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Functional Analysis

Time : Three Hours Maximum Marks : 70

Note : Attempt Five questions in all, selecting one
question from each Unit. Q. No. 1 is

compulsory.

1. (a) What do you mean by B(N, N') ? Also
explain B(N, C).
(b) Prove that every infinite dimensional

subspace need not be closed.
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Give an example of a space which is not
reflexive.

If H is Hilbert space then prove that :

[x+y|* +[x-p|P=2]lx[* +|l y]
Vx,yeH.

If A; and A, are self adjoint operators
on H, then prove that A; A, is self adjoint
if and only if A} A, = A,y A;. 10

Unit I

Let X be a linear space over a field F
and d be the metric on X such that
d(x, y) = d(x — y, 0) and d(ox, 0) = |
d(x,0)Vx,yeX and a€F. Define |[x||
= d(x,0) Vx € X. Prove that ||-|| is a norm
of X and d is the metric induced by ||||
on X. . ik

Let M be a closed linear subspace of a
normed linear space N. If the norm of a
coset x + M in the quotient space N/M
is defined by |x + M| = inf{|lx + m|;
m € M} . Then show that N/M is a Banach
space if N is a Banach space. G i

2

3

(a)

(b)

Let C(X) denote the linear space of all
bounded continuous scalar valued
functions defined on a topological space

X. Show that C(X) is Banach space under

the norm || f || = sup {[ S/ )
x € X}; f(x) e C(X) is complete. 7.5

Let N and N’ be normed linear spaces
and let T be a linear transformation of N
into N’. Then the inverse T-! exists and
is continuous on its domain of definition
if and only iff there exists a constant
m > 0 such that m || x||<|| T(x)||; Vx e N.

23

Unit II

If N is a normed linear space and x; is
a non-zero vector in N, then prové that
there exists a functional f, in N* such
that fo(xp) =l x|l and | foll=1. In
particular, if x # y(x,y € N), there exists
a vector f e N* such that f(x)=# f(y).

7.5
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(b) Let M be a closed linear subspace of a

5. (a)
(b)
6. (a)

(b)
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the notion of weak and

normed linear space N and let xo be a
vector not in M, then prove that there
exists a functional F in N* such that
FM) = {x,} and F(xp) # 0. 7.5

State and prove Uniform boundedness

theorem. G 5

Prove that a non-empty subset X of a
normed linear space N is bounded iff

S (X) is a bounded set of numbers for f
in N*, 7.3

Unit ITT

Prove that in a finite dimensional space,

strong

convergence are equivalent. 1.3

Let B and B’ are Banach spaces and let
T: B—>B" be a linear transformation

then prove that graph of T is closed iff
T is continuous. 1.5

4

7. (a) If M is a proper closed linear subspace

(b)

8. (a)
(b)
9. (a)
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of a Hilbert space H, then prove that

there exists a non-zero vector zy in H
15

such that zy L M.

Give an example of a Banach space

which is not Hilbert space. - 7.5
Unit IV

If<e.>1is an orthonormal set in Hilbert
1

space H, then prove that
Z] (x e,-)lzs |\.x[|2 for every vector

1.5
xeH-

Prove that every non-zero Hilbert space
contains a complete orthonormal set. 7.5

If N; and N, are normal operators on a
Hilbert space H with property that either
commutes with the adjoint of the other,
then prove that Ny + N, and NN, are

normal. 75
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(b) Prove that an operator T on H is unitary
if and only if it is an isometric

isomorphism of H into itself. 7.5
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