n2+nd) for node-level global attention.

GraphViT empirically demonstrates high graph-isomorphism expressivity, distinguishing 
challenging graphs beyond standard message-passing GNNs.
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Four-stage architecture
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Generic architecture of Graph ViT

GraphViT generalizes patch-based ViT paradigm from regular grids to graphs in four key steps :

Step 1 / Graph patch extraction : Partition the graph into overlapping patches.
Step 2 / GNN patch embedding : Encode each graph patch into a token representation.

Step 3 / Positional encoding : Inject node- and patch-level structural information.
Step 4 / Token mixing + readout : Process patch tokens with Graph Transformer layers, 
followed by global pooling and a prediction head.
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Step 1 : Domain partitioning

Xavier Bresson 71

For images:

Pixels lie on a regular 2D lattice.
The lattice can be efficiently partitioned into fixed-size, non-overlapping, rectangular 
patches, via fast pixel reordering.

+ +

Image 
domain

Image 
partitioning

Image 
patches  
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Graph partitioning
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For graphs:

Graphs are irregular and lack a canonical grid-based partition into fixed-size patches.
Patch extraction can be formulated as a graph partitioning problem, which is a well-known 
task in graph theory[1].

[1] Chung, Spectral Graph Theory, 1996

+ +

Graph 
domain

Graph 
partitioning

Graph 
patches  
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Graph partitioning for patch extraction
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Graph partitioning has a long history with multiple algorithmic approaches[1].

Partitioning objectives are usually NP-hard, motivating efficient approximation methods.

For graph patch extraction, we seek a partitioning method with the following properties :

Applicable to arbitrary irregular graphs.

Produces patches with high intra-connectivity edges (clusters / communities) and few inter-
patch edges (patches are well separated).

Scales efficiently to large sparse graphs, ideally with O(nE) or near-linear complexity.

For a single-level partition, we use METIS[2] to obtain high-quality graph clusters[3].

For multi-level hierarchies, we use Heavy-Edge Matching (HEM)[2] to recursively coarsen the 
graph, producing a sequence of increasingly coarse graphs.

[1] Von Luxburg, A tutorial on spectral clustering, 2007
[2] Karypis-Kumar, A Fast and High Quality Multilevel Scheme for Partitioning Irregular Graphs, 1998
[3] He-Bresson-LeCun, A Generalization of ViT/MLP-Mixer to Graphs, 2022
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Graph partitioning with METIS

Xavier Bresson 74

METIS[1] is a fast graph partitioning method with three main stages :

Coarsen the graph, e.g. using Heavy-Edge Matching or related matching heuristics.

Partition the coarsest graph while minimizing edge cut subject to balance constraints.

Un-coarsen and refine the partition at progressively finer graph resolutions.

The METIS objective favors few inter-partition edges while maintaining approximately 
balanced partitions :

METIS provides high-quality partitions with linear                                                       
O(nE) cost on large sparse graphs.

[1] Karypis-Kumar, A fast and high quality multilevel scheme for partitioning irregular graphs, 1998
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Constrained Cut loss
Cut(C,Cc) = 1
Vol(C) = 29
Vol(Cc) = 27
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Graph coarsening with HEM
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HEM[1] is a local graph coarsening heuristic that preferentially matches nodes connected by 
heavy edges.
By constraining strongly connected node pairs, HEM locally favors high within-cluster 
association :

A HEM coarsening pass runs in O(nE) time on a sparse graph.

Repeated HEM coarsening produces a hierarchy of progressively                                            
smaller / coarser graphs.

[1] Karypis-Kumar, A fast and high quality multilevel scheme for partitioning irregular graphs, 1998
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Associative loss
Assoc(C,C) = 15
Assoc(Cc,Cc) = 13

Total = 27
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Step 2 : From patches to tokens
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Step 2 : Encode patches into a vectorial representation

For images : 
Equal-size p × p patches are flattened and mapped by a shared linear projection from 
dimension p2 (= 9 pixels) × c (= 3 colors) to dimension d.
This shared projection is equivalent to a convolution with kernel size p × p, stride p, and    
d output channels, enabling efficient implementation. 

+
Image 

patches  

MLP patch 
encoder / 

Shared linear 
projection

Patch             
embeddings
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<latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> �

<latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> �

<latexit sha1_base64="6+ZSwxkHBZBPSMgRQpfnR8BC/0E=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRFqsuCG5dV7AOaGCaTSTt0MgkzE6GELNz4K25cKOLWj3Dn3zhps9DWAxcO59zLvff4CaNSWda3UVlb39jcqm7Xdnb39g/Mw6O+jFOBSQ/HLBZDH0nCKCc9RRUjw0QQFPmMDPzpVeEPHoiQNOZ3apYQN0JjTkOKkdKSZ9Ydyp0IqYnvZ7f5fca9xFE0IhIGuWc2rKY1B1wldkkaoETXM7+cIMZpRLjCDEk5sq1EuRkSimJG8pqTSpIgPEVjMtKUI73HzeZP5PBUKwEMY6GLKzhXf09kKJJyFvm6s7hXLnuF+J83SlV46WaUJ6kiHC8WhSmDKoZFIjCggmDFZpogLKi+FeIJEggrnVtNh2Avv7xK+q2m3W62b84bnVYZRxXUwQk4Aza4AB1wDbqgBzB4BM/gFbwZT8aL8W58LForRjlzDP7A+PwBbsGYkA==</latexit>

2 Rnp⇥d
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Graph patch embedding
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For graphs :

Graph patch encoders must handle irregular structure and variable numbers of nodes/edges, 
while being invariant to node ordering and discriminative across different graph patches.

As a result, we encode each patch with a message-passing GNN in three stages : First, node/ 
edge feature embedding, second graph convolution or attention layers, and third permutation-
invariant pooling / readout.

Because message passing is restricted to small graph patches, communication paths remain 
short, substantially reducing long-range over-squashing and aggregation over-loading.

<latexit sha1_base64="FXqIlg9wiWBonR9UCs3ALQTHum8="></latexit>

For patch p = 1, ..., np, node i and edge ij :

h0
p,i = W 0

xxp,i +W 0
p pp,i 2 Rd, e0p,ij = W 0

e ep,ij 2 Rd

For ` = 0, 1, ..., L� 1 :

h`+1
p,i = fnode

�
h`
p,i, {h`

p,j , e
`
p,ij : j 2 Ni}

�
2 Rd

e`+1
p,ij = fedge

�
e`p,ij , h

`
p,i, h

`
p,j

�
2 Rd

zp = MLP(
1

|Vp|
X

i2Vp

hL
p,i) 2 Rd patch embedding

+

MP-GNN <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> �
<latexit sha1_base64="WFnZXRJIv627862OGbD4gypdFc0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KolIdVlw47KKfUAby2QyaYdOJmFmopTYT3HjQhG3fok7/8ZJm4W2Hhg4nHMv98zxE86Udpxva2V1bX1js7RV3t7Z3du3KwdtFaeS0BaJeSy7PlaUM0FbmmlOu4mkOPI57fjjq9zvPFCpWCzu9CShXoSHgoWMYG2kgV3pM4H6EdYj389up/dBeWBXnZozA1ombkGqUKA5sL/6QUzSiApNOFaq5zqJ9jIsNSOcTsv9VNEEkzEe0p6hAkdUedks+hSdGCVAYSzNExrN1N8bGY6UmkS+mcxDqkUvF//zeqkOL72MiSTVVJD5oTDlSMco7wEFTFKi+cQQTCQzWREZYYmJNm3lJbiLX14m7bOaW6/Vb86rDaeoowRHcAyn4MIFNOAamtACAo/wDK/wZj1ZL9a79TEfXbGKnUP4A+vzB46Mk4E=</latexit>

2 Rd<latexit sha1_base64="0M+9e4anCnnOwQ9LW6xzYlBZwyA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rGC/YA2lM120i7d3YTdjVBD/4IXD4p49Q9589+YtDlo64OBx3szzMwLYsGNdd1vZ219Y3Nru7RT3t3bPzisHB23TZRohi0WiUh3A2pQcIUty63AbqyRykBgJ5jc5n7nEbXhkXqw0xh9SUeKh5xRm0tPg7g8qFTdmjsHWSVeQapQoDmofPWHEUskKssENabnubH1U6otZwJn5X5iMKZsQkfYy6iiEo2fzm+dkfNMGZIw0lkpS+bq74mUSmOmMsg6JbVjs+zl4n9eL7HhjZ9yFScWFVssChNBbETyx8mQa2RWTDNCmebZrYSNqabMZvHkIXjLL6+S9mXNq9fq91fVhlvEUYJTOIML8OAaGnAHTWgBgzE8wyu8OdJ5cd6dj0XrmlPMnMAfOJ8/obmN7g==</latexit>zp
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From graph patches to graph tokens
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+

Shared 
MP-GNN 

Graph patch 
embeddings

<latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> �

Graph 
patches  

<latexit sha1_base64="/VkL5/Lx0lIl8EdoExszFXTAEAQ=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRFqhuh4EKXFewDmhgm00k7dDIZZiZCCfFX3LhQxK0f4s6/cdpmoa0HLhzOuZd77wkFo0o7zrdVWlvf2Nwqb1d2dvf2D+zDo65KUolJBycskf0QKcIoJx1NNSN9IQmKQ0Z64eR65vceiVQ04fd6KogfoxGnEcVIGymwq152EwgvDzJx5eYPGQ9EHtg1p+7MAVeJW5AaKNAO7C9vmOA0JlxjhpQauI7QfoakppiRvOKligiEJ2hEBoZyFBPlZ/Pjc3hqlCGMEmmKazhXf09kKFZqGoemM0Z6rJa9mfifN0h1dOlnlItUE44Xi6KUQZ3AWRJwSCXBmk0NQVhScyvEYyQR1iavignBXX55lXQbdbdZb96d11qNIo4yOAYn4Ay44AK0wC1ogw7AYAqewSt4s56sF+vd+li0lqxipgr+wPr8AfcWlPI=</latexit>

{Gp}
np

p=1

<latexit sha1_base64="mfIlKrzPZIKXJibBhp/cNA8hMNo=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjNFqhuh4MZlFfuAznTIZNI2NJMJSUaow3yAG3/FjQtF3PoB7vwb03YW2nogcDjnXHLvCQSjStv2t1VYWV1b3yhulra2d3b3yvsHbRUnEpMWjlksuwFShFFOWppqRrpCEhQFjHSC8dXU79wTqWjM7/REEC9CQ04HFCNtJL9ccdMHX7iZn4pLJ+un3BeZSzl0I6RHQZDeZv3QpOyqPQNcJk5OKiBH0y9/uWGMk4hwjRlSqufYQnspkppiRrKSmygiEB6jIekZylFElJfOjsngiVFCOIileVzDmfp7IkWRUpMoMMnpjmrRm4r/eb1EDy68lHKRaMLx/KNBwqCO4bQZGFJJsGYTQxCW1OwK8QhJhLXpr2RKcBZPXibtWtWpV+s3Z5VGLa+jCI7AMTgFDjgHDXANmqAFMHgEz+AVvFlP1ov1bn3MowUrnzkEf2B9/gCaqJvu</latexit>

{zp}
np

p=1 2 Rd

<latexit sha1_base64="dagZdHwtG04gpmMbfl9ImpLNpAc="></latexit>

z = [z1, ..., znp ]
T 2 Rnp⇥d
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Step 3 : Multi-scale positional encodings

Xavier Bresson 79

Inject positional / structural information to increase the expressive power of the model.

For images:

The regular 2D grid provides canonical coordinates for pixels and image patches. 

For graphs:

Arbitrary graphs have no canonical ordering or coordinates for nodes or graph patches.

GraphViT uses PEs at two scales : Node-level PE on the original graph and patch-level PE 
on the coarsened graph.

For a multi-level hierarchy, coarse graphs are constructed recursively using the assignment 
matrices. And, at each level, a structural PE is computed from the corresponding coarse 
graph.
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Hierarchical graphs

Xavier Bresson 80

<latexit sha1_base64="V3B9QnEtIozslgOGaKXeBR+n5tA="></latexit>

First coarsened graph :

A1 = PT
0 A0P0, A0 = A (original graph), P0 2 {0, 1}n0⇥n1 , n0 = n, n1 = np,

where P0 is the node-to-patch assignment matrix :

(P0)ik =

(
1, if node i belongs to patch G0

k = Gk,

0, otherwise.

Equivalently, A1
kl =

X

i2Gk

X

j2Gl

Aij = Assoc(Gk, Gl).

For hierarchical levels h = 0, ..., nh � 1 :

Ah+1 = PT
h AhPh, where Ph 2 {0, 1}nh⇥nh+1 maps

level-h super-nodes to level-(h+1) super-nodes.

(Ph)rs =

(
1, if super-node r belongs to super-cluster Gh

s ,

0, otherwise.
Original graph and 

its first coarse 
communities
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Hierarchical graphs with disconnected communities

Xavier Bresson 81

Graph of 
disconnected  
communities

<latexit sha1_base64="No8H4Bw1424NQw+PTx4An0BvyGM="></latexit>

For hierarchical GT, we will need to cut the graphs into

disconnected communities.

The disconnected coarsened graphs are computed by removing

removing all edges between di↵erent communities:

Ah
cut = Ah � (PhP

T
h ) 2 Rnh⇥nh

with
�
Ah

cut

�
ij
=

(
Ah

ij , i, j 2 Gh
k for some k,

0, otherwise.

After reordering nodes by community, Ah
cut is block diagonal :

Ah
cut =

2

66664

AGh
1

0 · · · 0
0 AGh

2
· · · 0

...
. . .

...
0 0 · · · AGh

nh+1

3

77775

and the graph becomes a union of disconnected subgraphs :

Gh
cut = Gh

1 [Gh
2 [ · · · [Gh

nh+1
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<latexit sha1_base64="nrFfBqyWyNA91s6rdQIrJcdFnxU="></latexit>

The same assignment matrices Ph, h = 0, ..., nh � 1 pool node features

across hierarchical levels :

fh+1 = D�1
h PT

h fh, where fh+1 2 Rnh+1⇥d, fh 2 Rnh⇥d,

Ph 2 {0, 1}nh⇥nh+1 , Dh = diag
�
PT
h 1

�
2 Rnh+1⇥nh+1 (cluster-size matrix)

Thus, for each community Gh
p , the corresponding super-node feature is

fh+1
p =

1��Gh
p

��
X

i2Gh
p

fh
i 2 Rd

For disconnected coarsened graphs, the pooling equations are unchanged,

since pooling depends on community assignments Ph, not inter-community edges.

Hierarchical feature pooling

Xavier Bresson 82

<latexit sha1_base64="GBByyJj69UpHEwdD0cmkUGhNxaI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FD3qsYGqhjWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxdBniUhUO6QaBZfoG24EtlOFNA4FPoSj65n/8IRK80Tem3GKQUwHkkecUWMl/6aXPg575Ypbdecgq8TLSQVyNHvlr24/YVmM0jBBte54bmqCCVWGM4HTUjfTmFI2ogPsWCppjDqYzI+dkjOr9EmUKFvSkLn6e2JCY63HcWg7Y2qGetmbif95ncxEV8GEyzQzKNliUZQJYhIy+5z0uUJmxNgSyhS3txI2pIoyY/Mp2RC85ZdXSatW9erV+t1FpVHL4yjCCZzCOXhwCQ24hSb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AZfLjoM=</latexit>

Gh
p

Feature pooling 
with communities

<latexit sha1_base64="k4T5MyweyaLzeka6Tgf46MdjJ6o=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqx4MVjBfuB7VqyabYNzSZLkhXK0n/hxYMiXv033vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5CbzO09UaSbFvZnG1I/wSLCQEWys9BAO4sd0fOHNSoNyxa26c6BV4uWkAjmag/JXfyhJElFhCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVOCIaj+dXzxDZ1YZolAqW8Kgufp7IsWR1tMosJ0RNmO97GXif14vMeG1nzIRJ4YKslgUJhwZibL30ZApSgyfWoKJYvZWRMZYYWJsSFkI3vLLq6Rdq3r1av3ustKo5XEU4QRO4Rw8uIIG3EITWkBAwDO8wpujnRfn3flYtBacfOYY/sD5/AGf3pAy</latexit>

fh+1
p<latexit sha1_base64="rtlALaMNztmoXG8+p/8kJ2wtxmY=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBU0mKVI8FLx4r2FZpY9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+NmzYHbX0w8Hhvhpl5YcKZNp737ZTW1jc2t8rb7s7u3v5B5fCoo+NUEdomMY/VfYg15UzStmGG0/tEUSxCTrvh5Dr3u09UaRbLOzNNaCDwSLKIEWys9BAN2GM2nrnuoFL1at4caJX4BalCgdag8tUfxiQVVBrCsdY930tMkGFlGOF05vZTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdREV0HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzPKQ/CXX14lnXrNb9QatxfVZr2IowwncArn4MMlNOEGWtAGAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucP8PuPzw==</latexit>

fh
i

<latexit sha1_base64="lfNQhXlC+hfRp5hCPOxS5BoodgE=">AAAB6nicbVBNS8NAEJ2tXzV+VT16WSyCp5IUqR4LXjxWtB/QhrLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq77jUobm1vbO+VdZ2//4PCocnzS0XGqKGvTWMSqFxDNBJesbbgRrJcoRqJAsG4wvc397hNTmsfy0cwS5kdkLHnIKTFWeuCOM6xU3Zq7AF4nXkGqUKA1rHwNRjFNIyYNFUTrvucmxs+IMpwKNncGqWYJoVMyZn1LJYmY9rPFqXN8YZURDmNlSxq8UH9PZCTSehYFtjMiZqJXvVz8z+unJrzxMy6T1DBJl4vCVGAT4/xvPOKKUSNmlhCquL0V0wlRhBqbTh6Ct/ryOunUa16j1ri/qjbrRRxlOINzuAQPrqEJd9CCNlAYwzO8whsS6AW9o49lawkVM6fwB+jzBzdEjRA=</latexit>

i
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Step 4 : Transformer blocks and task prediction

Xavier Bresson 83

Mix patch representations and compute the final prediction.

For images :
Patch embeddings and their positional encodings are processed by multiple Transformer 
blocks, followed by global pooling / readout and a prediction head.

+

MLP patch 
encoder / Shared 
linear projection

Image patch 
embeddings

<latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> �

<latexit sha1_base64="mfIlKrzPZIKXJibBhp/cNA8hMNo=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjNFqhuh4MZlFfuAznTIZNI2NJMJSUaow3yAG3/FjQtF3PoB7vwb03YW2nogcDjnXHLvCQSjStv2t1VYWV1b3yhulra2d3b3yvsHbRUnEpMWjlksuwFShFFOWppqRrpCEhQFjHSC8dXU79wTqWjM7/REEC9CQ04HFCNtJL9ccdMHX7iZn4pLJ+un3BeZSzl0I6RHQZDeZv3QpOyqPQNcJk5OKiBH0y9/uWGMk4hwjRlSqufYQnspkppiRrKSmygiEB6jIekZylFElJfOjsngiVFCOIileVzDmfp7IkWRUpMoMMnpjmrRm4r/eb1EDy68lHKRaMLx/KNBwqCO4bQZGFJJsGYTQxCW1OwK8QhJhLXpr2RKcBZPXibtWtWpV+s3Z5VGLa+jCI7AMTgFDjgHDXANmqAFMHgEz+AVvFlP1ov1bn3MowUrnzkEf2B9/gCaqJvu</latexit>

{zp}
np

p=1 2 Rd

<latexit sha1_base64="dagZdHwtG04gpmMbfl9ImpLNpAc="></latexit>

z = [z1, ..., znp ]
T 2 Rnp⇥d

+

Transformer

Patch-level Transformer 
+ Readout function

LayerNorm

LayerNorm

MLP

Token 
Embeddings

MHA

× L
Transformer

Blocks

Task

PE

Image 
patches  
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1-level hierarchical Graph Transformer

Xavier Bresson 84

For graphs : Graph patch embeddings and their PEs are processed by multiple patch-level 
Graph Transformer blocks, followed by global pooling / readout and a prediction head.

+

Shared 
MP-GNN 

Graph patch 
embeddings

<latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> � <latexit sha1_base64="vO5IUX+m08HHCkvBzeN1Gqh6j98=">AAACKHicbVBNS8NAEN34WeNX1KOXaBE8lURExYsFLx4rWCskoWy2k3Zxswm7E6GE/hwv/hUvIop49Ze4bXNQ6yzLPN6bmd15cS64Rs/7tObmFxaXlmsr9ura+sams7V9q7NCMWizTGTqLqYaBJfQRo4C7nIFNI0FdOL7y7HeeQCleSZvcJhDlNK+5AlnFA3VdS5CAQkGdhhDn8uSKkWHo1KM7HCvOuE02yHIXqXboeL9AUa2bXedutfwJuHOAr8CdVJFq+u8hr2MFSlIZIJqHfhejpEZjJwJMKMLDTll97QPgYGSpqCjcrLoyD0wTM9NMmWuRHfC/uwoaar1MI1NZUpxoP9qY/I/LSgwOYtKLvMCQbLpQ0khXMzcsWtujytgKIYGUKa4+avLBlRRhsbbsQn+35Vnwe1Rwz9p+NfH9eZ5ZUeN7JJ9ckh8ckqa5Iq0SJsw8kieyRt5t56sF+vD+pyWzllVzw75FdbXN26epEc=</latexit> �
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h0 = z + flinear(PEpatch) 2 Rnp⇥d

For ` = 0, 1, ..., L� 1 :

h`+1 = GT layers(h`, A1) 2 Rnp⇥d

Prediction : ŷ = MLP(mean({hL})) 2 RK
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The hierarchy limits the number of nodes processed by each local GNN/GT block, controlling 
aggregation size and helping mitigate over-squashing.

For example, consider a graph with 1,000,000 nodes and choose a maximum local-attention size 
of S = 100 nodes, i.e. the GT layer is applied to a maximum of S nodes.

Repeated size-constrained graph coarsening (e.g. HEM with a cluster-size bound) builds a 
hierarchy of local communities containing at most S nodes / super-nodes.

Level 0 : Original graph with N0 = 1,000,000 nodes. 

Level 1 : Contains approx N1 = N0/S = 10,000 clusters, with each cluster containing at most 
S = 100 nodes. After pooling, the clusters become 10,000 super-nodes.

Level 2 (final) : Approx N2 = N1/S = 100 clusters, with each cluster containing at most             
S = 100 super-nodes. After pooling, the clusters become 100 super-nodes.

From 1-level to H-level hierarchical GT
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Hierarchical GT design
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HGT architecture : 

Input (layer 0) : Embed the N0 = 106 original nodes, 

Local GT (layer 1) : Process the N1 = 104 disconnected clusters independently and in 
parallel, each cluster containing at most S = 102 nodes, 

Global GT (layer 2) : Apply full attention to the final N2 = 102 super-nodes, 

Final layer : Use a task-specific prediction head.

HGT bounds local attention cost while progressively shortening long-range communication 
paths across the hierarchy.
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2-level hierarchical GT 
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+ ++

+ ++

Graph
Coarsening

Graph
Coarsening

Graph
Coarsening

Original graph 
N0 = 106 nodes

Level-1 coarse graph 
N1 = 104 super-nodes

Level-2 coarse graph 
N2 = 102 super-nodes

Final graph 
N2 = 102 super-nodes

Node embedding 
+ Graph PE

GT1 layer applied 
independently 

inside the 104 blue 
clusters

GT2 layer applied 
independently 

inside the 102 green 
clusters

GT3 layer applied 
to the final coarse 
graph of 102 green 

super-nodes

Clusters have at 
most S = 102 nodes

Graph
Feature Pooling

Graph
Feature Pooling

+

Final graph
Feature Pooling
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Hierarchical GT shortens communication paths
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Original graph 
N0 = 1,000,000 nodes

Level-1 coarse graph 
N1 = 10,000 super-nodes

Level-2 coarse graph 
N2 = 100 super-nodes

Final graph 
N2 = 100 super-nodes

Hierarchical Graph Transformer
requires O(logS(n) = 100)    

number of hops

Hierarchical 
levels

Flat Graph Transformer 
requires O(n = 106) number of 

hops (worst case)

Consider a graph with n = 106 nodes and a maximum 
local community size S = 100.

How many hops are needed for two distant red 
nodes, separated by a shortest path of length O(n), 
to exchange information?
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Complexity advantage of HGT
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Dense GT : Global attention over n nodes costs O(n2) attention interactions.

Hierarchical GT with maximum cluster / super-node size S  

Node embedding (layer 0) : O(n)

Local GT (layer 1) : O(n/S.S2) as we have N1 = n/S independent GT layers applied on S nodes.

Global GT (layer 2) : O(S2) as we have one final GT layer applied on N2 = S nodes.

Total is O(n + n/S.S2 + S2) = O(n + n.S + S2) = O(n) for fixed S ≪ n.

Including feature dimension d and L dense GT layers, we have : 

GT is O(n2.L.d) vs. HGT O(n.S.d) (independent of the number of hierarchical levels)

HGT replaces O(n2) global attention with O(n) linear hierarchical attention !
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HGT complexity (details)
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<latexit sha1_base64="Nz8DiWucGANq65dZPYRI2S0DCvk="></latexit>

Select H such that d n

SL
e = 1, and Nh = d n

Sh
e be the number of clusters

per hierarchical level, so that the final level has NH = d n

SL
e = 1 cluster.

We have (H � 1) ⇥ local GT layers, and 1 ⇥ global GT layer.

The complexity for the (H � 1) ⇥ local GT layers is :

O
�H�1X

h=1

NhS
2d
�
, where O(S2d) is the attention cost,

= O
�
S2d

H�1X

h=1

n

Sh

�
, ignoring the ceiling operation d·e,

= O
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nS2d

H�1X

h=1

1

Sh

�
= O
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nS2d

1

S

�
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H�1X
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1
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1� S�(H�1)

S � 1
' 1

S
,

= O
�
nSd

�

And the complexity for the final global GT layer is :

O
�
NHS2d

�
= O

�
S2d

�
, as NH = 1

Including node embedding,

THGT = O
�
n+ nSd+ S2d

�
= O

�
nSd

�
, independent of H.
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Evaluating model’s over-squashing
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TreeNeighbourMatch[1] is a synthetic benchmark 
designed to expose over-squashing as the 
receptive field grows exponentially with tree 
depth. 
The task is to predict the label of the leaf node 
whose degree (number of blue neighbors) 
matches that of the root node.
To succeed, the network must communicate 
across long distance (from the root to the leaf) 
and process information from O(2L+1) aggregated 
nodes.

Standard MP-GNNs fail as depth increases, 
whereas Graph ViT / Hierarchical GT mitigates 
over-squashing and generalizes well up to            
depth = 7.

[1] Alon-Yahav, On the bottleneck of graph neural networks and its practical implications, 2020

Root 
node

Random assignment of {1,2,…,2d} blue 
neighbors to the root node. The goal is 
to predict the class of the root node.

depth

Leaf 
nodes

Test 
Accuracy 
w.r.t. the 
tree depth

depth
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Empirical high graph isomorphism expressivity
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Empirically, Graph ViT distinguishes non-isomorphic graphs from benchmarks designed to defeat 
1-WL[1], 2-WL[2] and 3-WL[3], while standard MP-GNNs fail on these tasks.
Graph-isomorphism benchmarks : Circular Skip Link (CSL) dataset[1] contains 150 4-regular 
graphs (1-WL failed) divided into 10 isomorphism classes. EXP dataset[2] has 1200 1&2-WL failed 
graphs that are split into two classes. SR25 dataset[3] contains 15 strongly regular 3-WL failed 
graphs with 25 nodes each.
These results are empirical and do not establish a general analytical equivalence over k-WL.

[1] Murphy-etal, Relational pooling for graph representations, 2019
[2] Abboud-etal, The surprising power of graph neural networks with random node initialization, 2020
[3] Balcilar-etal, Breaking the limits of message passing graph neural networks, 2021

Table: Results are averaged over 4 runs 
with 4 different seeds.

Non-isomorphic graphs where 1-WL 
test failed to distinguish 
(w/ skip-link 2 and 3).

Non-isomorphic graphs where 3-WL 
test failed to distinguish (strongly 

regular graphs)
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Lab 5 : Hierarchical GT
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GT with hierarchical mechanism
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Outline
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Review of graph network architectures

Graph positional encoding

Message-passing and over-squashing

Graph Transformer

Graph ViT / Hierarchical Transformer

Conclusion
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Conclusion
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Evolution of graph neural architectures

Vanilla GNN ⇒ Spectral GNN ⇒ Anisotropic GNN ⇒ Expressive/WL-GNN ⇒                                            
Graph Transformer ⇒ Graph ViT / Hierarchical GT ⇒ ?

What comes next ?
Hardware-efficient graph computation : Combine scalable sparse / near-linear complexity 
with efficient execution on modern GPU accelerators.

Richer semantic representations : LLMs can augment node and edge features with 
information extracted from text and external knowledge.

Task-relevant context retrieval : Graph retrieval / GraphRAG[1] can select relevant 
subgraphs instead of processing the entire graph.

Next, we will introduce G-Retriever[1] that combines GNN + GraphRAG + LLM.

Anisotropic 
GNNs

[1] He-LeCun-Bresson-etal, G-retriever: Retrieval-augmented generation for textual graph understanding and question answering, 2024

Powerful Graph Networks
Expressivity, generalization, 
Linear complexity

Vanilla GNNs
2009 2014-17 2017 2019 2021

Spectral GNNs WL-GNNs Graph 
Transformers

2024-
G-Retriever
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Questions?
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