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Consider N; a counting process with the associated filtration F that
satisfies the following conditions:
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HAawKES PROCESS

DEFINITION (HAWKES PROCESS 1971)

Consider N; a counting process with the associated filtration F that
satisfies the following conditions:

P(Niiph— Ny =0|F)=1—Ah+ o(h)
P(Nepn— Ny = 1|F) = M\eh
P(Neiph — Ny > 1|F;) = o(h)
where
t_
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w>0,¢c>0and, a>0



The intensity process can be seen as a solution of the following SDE:
dAs = a(p — Ar)dt + cdN;

where the initial condition Ag = .



The intensity process can be seen as a solution of the following SDE:
dAs = a(p — Ar)dt + cdN;

where the initial condition A\g = . Indeed applying the stochastic calculus
we get the general solution:
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Hawkes process with parameters = 0.5, c =3.5a=4.5
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The hawkes process can be seen as a special case of the Point Process
Regression Model where

g(ta Yt—79) =W
and the kernel has an exponential form:

k(t—s,Ye,0) = ce2(t9)
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The hawkes process can be seen as a special case of the Point Process
Regression Model where

g(t,Ye,0)=p
and the kernel has an exponential form:
k(t—s,Ye,0) = ce2(t9)
Alternative Kernels:

» Simplified Power Law: m

. P a

> Generalized Power Law: ), ; (arsenin

» Generalized Exponential I: Zf:o ajePilt=s)

» Generalized Exponential Il: Zf:o aj(t — sye Filt=s)
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We want to determine whether or not the Hawkes process explodes.



We want to determine whether or not the Hawkes process explodes.
We define the quantity n as follows
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We want to determine whether or not the Hawkes process explodes.
We define the quantity n as follows
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We compute E [A]
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We want to determine whether or not the Hawkes process explodes.
We define the quantity n as follows

+o0 c
n= ce”¥ds = —.
0 a

We compute E [A]

t_
E[\] = ]E[,u+ / ce_‘"(t_s)st]
0

t_
= p+ / ce IR [dN] (2)
0

we need to evaluate E [dN]



Start with
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As = lim =

h—0 h ds




Start with
. E [Neyn — Ns | Fs] _ E [dN; | Fs]
As = lim =

h—0 h ds

and take expectations

EE[NF] B[N
ds T ds

E [)‘s] =



Start with
. E [Neyn — Ns | Fs] _ E [dN; | Fs]
As = lim =

h—0 h ds

and take expectations

EE[NF] B[N
ds T ds

E [)‘s] =

to see that
E [dNs] = E[Xs] ds.



Therefore .
E[\] =p+ / ce IR [)\,] ds
0



Therefore .
E[\] =p+ / ce IR [)\,] ds
0

the stationarity implies E[\¢] = [Xs] = X. Therefore



Therefore .
E[\] =p+ / ce IR [)\,] ds
0
the stationarity implies E[\¢] = [Xs] = X. Therefore

I 14
A:
1—n

The process does not explode when n= £ <1



We denote with Ny = (N}, ..., Ng) a d-dimensional counting process with
the following intensities A, ; i =1,...,d:

d t
Aei = pi+ Z/ cije® S d N
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WHAT 18 A LiMiT ORDER BOOK?

It is essentially a file in a computer that contains all the orders sent to the
market, with their characteristics such as the sign of the order (buy or sell),
the price, the quantity, a timestamp giving the time the order was recorded
by the market, and often, other market-dependent information.



The limit order book contains, at any given point in time, on a given
market, the list of all the transactions that one could possibly perform on

this market. Its evolution over time describes the way the market moves
under the influence of its participants.



WHAT 18 A LiMiT ORDER BOOK?

A market in which buyers and sellers meet via a limit order book, is called
an order-driven market. In order-driven markets, buy and sell orders are
matched as they arrive over time, subject to some priority rules. Priority is

always based on price, and then, in most markets, on time, according to a
FIFO (First in, first out) rule.



Essentially, three types of orders can be submitted:

» Limit order: an order to specify a price at which one is willing to buy
or sell a certain number of shares, with their corresponding price and
quantity, at any point in time.
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» Market order: an order to immediately buy or sell a certain quantity,
at the best available opposite quote.



WHAT 18 A LiMiT ORDER BOOK?

Essentially, three types of orders can be submitted:

» Limit order: an order to specify a price at which one is willing to buy
or sell a certain number of shares, with their corresponding price and
quantity, at any point in time.

» Market order: an order to immediately buy or sell a certain quantity,
at the best available opposite quote.

» Cancellation order: an order to cancel an existing limit order.



The ask price PA (or simply the ask) is the price of the best (i.e., lowest)
limit sell order.



The ask price PA (or simply the ask) is the price of the best (i.e., lowest)
limit sell order.
The bid price PE (or simply the bid) is the price of the best (i.e., highest)
limit buy order.



The ask price PA (or simply the ask) is the price of the best (i.e., lowest)
limit sell order.

The bid price PE (or simply the bid) is the price of the best (i.e., highest)
limit buy order.
The gap between the bid and the ask

S=P*-pPB

is always positive, and is called the spread.



WHAT 18 A LiMiT ORDER BOOK?

The ask price P2 (or simply the ask) is the price of the best (i.e., lowest)
limit sell order.

The bid price P2 (or simply the bid) is the price of the best (i.e., highest)
limit buy order.

The gap between the bid and the ask
S=pPA—PF

is always positive, and is called the spread.
We define the mid-price as the average between the bid and the ask:

PA+PB

Pmid: 5



WHAT 1S A LiMIT ORDER BOOK?
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FIGURE 1: Limit Order Book



Two alternatives approaches:

» To model the interactions between rational agents who act
strategically: the agents choose their trading decisions as solutions to
individual utility maximization problems.
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» To model the interactions between rational agents who act
strategically: the agents choose their trading decisions as solutions to
individual utility maximization problems.

» In the second approach, agents are described statistically. In the
simplest form, the agents are supposed to act randomly. This
approach is sometimes referred to as zero-intelligence order book
modeling.



How TO MODEL THE LIMIT ORDER BOOK

Two alternatives approaches:

» To model the interactions between rational agents who act
strategically: the agents choose their trading decisions as solutions to
individual utility maximization problems.

» In the second approach, agents are described statistically. In the
simplest form, the agents are supposed to act randomly. This
approach is sometimes referred to as zero-intelligence order book

modeling.
In this context we can use the multivariate Hawkes process to model

the different type of orders.



Inputs:

» NL: Counting process of the Limit order

» NM: Counting process of the Limit order

t
)\i\/l = ,uM+/ OZMMe_ﬁMM(t_S)dNSM
0

t t
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» MM and LL: self-exciting effect

» LM: When a market order is submitted, the intensity of the limit
order process Nt increases.



