
Hawkes Process and Limit Order Book

Lorenzo Mercuri

University of Milan, Italy
CREST Japan Science and Technology Agency

Brixen, 28 June 2019



Hawkes Process

Definition (Hawkes Process 1971)
Consider Nt a counting process with the associated filtration F that
satisfies the following conditions:

P (Nt+h − Nt = 0 |Ft ) = 1− λth + o(h)

P (Nt+h − Nt = 1 |Ft ) = λth

P (Nt+h − Nt > 1 |Ft ) = o(h)

where

λt = µ+
∫ t−

0
ce−a(t−s)dNs

= µ+
∑
Ti<t

ce−a(t−Ti ) (1)

µ > 0, c > 0 and, a > 0
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Hawkes Process 2

The intensity process can be seen as a solution of the following SDE:

dλt = a (µ− λt) dt + cdNt

where the initial condition λ0 = µ.

Indeed applying the stochastic calculus
we get the general solution:

λt = e−at (λ0 − µ) + µ+
∫ t−

0
ce−a(t−s)dNs
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Hawkes Process 3

Hawkes process with parameters µ = 0.5, c = 3.5 a = 4.5
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Hawkes Process 4
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Hawkes Process 5
The hawkes process can be seen as a special case of the Point Process
Regression Model where

g (t,Yt−, θ) = µ

and the kernel has an exponential form:

κ (t − s,Ys , θ) = ce−a(t−s)

Alternative Kernels:

I Simplified Power Law: α
(t−s+1)β

I Generalized Power Law:
∑P

i=1
αi

(t−s+γi )βi

I Generalized Exponential I:
∑P

j=0 αje−βj (t−s)

I Generalized Exponential II:
∑P

j=0 αj(t − s)je−βj (t−s)

I Weibull:
∑P

i=1 αi
vi (t−s)vi −1

w vi −2
i

e−
(

t−s
wi

)vi

I Gamma:
∑P

i=1
αi (t−s)di −1

Γ(di )b
di −2
i

e−
t−s
bi
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Hawkes Process 6

We want to determine whether or not the Hawkes process explodes.

We define the quantity n as follows

n =
∫ +∞

0
ce−asds = c

a .

We compute E [λt ]

E [λt ] = E
[
µ+

∫ t−

0
ce−a(t−s)dNs

]
= µ+

∫ t−

0
ce−a(t−s)E [dNs ] (2)

we need to evaluate E [dNs ]
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Hawkes Process 7

Start with
λs = lim

h→0

E [Ns+h − Ns |Fs ]
h = E [dNs |Fs ]

ds

and take expectations

E [λs ] = E [E [dNs |Fs ]]
ds = E [dNs ]

ds

to see that
E [dNs ] = E [λs ] ds.
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Hawkes Process 8

Therefore
E [λt ] = µ+

∫ t−

0
ce−a(t−s)E [λs ] ds

the stationarity implies E [λt ] = [λs ] = λ̄. Therefore

λ̄ = µ

1− n

The process does not explode when n = c
a < 1
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Multidimensional Hawkes Process

We denote with Nt =
(
N1

t , . . . ,Nd
t
)
a d-dimensional counting process with

the following intensities λt,i i = 1, . . . , d :

λt,i = µi +
d∑

j=1

∫ t

0
ci,jeai,j (t−s)dN j

t



What is a Limit Order Book?

It is essentially a file in a computer that contains all the orders sent to the
market, with their characteristics such as the sign of the order (buy or sell),
the price, the quantity, a timestamp giving the time the order was recorded
by the market, and often, other market-dependent information.



What is a Limit Order Book?

The limit order book contains, at any given point in time, on a given
market, the list of all the transactions that one could possibly perform on
this market. Its evolution over time describes the way the market moves
under the influence of its participants.



What is a Limit Order Book?

A market in which buyers and sellers meet via a limit order book, is called
an order-driven market. In order-driven markets, buy and sell orders are
matched as they arrive over time, subject to some priority rules. Priority is
always based on price, and then, in most markets, on time, according to a
FIFO (First in, first out) rule.



What is a Limit Order Book?

Essentially, three types of orders can be submitted:

I Limit order: an order to specify a price at which one is willing to buy
or sell a certain number of shares, with their corresponding price and
quantity, at any point in time.

I Market order: an order to immediately buy or sell a certain quantity,
at the best available opposite quote.

I Cancellation order: an order to cancel an existing limit order.
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What is a Limit Order Book?

The ask price PA (or simply the ask) is the price of the best (i.e., lowest)
limit sell order.

The bid price PB (or simply the bid) is the price of the best (i.e., highest)
limit buy order.
The gap between the bid and the ask

S = PA − PB

is always positive, and is called the spread.
We define the mid-price as the average between the bid and the ask:

Pmid = PA + PB

2
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What is a Limit Order Book?

Figure 1: Limit Order Book



How to model the Limit Order Book

Two alternatives approaches:

I To model the interactions between rational agents who act
strategically: the agents choose their trading decisions as solutions to
individual utility maximization problems.

I In the second approach, agents are described statistically. In the
simplest form, the agents are supposed to act randomly. This
approach is sometimes referred to as zero-intelligence order book
modeling.
In this context we can use the multivariate Hawkes process to model
the different type of orders.
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A simple Multivariate Hawkes process for
LOB

Inputs:

I NL: Counting process of the Limit order
I NM : Counting process of the Limit order

λM
t = µM +

∫ t

0
αMMe−βMM (t−s)dNM

s

λL
t = µL +

∫ t

0
αLMe−βLM (t−s)dNM

s +
∫ t

0
αLLe−βLL(t−s)dNL

s

I MM and LL: self-exciting effect
I LM: When a market order is submitted, the intensity of the limit

order process NL increases.


